
Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows
Dis
ontinuous Galerkin MethodsAlexandre ErnUniversité Paris-Est, CERMICS, E
ole des PontsCIRM Winter S
hool, 09-13/02/2009

Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsIntrodu
tionDis
ontinuous Galerkin methods (DG) 
an be viewed as�nite element methods allowing for dis
ontinuous dis
rete fun
tions�nite volume methods with more than one dof per mesh 
ellAdvantages of su
h methods in
ludea high level of �exibility (
hoi
e of basis fun
tions, nonmat
hingmeshes, variable approximation order, lo
al time stepping)the possibility to enfor
e lo
ally basi
 
onservation prin
iplesThe main drawba
k is higher 
omputational 
osts w.r.t. FE's orFV's on the same meshAlexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsA brief histori
al perspe
tive IDG methods were introdu
ed over three de
ades agomoderate impa
t at that timeVigorous development over the last de
adenumeri
al analysisextensive range of appli
ationsDG-related publi
ations/year (Sour
e: Maths
inet)
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsA brief histori
al perspe
tive IIFirst-order PDE'sDG methods �rst 
oined for neutroni
s simulations [Reed & Hill '73℄Convergen
e analysisO(hk) L2-error estimate if polynomials of degree k are used andexa
t solution is smooth enough [Lesaint & Raviart '74℄sharper O(hk+1/2) L2-estimate and O(hk) estimate for (broken)adve
tive derivative [Johnson & Pitkäranta '86℄Time-dependent 
onservation lawslow order DG method in spa
e, forward Euler in time[Chavent & Co
kburn '89℄Runge�Kutta DG & slope limiter [Co
kburn & Shu '89-91℄formal a

ura
y in smooth regions, sharp sho
k resolution, CV toentropy solution Alexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsA brief histori
al perspe
tive IIIEllipti
 PDE'sBoundary penalty methods [Nits
he '71℄Interior penalty methods [Babu²ka '73, Douglas & Dupont '75,Baker '77, Wheeler '78, Arnold '82℄Mixed approximation of ellipti
 PDE'sNavier�Stokes equations [Bassi & Rebay '97℄Lo
al DG [Co
kburn & Shu '98℄Nonsymmetri
 interior penalty methodsintrodu
ed by [Oden, Babu²ka & Baumann '98℄further developed and analyzed in [Rivière, Wheeler & Girault '99℄Uni�ed analysis for Poisson problem [Arnold, Brezzi, Co
kburn &Marini '01℄ Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsA brief histori
al perspe
tive IVFriedri
hs' systemsIntrodu
ed by Friedri
hs in '58Linear systems of �rst-order PDE's with symmetry and positivity(L2-
oer
ivity) propertiesEn
ompass many important examples of ellipti
 and hyperboli
PDE'sadve
tion�rea
tion, di�usion(�AR), elasti
ity, Stokes, Maxwell indi�usive regime, . . .Uni�ed analysis of DG methods based on Friedri
hs' systems[AE & Guermond, '06, '07, '08℄Alexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �owsSome basi
 notation IMesh family {Th}h of 
omputational domain Ω ⊂ R
dshape-regularity in the usual sensethe meshes 
an be nonmat
hing (hanging nodes)for simpli
ity, meshes 
over Ω exa
tlyh: maximum mesh sizeExample of admissible mesh
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsSome basi
 notation IIDis
ontinuous �nite element spa
e (k ≥ 0)
D
kh := {vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ Pk}dof's 
an be taken elementwise (no mat
hing 
ondition at interfa
es)dim(Dkh) = Nel dim(Pk) =

„k + dk «NelContinuous �nite element spa
e C
kh := D

kh ∩ C 0(Ω)
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsSome basi
 notation IIIComparison of the dimensions of D
kh and C

khEuler's relations2D : Nel ≃ 2Nve, Ned ≃ 3Nve3D : Nel ≃ 6Nve, Nfa ≃ 12Nve, Ned ≃ 7NveExamples(d = 2, k = 1) dim(C1h) = Nve, dim(D1h) = 3Nel ≃ 6Nve(d = 2, k = 2) dim(C2h) ≃ 4Nve, dim(D2h) = 6Nel ≃ 12Nved = 2 d = 3k D
kh C

kh D
kh C

kh1 6 1 24 12 12 4 40 83 20 9 80 27Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsSome basi
 notation IVBroken Sobolev spa
es Hs(Th) (s ≥ 0)Broken gradient operator (de�ned elementwise)
∇h : H1(Th)→ [L2(Ω)]dLo
al approximation property: ∀z ∈ Hk+1(Th), ∀T ∈ Th,

‖z−πkhz‖T +h 12T‖z−πkhz‖∂T +hT‖∇(z−πkhz)‖T . hk+1T ‖z‖Hk+1(T )

πkh : L2-orthogonal proje
tion onto D
khAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsSome basi
 notation VMesh fa
es 
olle
ted into Fh = F ih ∪ F∂h (split into interfa
es andboundary fa
es)Dis
rete fun
tions 
an be two-valued at interfa
esInterfa
e F ih ∋ F = T− ∩ T+, normal nF from T− to T+Mean values and jumps at interfa
es
{{ϕ}} := 12 (ϕ− + ϕ+) [[ϕ]] := ϕ− − ϕ+PSfrag repla
ements T−

