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Introduction

m Discontinuous Galerkin methods (DG) can be viewed as

m finite element methods allowing for discontinuous discrete functions
m finite volume methods with more than one dof per mesh cell

m Advantages of such methods include

m a high level of flexibility (choice of basis functions, nonmatching
meshes, variable approximation order, local time stepping)
m the possibility to enforce locally basic conservation principles

m The main drawback is higher computational costs w.r.t. FE's or
FV's on the same mesh
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A brief historical perspective |

m DG methods were introduced over three decades ago
m moderate impact at that time

m Vigorous development over the last decade

m numerical analysis
m extensive range of applications

m DG-related publications/year (Source: Mathscinet)
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A brief historical perspective |l

First-order PDE’s
m DG methods first coined for neutronics simulations [Reed & Hill '73]

m Convergence analysis
m O(h*) L2-error estimate if polynomials of degree k are used and
exact solution is smooth enough [Lesaint & Raviart '74]
m sharper O(h*"/2) [*-estimate and O(h*) estimate for (broken)
advective derivative [Johnson & Pitkdranta '86]

m Time-dependent conservation laws
m low order DG method in space, forward Euler in time

[Chavent & Cockburn "89]
m Runge-Kutta DG & slope limiter [Cockburn & Shu '89-91]
formal accuracy in smooth regions, sharp shock resolution, CV to

entropy solution
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A brief historical perspective I

Elliptic PDE's
m Boundary penalty methods [Nitsche '71]

m Interior penalty methods [Babuska '73, Douglas & Dupont '75,
Baker 77, Wheeler '78, Arnold '82]

m Mixed approximation of elliptic PDE's

m Navier-Stokes equations [Bassi & Rebay '97]
m Local DG [Cockburn & Shu "98]

m Nonsymmetric interior penalty methods

m introduced by [Oden, Babuska & Baumann 98]
m further developed and analyzed in [Riviére, Wheeler & Girault '99]

m Unified analysis for Poisson problem [Arnold, Brezzi, Cockburn &
Marini '01]
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A brief historical perspective |V

Friedrichs' systems
m Introduced by Friedrichs in '58

m Linear systems of first-order PDE’s with symmetry and positivity
(L2-coercivity) properties

m Encompass many important examples of elliptic and hyperbolic
PDE's
m advection—-reaction, diffusion(-AR), elasticity, Stokes, Maxwell in
diffusive regime, ...

m Unified analysis of DG methods based on Friedrichs’ systems
[AE & Guermond, '06, '07, '08]
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Some basic notation |

m Mesh family {7,}» of computational domain Q C R9
m shape-regularity in the usual sense

the meshes can be nonmatching (hanging nodes)

for simplicity, meshes cover Q exactly

h: maximum mesh size

m Example of admissible mesh
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Some basic notation |l

m Discontinuous finite element space (k > 0)
Df = {vy € L2(Q); VT € T, va|7T € Py}
m dof's can be taken elementwise (no matching condition at interfaces)

dim(DX) = Ney dim(Py) = (k . d) Ner

= Continuous finite element space Ck := Dk N C%(Q)

2
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Some basic notation |

m Comparison of the dimensions of DX and Ck
m Euler's relations
m 2D : Net >~ 2Nye, Neq =~ 3N,e
m 3D 1 Net >~ 6Nye, Niay >~ 12Nye, Nea =~ 7Nye

m Examples
m (d=2, k=1) dim(C}) = Nye, dim(D}) = 3Ner =~ 6Ny
m (d=2, k=2)dim(C3? )~4Nve dim(D?) 76Nel ~ 12N

d=2 d=3
Df Ck | Dk Ck
6 1 |24 1
12 4 |40 8
20 9 |80 27

W N =X
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Some basic notation 1V

m Broken Sobolev spaces H*(7) (s > 0)
m Broken gradient operator (defined elementwise)
Vi HY(Ty) — [L2(@Q)]
m Local approximation property: Vz € H**1(T},), VT € 7,
lz =zl 7+ b3z = mhzllor +hr|V(z—mh2)l T < HF |2 sy

7f: L2-orthogonal projection onto DK
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Some basic notation V

m Mesh faces collected into Fj, = Fi U F} (split into interfaces and
boundary faces)

m Discrete functions can be two-valued at interfaces
m Interface f,i, SF=T"NTT, normal ng from T~ to T+

m Mean values and jumps at interfaces

fed =300 +¢")  Iel=¢™ —¢"

m On the boundary, {¢} =[¢] :=¢
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Outline

m Nonconforming error analysis

m First-order PDE's

m Advection—reaction
m Friedrichs’ systems

m Second-order scalar PDE's

m Diffusion
m Advection—diffusion—reaction

m Incompressible flows

m Stokes
m Navier-Stokes
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Topics not covered in this lecture include

m Time-dependent problems

m abundant numerical techniques with promising results
m theoretical aspects are much less covered
m see [Burman, AE & Fernandez, Mafelap '09]

m Implementation issues
m see, e.g., [Karniadakis & Spencer '99, Hesthaven & Warburton '08]

m A posteriori error analysis
m see lecture by M. Vohralik
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Nonconforming error analysis

Nonconforming error analysis

m Abstract problem: Seek v e W s.t.
a(u,w) = / fw, Yw e W
Ja

m Banach space W C [L3(Q)]™ (m > 1)
m bilinear form a bounded on W x W
m data f, say, in [L2(Q)]™

m Well-posedness of abstract problem BNB theorem

wew, |vws sip 209
wew\{0} [ wllw

Yw e W, (Vv e W, a(v,w)=0) = (w=0)

m See [AE & Guermond '04]
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Nonconforming error analysis

The discrete setting

m Finite-dimensional space W), ¢ W (nonconforming)

m Discrete problem: Seek u, € W, s.t.

ah(uh, Wh) = / I(Wh, Ywy € W
JQ

m Approximation error (u — up) belongs to Z := W + W,

m We work with two norms: || - || and || - ||« both defined on Z
m the approximation error will be estimated in the || - ||-norm
m the || - ||.-norm controls the || - ||-norm

vzeZ, |z|| < ll-
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Nonconforming error analysis

Three key properties

m Stability (implies well-posedness of discrete problem)

a
Whe W, il S sup 2l n)
w,eW,\{0} llwall

m Consistency (DG methods are consistent!)
vWh S Wha ah(”a Wh) - a(u, Wh) = / fWh
Q

m Continuity

Vze Z, Vw, € Wy, an(z, wn) < ||z]l« [l wall
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Nonconforming error analysis

Error estimate |

m There holds
u—upll < inf flu—
Il wll < W, Il Yall«

m Proof. Let y, € W,
m stability, consistency, and continuity imply

aplUup — w
lun —yall < sup an(un — yn, wh)

wp, €W\ {0} llwall

_ sup ah(U—yh,Wh)
wy, €W, \ {0} lwall

< Mo = yall«

m conclude using the triangle inequality
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Nonconforming error analysis

Error estimate |l

m Recall that

u—up| < inf |lu-—
o=l < inf, llu =il
m The estimate is not optimal since different norms are used

m The estimate is quasi-optimal if the upper bound has the same CV
order as the optimal bound inf,, cy, [|u — yal|

m This is the case in the sequel for the analysis of DG methods (and
many other stabilized FEM’s)
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First-order PDE's Advection-reaction
Friedrichs' systems

First-order PDE's

m Advection—reaction

m Friedrichs' systems
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First-order PDE's Advection—reaction
Friedrichs' systems

Advection—reaction

m Let B € [L®(Q)9 V-8 € LX), ue L)
m Inflow and outflow parts of boundary 9Q

00T = {x € 9Q; £6(x)-n(x) > 0}
m The model problem is

pu+B-Vu=f inL*Q)
u=0 ondQ"
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First-order PDE's Advection—reaction
Friedrichs' systems

A mathematical framework |

m Graph space W := {v € L?(Q); 5-Vv € [?(Q)}
m This is a Hilbert space with the norm ||[v||3, := |[v|3 + [|3-V V|3
m Assume that 9Q~ and 9Q7 are well-separated

m There is a continuous trace operator from W onto

L*(0K; |3-n|) := {v is measurable on 9Q [, |8-n|v? < 400}
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First-order PDE's Advection—reaction
Friedrichs' systems

A mathematical framework ||

m Define on W x W the bilinear form
a(v,w) = /[/J,V + (B-Vv)]w —|—/ (8-n)®vw
Q Flo)

where for x € R, x® := 2(|x| + x) and x® := J(|x| — x)

m Assume that
Jpo > 0, p—3iVB>pe ae inQ

m This implies the L2-coercivity of a on W since
a(v,v) = /(u —IV-B)V + %/ (B-n)v? —|—/ (8-n)°v?
Q oQ o0

> ol +3 [ |penlv?
o0
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First-order PDE's Advection—reaction
Friedrichs' systems

A mathematical framework |11

m Consider the following problem: Seek u € W s.t.
a(u,w) = / fw, Yw e W
Q
m Theorem. This problem is well-posed
m [%-coercivity readily implies uniqueness

m existence by BNB theorem (using L2-coercivity of a)
m BC's are weakly enforced
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First-order PDE's Advection—reaction
Friedrichs' systems

Centered fluxes |

m DG approximation in I/, := Dk

m Discrete problem: Seek u, € W, s.t.
ah(uh, Wh) = / f—Wh7 Ywp € Wy
Q

m Guidelines for the design of discrete bilinear form ay,

m discrete [2-coercivity on W,
m consistency

m Two assumptions on the exact solution u

m locally smooth enough, u € H**(7) .
m mesh fitted to possible singularities, 8-nr[u] =0 on all F € F,
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First-order PDE's Advection—reaction
Friedrichs' systems

Centered fluxes 1l

m Step 1: Localize gradient

w(Vh, Wh) /[MVhWh—i—(ﬁ Vhve)wh] + Z / S vpwh

FeFp

m a, is not L2-coercive on W,

a(vh, v) —/[,uvh-i- BNV hvh)va] + Z / B-n)°

FeFp

:/Q(u— vh+22/|5”|Vh+Z/{{ﬂnvh}}

FeF? FeFi

and the last term has no sign a priori
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First-order PDE's Advection—reaction
Friedrichs' systems

Centered fluxes |11

m Step 2: Recover discrete L2-coercivity in a consistent way by setting

n(Vh, Wh) /[MVhWh+ B-Vava)wa] + > / B3-n)° vywy

FeFp
-y /ﬁnF[[Vh]]{{Wh}}

FeF}

so that ap(vh, vh) > ||val|? on Wy with

Ival? := pollvallz + 3 / 3|2

Ferp
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First-order PDE's Advection—reaction
Friedrichs' systems

Centered fluxes IV

m Convergence estimate [|u — up[| < h*
m discrete stability

2 an(wh, wp) an(Wh, yn)
JwhI2 < an(wh, wh) = (7) sl < < sup 2(Weye) )y

flwall vnewy,  llyall

m consistency by construction
m continuity: an(z, ws) < [|z]l«lwal with

IzI = Nzl + 118-Vazlla + D hr /Iﬁ ne|[2]*

FeF,

m standard approximation properties on DK

m convergence for k > 1 with suboptimal rate
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First-order PDE's Advection—reaction
Friedrichs' systems

Centered fluxes V

m Local formulation

m Recall that
an(vh, wa) [Lvawn 4+ (B-Vive)ws] + Z (8-n)® vaws
/ Fefaf
=% [ sortulim)
FeFi

m Integration by parts yields

an(va, wh) = /[(N V-B)vawh — va(B-Vawn)] + D /(ﬁ VhWh

Ferp
+ ) /ﬂnF{{Vh}}[[Wh]]

FeF,

mlet T €7, qgePy(T) and take wy, = ql1



First-order PDE's Advection—reaction
Friedrichs' systems

Centered fluxes VI

m Since [ql7] = (n7-ne)qlr (n7: outward normal to T), this yields
—V- — AV — f
Jtw=voma—uval+ 3 [onetwa= [ fa

with the numerical fluxes

_JBnr{wm}  (FeF)
o1.F(vh) := {(ﬂn)@vh (F e F9)

m These fluxes are conservative (F=T-NTT)

o1 F(vh) + o1+ F(vi) =0

m They are also consistent with the exact fluxes: if u is the exact
solution

¢1.F(u) = (B-nT)u



First-order PDE's Advection—reaction
Friedrichs' systems

Upwind fluxes |

m ldea: sharpen discrete stability by penalizing interface jumps in a
least-squares sense

h(vh, wh) /[#VhWth B-Vava)wa] + > / Svpwy,

FeFp
-y /Bnpﬂvhﬂ{{wh}+ > / soB-ne|[va][wa]
FeF} Fer,

with user-defined parameter oo > 0
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First-order PDE's Advection—reaction
Friedrichs' systems

Upwind fluxes Il

m Sharper discrete stability with stronger norm

Il = pollwlat 3 / nlw?+ 3 / & |Gne|[wlP+ S hrllB-Vaw]%

FeFp Fer}' TeT,

= Continuity holds with [|w]? == [|wl|> + 3=y, [h7" [ wllF + | wli3~]

m Convergence estimate |u — u,|| < h<+1/2

m quasi-optimal estimate

m optimal estimate for advective derivative, jumps and boundary values
m h*/2-suboptimal in L2

m similar estimate for many other stabilized FEM’s
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First-order PDE's Advection—reaction
Friedrichs' systems

Upwind fluxes Il

m New numerical fluxes

B-nr{vn} + %a|€3~nr|[[vh]]r (FeF)

o1.F(vh) == {(ﬁ-n)®vh (F < 70)

where [vp] T = vi"t — vt

m Particular choice a = 1 yields the upwind flux

(Bnr)® " = (Bnr)ovi (F e 7))

¢T,F(Vh) = {(ﬁ-n)@vh (F c ]_-;,9)
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First-order PDE's Advection-reaction
Friedrichs' systems

Friedrichs’ systems

m Introduced by Friedrichs in 1958
m (d+1) fields {A¥}o<k<q in [L>°(2)]™™ such that
d
> oAk e @)™
k=1
m Symmetry and positivity properties (a.e. in Q)
Vi< k<d, Ak = (AT

d
g >0, A%+ (AO)T — Z@k/lk > 2p0Zm
k=1

m Data f € L:=[L?(Q)]™
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First-order PDE's Advection-reaction
Friedrichs' systems

A mathematical framework |

m The PDEis A2 +Az=fin L
m Zero-order operator A : L 5 z+— A%z € L

m First-order differential operator

d
Az = ZAkﬁkZ
k=1
m Graph space W :={z e L; Aze L}
m W is a Hilbert space with the norm ||z||3, := ||z||7 + ||Az|)?

A€ L(W; L) (bounded from W to L)
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First-order PDE's Advection-reaction
Friedrichs' systems

A mathematical framework ||

m Admissible BC's for well-posedness
m Define A c L(W; L) st. Az := — ZZ:1 Ok (Akz)

m Define D € L(W; W) s.t.

(Dz,yYw'w = (Az,y)L — (z, Ay

The symmetry property implies that D is a boundary operator

[€5°()]™ C Ker(D)
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First-order PDE's Advection-reaction
Friedrichs' systems

A mathematical framework |11

m Assume there is M € L(W; W’) s.t.
VZ S W, <MZ,Z>W/,W 2 0
W = Ker(D — M) + Ker(D + M)

m By construction, Ker(D) = Ker(M) so that M is also a boundary
operator

m An admissible BC is
z € Ker(M — D)
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First-order PDE's Advection-reaction
Friedrichs' systems

A mathematical framework IV

m In most cases, there is a boundary representation

<DZ-,Y>WAW =/

y Dz <Mz,y>vvf,vv=/ y Mz
o0

o0

with z, y smooth enough and D, M € [L>(0Q)]™"™
d
D= Z nkAk
k=1

m D is by construction selfadjoint
m D is by construction symmetric

Alexandre Ern Discontinuous Galerkin Methods



First-order PDE's Advection-reaction
Friedrichs' systems

A mathematical framework V

m Consider the model problem
Az +Az=f inl
z € Ker(M — D)

m This amounts to seeking z € W s.t. a(z,y) = (f,y)., Yy € W, with

a(z,y) == (A’z,y)L + (Az,y)L + 3((M — D)z, y)w',w

m ais L-coercive on W
m BC's are weakly enforced

m The above problem is well-posed [AE & Guermond '06]
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First-order PDE's Advection-reaction
Friedrichs' systems

Examples |

m Advection—reaction Set m =1,
A=p A=

m The boundary operator D is such that

(Dz, y)wrw = / (B-n)zy

oQ

m The BC u|yqo- = 0 can be enforced through the operator

(Mz,y)wr.w = / |B-nlzy
oN

m Boundary integral representation with D = (3-n and M =

B-nl
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First-order PDE's Advection-reaction
Friedrichs' systems

Examples Il

m Maxwell's equations in diffusive regime (x and & uniformly bounded
away from zero)

uH+VxE=f
eE-VxH=g

m 3D, m=6, A°(H,E) = (uH,cE) and for k € {1,2,3},

033 | RK
Ak — ,,,,3,’,3,,% ,,,,,, RZ = i
—RKi033
m Boundary operators
033 N 033N
D = | LT = | LT
NT 033 NT 033

enforcing n x E|pq = 0 (NE = nx& for all ¢ € R3)



First-order PDE's Advection-reaction
Friedrichs' systems

DG approximation |

m DG approximation in W, := [Df]™
m Discrete problem: Seek z, € W, s.t.

an(zn, yn) = (f, yn)L, Vyn € Wy,

m Two-valued extension of boundary field D to interfaces

m forall T € 74, D|or := Zle nr kA
m Dot is symmetric

m {D} =0

m {Dz} = 0 for exact solution

Alexandre Ern Discontinuous Galerkin Methods



First-order PDE's Advection-reaction
Friedrichs' systems

DG approximation Il

m Guidelines for the design of discrete bilinear form aj

m [?-coercivity on W, together with consistency
m least-squares penalty of interface jumps

an(z,y) = Y (A2 )1+ (Az,y)ir]+ Y 5(Mrz—Dz,y)ir

TET, Fery
- Z 2({DZ}3{{Y}})L,F + Z (SFIIZ]L II}/]])L,F
FeF, FeF,

m the fields {/\/l,:},:ef;'a weakly enforce BC's
m the fields {SF},_-efl;. penalize interface jumps

m both fields are assumed to take nonnegative values
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First-order PDE's Advection-reaction
Friedrichs' systems

DG approximation Il

m Consistency requires that for exact solution z
VFe F?, Mpz=Dz|  and  VF e Fi, Se[z] =0

m Concerning [?-coercivity, the positivity assumption and i.b.p. yield

an(yn yn) > piollynll; + > H(Meyn ya)Lr

FeFp
A
+ > (Selyal ysl)er
FeF,
73H
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First-order PDE's Advection-reaction
Friedrichs' systems

DG approximation IV

m Additional assumptions on discrete fields
(Mev = Dv,w)ie| S (Mev,v),Ellwler
(Mev+Dv, w)f| < IIvIler(Mew, w2
Sk ~ |D|

m Assume that T € Tp, AX|7 € [CO3(T)]™™, 1<k <d

m Discrete stability result

an(yn, w
Whe W Iyl S sup  2Um )
w,eW,\{0} llwall

with the norm

Iyl = Iyl + Iyl + 3+ D hrllAviE -
TET,
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First-order PDE's Advection-reaction
Friedrichs' systems

DG approximation V

m Continuity result: ax(z, 1) < ||z|l«llyn]l where

1% = Nzl + > th7"lzl1F + [1z]37]
TeT,

m Convergence estimate ||z — z,[| < h*<+1/2

m quasi-optimal estimate
m optimal estimate for broken A-derivative, jumps and boundary values
m h'/%-suboptimal in L2
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First-order PDE's Advection-reaction
Friedrichs' systems

DG approximation VI

m Local formulation: For all T € 7, and g € [Px(T)]™,

(A°zh, q)1,7 + (21, AQ)LT + Z (é1.F(zn),q)F = (f,q)L,T
FCOT

with the numerical fluxes

D|8T{Zh}+8FIIZh]]T (F € .7:;,)

o7 F(2h) = {;(MF + D)z, (F € F?)

m These fluxes are conservative and consistent with the exact fluxes
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Advection-reaction

First-order PDE's
Friedrichs' systems

Examples

m Advection—reaction Set (a > 0)

Mg = |5-n| and Sk = La|B-ng|
m Maxwell's equations Set

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

03,31 —N S — OélNIZ—NF 03’3

>0 01>0 andaz >0
m penalizes tangential jumps of both H and E at interfaces

m penalizes tangentials comp. of E at boundary faces
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Second-order scalar PDE's

m Diffusion

m Advection—diffusion—-reaction
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Diffusion

m Let f € [2(Q)

m Model problem u € H}(Q) s.t.
a(u,v) = / Vu-Vv = / fv Vv € Hy(Q)
Q Q

m Discrete problem uj € Vj, := Df sit.

ah(uh, Vh) = / fvy Yvp € Vy
Q
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Symmetric Interior Penalty (SIP) |

m [Arnold '82]

m Broken gradient in standard Galerkin formulation =

an(un, va) ::/thh-vhvh = Z / Vup-Vy
Q T

TET,

m a3y is not consistent for discontinuous v, =

ap(un, va) ::/QV;,U;thVh— Z /F ne-{Vnup}[va]

FeFy,
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Symmetric Interior Penalty (SIP) Il

® ap is not symmetric =

an(on ) = | Vaor Vo= 3 [ (ne-(Tnen} ol ne-(Thvn}en))

FeFy

m a, is not coercive =

ap(up, vp) = /Qthh-thh+ Z thl/;[[uhMVh]]

FeFy,

-3 /F("F'{thh}llvh]l+”F'{thh}|IUh]])

FeF,

with user-defined parameter @
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Symmetric Interior Penalty (SIP) Il

w Let [[v]” = [IVavl3 + Zrer, beITVIIE
m If parameter w is large enough (depends on mesh regularity)
Yvn € Vh,  an(vh, va) 2 flvall?

m Convergence estimate: If u € H*™1(T}), |lu — up|| < h¥

m optimal for broken gradient, jumps and boundary values
m (suboptimal) hk+1/2
m optimal A¥+?

estimate in L2-norm
estimate in [*-norm using duality argument
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Variants of SIP

an(un, vi) /thh “Vhvy + Z whe /ﬂUhMVh]]

FeF,
= 3 [(orAT b}l + Omr- (T} en))
FeFy
mf=1—SIP
m 6 = —1 — Nonsymmetric IP

m @ = 0 [Oden, Babuska & Baumann ‘98] = an(va, va) > || Vavall3

m w > 0 [Riviére, Wheeler & Girault '99]: optimal error estimates for
broken gradient, jumps and boundary values

m optimal [2-error estimates?

m 0 =0 — Incomplete IP
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory |

m [AE & Guermond '07]
m Mixed formulation

c+Vu=0 in Q
Vio+u="f in Q
u=20 on 0f2

m z = (o,u), u: primal variable; o : diffusive flux
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory Il

m Friedrichs’ system with m=d + 1, A® = I4,4,

YO B I
= | e{1,...,
(@) 0 /
(e1,...,eq) canonical basis of RY
m Boundary fields
p_ |l4an _ | Qdaion
nt 0 nt 10
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory Il

u z, = (O'h,uh), up € Uh = Vh = ]D)ﬁ, op € Zh = [Uh]d

m DG approximation for FS

with positive parameters 1 and n*

m penalizes jumps of u, and of normal comp. of o}, at interfaces
m penalizes values of up at boundary faces

m Convergence estimate: If (o, u) € [HKt1(T3)]9 x HK1(T3),
m optimal h* estimate for broken gradient of primal variable, broken
div. of flux, penalized jumps and boundary values
m (suboptimal) h**1/2 estimate in L2-norm for primal variable and flux
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory IV

m Local formulation

/’_[Jh~q — uhV-q] + Z /F¢qr’[:(zh)'q =0 Vq € []P)k(T)]d

FCOT

/T[fa;er]Jr > /'E¢‘+7F(zh)r:/Tfr Vr e Pu(T)

FCoT

with the numerical fluxes

h

and

T.F(zn): {nT'({{Uh}‘FU””F[[Uh]]) F e Fi

n-(on + 0" nup) F e .7:,,8
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory V

m Numerical fluxes are conservative and consistent
m The above so-called two-field approach is robust and accurate ...

m but quite expensive since it is not possible to eliminate locally the
flux op

m New penalty strategy (e > 0)
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory VI

mFor FeFy re:L2(F)2vi—re(v) €Ly is st

V7h € Th /{;"F(V)'Th = /F vng-{h}

m rr is vector-valued, colinear to ng
m support of rr reduces to mesh element(s) of which F is a face

m Global lifting operator

Ry : H'(Th) > up — Ry(un) == > re([ua]) € Ta
FeF,
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory VII

m Recall: V7, € ¥4,

/Q(JHV"”")'T"_ > /’__n’:{Th}}l[Uh]]:O

FeFy

which can be rewritten as
/(Uh + Gp(up))-mh =0
Q

with the discrete gradient

Gh(uh) = thh — Rh(uh)
m Oy = fG;,(u;,)
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Design from FS theory VIII

m Recall: Vv, € Uy,

/Q[—Uh‘Vth]JrZ /I:"F'{{Uh}ﬂvhﬂ+z WhFl/F[[Uh]HIVh]I :/vah

FeF, FeF,

whence

/Q Gn(up)-Gh(vp) + Z whgl./l;[[uh]][[vh]] :'/;2 A

FeFy

m Local DG [Cockburn-Shu '98]
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Local DG |

m LDG method (@ > 0)

./g;(th;,*Rh(llh))'(vhVh*R”(Vh))Jr 2 =he Lﬂuﬂ][{w]] B /f;th

FeFy,

m Convergence estimate: If u € H*1(7),
w |lu— uy] < h* (optimal)
m (suboptimal) A*+1/2 estimate in L2-norm for primal variable
m optimal h**! estimate in L2-norm using duality argument

m Writing DG methods with lifting operators loses exact consistency;
asymptotic consistency is preserved
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Local DG I

m Comparison with SIP method

/S;(thh — Ri(un))-(Vvs — Ra(v4))

+ 2 3 why /[[uh]]|[vh]]—/Rh(uh )-Ri(vh) /fv,,

FE

m Clear why w must be large enough (depends on mesh regularity):
the negative term — [, Ry(un)-Rp(vh) must be controlled

m The term [, Ry(up)-Ra(vs) widens the stencil of LDG w.r.t. SIP

m there are other variants of LDG avoiding the wider stencil
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Local DG IlI

/ V,,u,,V,,v,,
Q

*/Q[Rh(uh)'vhvh + VaunR(vh)]

+ Y @t [ Lnllw]

FeFy, F

/ R;,(u;,)«R;,(v;,)
Q
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Local DG IV

m BRMPS variant [Bassi, Rebay et al. '97]

/Q(thh — Ri(un))-(Vhve — Rn(va))

+ Z /r,: [unl)-re([val) — /Rh(uh )-Ru(vn) /fv,,

FeFy,

m Nice feature: simpler coercivity condition
w > Ny

Ng: maximum the number of faces per mesh cell
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Advection—diffusion—reaction

m Model problem
—V(KVu)+BVu+pu=1~f inQ

m Dirichlet BC's for simplicity

m standard assumptions for well-posedness

= K symmetric, uniformly PD, 8 € [L®(Q)]¢, V-8 € L=(Q),
peL>(Q), and p— 3V-B>po >0ae inQ

m Specific difficulties

m heterogeneities (K is highly contrasted)
m anisotropies (K is tensor-valued)
m advection and/or reaction dominate
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Weighted DG |

m SIP for heter. anisotropic diffusion [Houston, Schwab & Siili '02]

ap(v,w) = /QKV;,V-V;,WJr Z /FA/K,F[[V]][[W]l

FeFy,

S /F(n,t_—{KVhVHIW]]+n,t:{thW}[[VI|)

FeF,
m Penalty parameter (cw > 0 large enough)

VKE = whEl{nKn}
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Diffusion

Second-order scalar PDE's Advection—diffusion—reaction

Weighted DG ||

m In the presence of advection, diffusion heterogeneities can trigger
internal layers

m 1D isotropic diffusion [Gastaldi & Quarteroni "89]
m semidefinite anisotropic diffusion [Di Pietro, AE & Guermond '08]

m As the diffusion coefficient in one of the subdomains goes to zero,
penalizing the jump at this interface does not make good sense

m DG mortaring for domain decomposition [Burman & Zunino '06]

m robustness w.r. to scalar diffusion heterogeneities needs the use of
weighted averages
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Weighted DG Il

m Meshes fitted with the discontinuities of K

m Diffusivity dependent weights (w™ +wt = 1)

— . 6K+ 4. ()K,

W = W =
Ok+ + Ok— Ok+ + Ok—

og = ne(K|r+)ne

m Weighted averages {¢}, ;= w ¢~ +whp™

m Usual average: w™ =w’ =1
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Weighted DG IV

m Pure diffusion

m (Symmetric) Weighted IP bilinear form (SWIP)

ap(v,w) = /QKV;,V'V;,W—I—Z/F"/K’FHV]”[W]]
= 3 [(oH KTl + KV} 1)

FeFy,

m Penalty parameter

L —1 [ Oki0Kk—
TKF = WhF <5K++5K—>

w > 0 large enough
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Weighted DG V

m SWIP method with upwinding for ADR
ap(v,w) = /(KV;,V-V;,W + (= V-B)vw — v(B-Vyw))
Q

_ Z /an_—{Kth}w[[W]]+ﬂtF{KVhW}w|[V]])

FEFy
s / OIEDS / Bne{v}[w]
Fer, ' F Fer, ' F

m Penalty parameter vr =k F + vg,F (@ > 0 large enough)

Ok 10K — )

_ 1 1
Yk, F = whg (W V8,F = 3|B-nE|
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Weighted DG VI

m (Quasi-)optimal (in h) and robust (in K) CV estimates

m small, positive definite diffusion [AE, Stephansen & Zunino '08]
m semidefinite diffusion [Di Pietro, AE & Guermond '08]
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Diffusion
Second-order scalar PDE's Advection—diffusion—reaction

Comparison of SWIP with SIP

m Unit square divided into 4 subdomains

m Strong x-diffusion in 2 quadrants and strong y-diffusion in the
others, anisotropy ratio 10°

m Rotating advective field
SWIP SIP

m Robust DG methods for ADR with heterogeneous diffusion should
use weighted averages
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Discrete functional analysis
Convergence for Poisson problem

Incompressible flows

Incompressible flows

For (steady) linear PDE’s, the mathematical analysis of DG methods
is well-understood

m For nonlinear PDE's, the situation is substantially different

m FE-based techniques require strong regularity assumptions on the
exact solution

m the analysis of FV schemes proceeds along a different path, avoiding
such assumptions [Eymard, Gallouét, Herbin et al., '00-08]

m Goal 1: extend discrete FV analysis tools to DG methods

m Goal 2: as an application, design a convergent DG method for
incompressible NS equations

[Di Pietro & AE '08, hal-00278925]
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Discrete functional analysis
gence for Poisson problem

Incompressible flows

Outline

m Discrete functional analysis tools in DG spaces
m Convergence for Poisson problem
m Stokes

m Navier-Stokes
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Discrete functional analysis
Convergence for Poisson problem

Incompressible flows

Discrete functional analysis

m Discrete Sobolev embeddings

m Compactness result for discrete gradients

Alexandre Ern Discontinuous Galerkin Methods



functional analysis
ence for Poisson problem

Incompressible flows

DG spaces

m VF={v, € [2(Q); VT € Tp, va|7 € Px(T)} with norm
[vallpe = thvh”iZ(Q)d + |Vh‘.%.,}',,.,71

with broken gradient V; and jump seminorm (F = Fj or F})

W par = 3 BE / P

FEF

m For all ¢ € €3°(2) and all k > 1,

o —mhellpe — 0 ash—0

Alexandre Ern Discontinuous Galerkin Methods



functional analysis
ence for Poisson problem

Incompressible flows

Discrete Sobolev embeddings |

m non-Hilbertian setting (1 < p < 4+00)

llbc, = 3= [ 19l + 3 s [ Il

TeT, FeFy

m Main result: For all g such that
() 1<qg<p ==L if1<p<d
(i) 1<g< +xifd < p < +oo;
there is o4, such that

Vvp € V;f, ||Vh||L" <(7quVhHDCp
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Discrete Sobolev embeddings ||

m Discrete Poincaré—Friedrichs inequality (g = 2, p = 2) [Brenner '03]

q = 4, p = 2 [Karakashian & Jureidini '98]
m Discrete Sobolev embeddings with p = 2 [Lasis & Siili '03]

Two key differences

m our technique of proof is much simpler: no elliptic regularity or
nonconforming FE interpolation = general meshes can be used

m embeddings are proven in discrete spaces, not in broken Sobolev
spaces
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Discrete functional analysis
Cenyrrmen (b Retren b

Incompressible flows N

Discrete Sobolev embeddings I

Principle of proof
m Inspired from [Eymard, Gallouét & Herbin '08]
m BV estimate (3, sup{ ra udip, ¢ € €°(R?), [0l 0 gy < 1})

Vi € Vi, vallev < llvallpa1 S llvallpe,, (P >1)

(vn extended by zero outside Q)
Classical result (1% := J¢): [VIL1% mey < =llvlBv

For 1 < p < d, use ||-[| 1+ a)-estimate for |v;|%, Holder's inequality
and a trace inequality
m For p > d, simply use Hélder's inequality
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functional analysis
ence for Poisson problem

Incompressible flows

Discrete Sobolev embeddings 1V

m Main result for p =2 and d € {2,3}: For all g such that
() 1<q<6ifd=3;
(i) 1<g< +o0ifd =2;
there is o4 such that

Yun € VE, IvillLa@) < ogllvallpa
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functional analysis
ence for Poisson problem

Incompressible flows

Compactness for discrete gradients |

m Let / > 0. For all F € Fp, let rf : L2(F) — [V]]9 s.t.
v, € [VA]9, /r,’_—(qﬁ)-ﬂ, = /{{Th}-uqu
Q F
m Let k > 1, define discrete gradient G/ : Vi — [V>k=1D1d 5

Yvy € VY, Gh(vh) = Vpvp — Z rE([va])
FEF

m Usual values: = korl=k—1

m Stability: Vv, € VJ, HGiI;(Vh)HB(Q)d < lvallba
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Discrete functional analysis
onvergence for Poisson problem
Stokes
Incompressible flows Navier—Stokes

Compactness for discrete gradients ||

m Sequence of meshes: h € H with h — 0

m Key compactness result

m let {vy}hew be a sequence in V¥
m bounded in the ||-|[pg-norm

Then, there exists a subsequence of {vp}necr and a function
v e HHQ) st ash—0,

vp — v strongly in L3(Q)
and for all 1 >0,

Gl(vy) = Vv weakly in L2(Q)¢
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Compactness for discrete gradients |l

m Proof inspired from FV analysis [Eymard, Gallouét & Herbin '08]
m Functions extended by zero outside Q

Uniform BV estimate on space translates

[va(- + &) = vallpr(rey < [€leaflvallsy < CIE]en

Kolmogorov's Compactness Criterion in L1(R?)

m Sobolev embedding: compactness in L2(RY)
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Discrete functional analysis
Cenyrrmen (b Retren b

Incompressible flows

Compactness for discrete gradients |V

m bound on discrete gradient: G}(vy) — w in L2(Q)?

m For p € €°(RY)?,
Gilwhe = = [ w(¥9) = [ RiID)-(o =)
+ ¥ [Ho-rhebvelul

FEF,

R4

converges to — [Lq v(V-@)
B Vv=w,veHY(RY), and v =0 outside Q = v € H}(Q).
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alysi
Convergence for Poisson proHem
Stokes
Incompressible flows Navier—Stokes

Convergence for Poisson problem |

Let f € L"(Q) withr>2ifd=3and r>1ifd=2
u e H}(Q) s.t. for all v € H3 (),

/Vqu:/fv
Q Q

m DG bilinear form (disc. grad. with / = k or k — 1)

an(vh, wp) := /Q Gh(vh)-Gn(wn) + jn(vh, W)

m BRMPS stabilization (w > Np)

) = 30 @ [ (@l ~ [ Ru(aD-Ru(losD)

FEF,
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functional analysis
ence for Poisson problem

Incompressible flows Srekex

Convergence for Poisson problem Il

m Stability result: For all v, € V,f‘,

HGh(Vh)Hiz(Q)d + (w - NO) Z Hr’:([[vh]])Hi2(Q)cl < ah(vha Vh)
FeF,

m Coercivity: 3o > 0 s.t. for all v, € V£,

al[vallpa < an(vh, va)
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Convergence for Poisson problem Il

Let {up}rer be the sequence of approximate solutions generated by
solving the discrete Poisson problem on the admissible meshes {75} ne-
Then, as h — 0,
up — u in [2(Q)
Gh(uh) — Yu in LQ(Q)d
thh — Vu in LQ(Q)d

|unly,7,,-1 — 0

where u € H}(Q) is the exact solution
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Discrete functional analysis

Incompressible flows

Sketch of proof |

m A priori estimate:

(@ llunll i q)

allunlpa < a(un, up) = / fup < ||If
Q
and Sobolev embedding yields

lunllpa < C

m Compactness: there exists a subsequence of {up}hep and
ue H}Q) st as h—0,

up — u  strongly in L*(Q
Gh(up) — Vu  weakly in L2(Q)?
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Discrete functional analysis
Convergence for Poisson problem

Incompressible flows

Sketch of proof Il

m |dentification of the limit: For all ¢ € €5°(Q),

ah(uhﬂ"'h‘ﬂ)—)/vu'vw
Q
so that

/f:p% / fwhgozah(uh,m,ga)ﬂ/Vu-Vp
Ja Ja Ja

m By density of €5°(Q) in H3(Q), u solves the Poisson problem

m By uniqueness of the solution, the whole sequence converges
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Discrete functional analysis

Incompressible flows

Sketch of proof Ill

m Owing to weak convergence
liminf ||Gh(uh)||i2(Q),, > Hv””é(n)d
m Owing to stability
1Go )y < () = [ fu
so that

lim sup||Gh(uh)||i2(Q)d < lim sup/qu,, :/qu = ||Vu\|i2(9)d

m Hence, ||Gh(un)ll;2(qpe — [[Vulli2(q)e so that Gh(un) strongly
converges to Vu in L2(Q)4
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functional analysis
ence for Poisson problem

Incompressible flows Srekex

Sketch of proof IV

m Owing to stability

(=~ o) S e (LoD} Pagye < 30 (s ) — 1Go ()2 s
FeFy,

u Hence, ‘Uh‘J,fh,,l —0

Remark. If the exact solution is smooth, the usual optimal a priori error
estimate is recovered
k
|u—unllpa S h
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Discrete functional analysis
Convergence for Poisson problem

Incompressible flows

Nonsymmetric variants |

m Nonsymmetric DG bilinear form
an(Vh, wh) i:/ Gh(vh)-Gn(wh) + ji (v, wh)
Q

m Design conditions
m G strongly consistent for smooth functions
m G weakly consistent for discrete functions
m both gradients controlled by ||-||pg-norm
m j; symmetric, nonnegative, controlled by jump seminorm and
ensuring coercivity of ap
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Discrete functional analysis
Convergence for Poisson problem

Incompressible flows

Nonsymmetric variants ||

m General convergence result can be proven as before

m Examples of nonsymmetric methods

Gh(vh) = Vpvy + Rh([[vh]]) (N|P)
Gh(vh) :== Vv (nP)
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nalysis
sson problem

Incompressible flows

Stokes

Let f € L"(Q)? withr>2ifd=3andr>1ifd=2

Let v >0

(u, p) € H(Q)? x L2(Q) s.t. for all (v,q) € H}(Q)9 x L3(Q),

1// Vu~va/pV~v+/ qV~u:/f~v
Ja Ja Ja Ja

Equal-order polynomial spaces for velocity and pressure

Up:=[Vf]?  Py=VE Xy:=Uyx Py

Pressure stabilization sp(qp, ry) := ZFEf;. he [Lan]lrs]
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ysis
n problem

Incompressible flows

Pressure—velocity coupling

m Discrete divergence operator

Yy € Uy, Dh(vh) := Gp(vhj)-€j

m Pressure-velocity bilinear form

bn(vh, qn) == — / anDf (vh)
Ja

w (un,pn) € Xn st In((un, pr), (vhy an)) = [q F-vh, Y(vh, an) € Xa
where

In((un, Pn)s (Vhs qn)) := van(un,i, un,i)+bn(va, pr)—bn(Un, Gn)+Sn(Pn, qn)
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Convergence result

Let {(un, pn)}ner be the sequence of approximate solutions generated by
solving the discrete Stokes problems on the admissible meshes {7} he-
Then, as h — 0,
up — u in LQ(Q)d
Vioup — YVu in LQ(Q)d’d
\up|y,7,-1 — 0
Ph— P in L2(Q)

|Ph JFL T 0

where (u, p) € H}(Q) x L3(Q) is the exact Stokes solution
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Discrete functional analysis
Convergence for Poisson problem

Incompressible flows

Sketch of proof

m Coercivity on velocity and discrete inf-sup condition on pressure
m A priori estimate + compactness: up — u strongly in L2(Q)?,
Gh(up,i) — Vu; weakly in L2(Q)¢ and p, — p weakly in L2(Q)
m ldentification of the limit and convergence of the whole sequence
m Strong convergence of velocity gradient and jumps (as before)
m Strong convergence of the pressure using Necas velocity
Remark. If the exact solution is smooth, the usual optimal a priori error
estimates are recovered [Cockburn, Kanschat, Schétzau & Schwab '02,

AE & Guermond '08]

lu— unllpe + 1P = Pallizi) + lpals i1 S A
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nalysis
sson problem

Incompressible flows

Navier—Stokes |

mletfel(Qwthr>8ifd=3andr>1ifd=2
mletry >0
m (u,p) € HY(Q)? x L3(Q) s.t. for all (v, q) € HA(Q)? x L3(%),

1//QVU~VV+/Qv-(V-F(U,p))+/QqV-u:/Qf-v

with incompressible Euler flux F(u,p) := u® u+ pl
m Existence of such a weak solution holds for d € {2,3}

m Uniqueness under small data assumption
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Navier—Stokes Il

m For all u € H}(Q)?,

[evtwen = [ e =~ [ w9

m Temam's device for stability: add source term — [, 3(V-u)u

m non-conservative form
m source term vanishes at the limit for solenoidal velocity

» Modified Euler flux ®(u,p) := u® u+ %|u[*l + pl with
pi=p—3luf
m conservative form
m hinted to in [Cockburn, Kanschat & Schétzau '05]
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Discrete NS system |

m DG methods for incompressible NS

m piecewise solenoidal velocity fields [Karakashian & Jureidini '98]

m nonconservative method based on Temam’s device [Girault, Riviére
& Wheeler '04]

m conservative LDG method [Cockburn, Kanschat & Schétzau '05]
using BDM projection

m FV methods for incompressible NS

m nonconservative form [Eymard, Herbin & Latché '07]
m conservative form [Chénier, Eymard & Herbin '08]
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Discrete NS system ||

[ ] (uh,ph) € Xp s.t. V(Vh, q;,) € Xp,

Ih((uh,Ph)a(Vhth))thh(uh,uh,Vh):/f‘Vh
Q

with Stokes bilinear form [, and discrete trilinear form t;

m Design conditions on ¢,

m Stability: ts(va, v, va) =0, Yvi € Uy
m Continuity on discrete space
m Weak continuity: t,(up, up, Thp) — t(u, u, v)

m Existence of discrete solution using topological degree argument (no
small data assumption)
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Discrete functional analysis
Gemyorren (b Retrer b
Stokes

Incompressible flows Navier—Stokes

Convergence result for NS

Let {(un, pn)}rer be a sequence of approximate solutions generated by
solving the discrete NS problems on the admissible meshes {74 }her.
Then, as h — 0, up to a subsequence
up — u in LQ(Q)d
Vioup — YVu in LQ(Q)d*d
\up|y,7,-1 — 0
Ph— P in L2(Q)

|Ph JFL T 0

where (u, p) € H}(Q) x L3(Q) is an exact solution
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nctional analysis
ce for Poisson problem

Incompressible flows Navier—Stokes

Examples of DG trilinear forms

m Non-conservative, based on Temam's device

t(w. 0, v) = /Q (wVp)yv— 3 / {whne[u]- {v}

FeFi

+ [ 39ewtwn) = 3 [[wloedguvy

FEF,

m Conservative, based on Euler flux modification

th(w,u,v) = — /

Q

(w® u):Vyv + Z /F ne-{u{w}-[v]

FerF;

N AU ED S e o

FeFi
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Discrete functional analysis
Convergence for Poisson problem
Stokes

Incompressible flows Navier—Stokes

Concluding remarks

m Uniqueness of discrete solution under small data assumption

Upwinding of convective term

Optimal a priori error analysis under strong regularity assumptions

m Confirmed by numerical tests on standard benchmark problems with
moderate Reynolds (< 100)

For higher Reynolds numbers, the artifical compressibility method of
[Bassi, Di Pietro & Rebay '07], yet to be analyzed mathematically,
yields better CV of nonlinear solver
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