T+FOn the boundary, {{ϕ}} = [[ϕ]] := ϕAlexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsOutlineNon
onforming error analysisFirst-order PDE'sAdve
tion�rea
tionFriedri
hs' systemsSe
ond-order s
alar PDE'sDi�usionAdve
tion�di�usion�rea
tionIn
ompressible �owsStokesNavier�Stokes Alexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsTopi
s not 
overed in this le
ture in
ludeTime-dependent problemsabundant numeri
al te
hniques with promising resultstheoreti
al aspe
ts are mu
h less 
overedsee [Burman, AE & Fernandez, Mafelap '09℄Implementation issuessee, e.g., [Karniadakis & Spen
er '99, Hesthaven & Warburton '08℄A posteriori error analysissee le
ture by M. Vohralík
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsNon
onforming error analysisAbstra
t problem: Seek u ∈W s.t.a(u,w) =

∫

Ω

fw , ∀w ∈WBana
h spa
e W ⊂ [L2(Ω)]m (m ≥ 1)bilinear form a bounded on W ×Wdata f , say, in [L2(Ω)]mWell-posedness of abstra
t problem BNB theorem
∀v ∈W , ‖v‖W . supw∈W\{0} a(v ,w)

‖w‖W
∀w ∈W , (∀v ∈W , a(v ,w) = 0) =⇒ (w = 0)See [AE & Guermond '04℄Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsThe dis
rete settingFinite-dimensional spa
e Wh 6⊂W (non
onforming)Dis
rete problem: Seek uh ∈Wh s.t.ah(uh,wh) =

∫

Ω

fwh, ∀wh ∈WhApproximation error (u − uh) belongs to Z := W +WhWe work with two norms: ||| · ||| and ||| · |||∗ both de�ned on Zthe approximation error will be estimated in the ||| · |||-normthe ||| · |||∗-norm 
ontrols the ||| · |||-norm
∀z ∈ Z , |||z ||| . |||z |||∗Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsThree key propertiesStability (implies well-posedness of dis
rete problem)
∀vh ∈Wh, |||vh||| . supwh∈Wh\{0} ah(vh,wh)

|||wh|||Consisten
y (DG methods are 
onsistent!)
∀wh ∈Wh, ah(u,wh) = a(u,wh) =

∫

Ω

fwhContinuity
∀z ∈ Z , ∀wh ∈Wh, ah(z ,wh) . |||z |||∗|||wh|||Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsError estimate IThere holds
|||u − uh||| . infyh∈Wh |||u − yh|||∗Proof. Let yh ∈Wh.stability, 
onsisten
y, and 
ontinuity imply

|||uh − yh||| . supwh∈Wh\{0} ah(uh − yh,wh)
|||wh|||

= supwh∈Wh\{0} ah(u − yh,wh)
|||wh|||

. |||u − yh|||∗
on
lude using the triangle inequalityAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �owsError estimate IIRe
all that
|||u − uh||| . infyh∈Wh |||u − yh|||∗The estimate is not optimal sin
e di�erent norms are usedThe estimate is quasi-optimal if the upper bound has the same CVorder as the optimal bound infyh∈Wh |||u − yh|||This is the 
ase in the sequel for the analysis of DG methods (andmany other stabilized FEM's)
Alexandre Ern Dis
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tionFriedri
hs' systemsFirst-order PDE's
Adve
tion�rea
tionFriedri
hs' systems

Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsAdve
tion�rea
tionLet β ∈ [L∞(Ω)]d , ∇·β ∈ L∞(Ω), µ ∈ L∞(Ω)In�ow and out�ow parts of boundary ∂Ω

∂Ω± := {x ∈ ∂Ω; ±β(x)·n(x) > 0}The model problem is
{

µu + β·∇u = f in L2(Ω)u = 0 on ∂Ω−
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework IGraph spa
e W := {v ∈ L2(Ω); β·∇v ∈ L2(Ω)}This is a Hilbert spa
e with the norm ‖v‖2W := ‖v‖2Ω + ‖β·∇v‖2ΩAssume that ∂Ω− and ∂Ω+ are well-separatedThere is a 
ontinuous tra
e operator from W ontoL2(∂Ω; |β·n|) := {v is measurable on ∂Ω
∫

∂Ω
|β·n|v2 < +∞}
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework IIDe�ne on W ×W the bilinear forma(v ,w) :=

∫

Ω

[µv + (β·∇v)]w +

∫

∂Ω

(β·n)⊖vwwhere for x ∈ R, x⊕ := 12 (|x |+ x) and x⊖ := 12 (|x | − x)Assume that
∃µ0 > 0, µ− 12∇·β ≥ µ0 a.e. in ΩThis implies the L2-
oer
ivity of a on W sin
ea(v , v) =

∫

Ω

(µ− 12∇·β)v2 + 12 ∫

∂Ω

(β·n)v2 +

∫

∂Ω

(β·n)⊖v2
≥ µ0‖v‖2Ω + 12 ∫

∂Ω

|β·n|v2Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework IIIConsider the following problem: Seek u ∈W s.t.a(u,w) =

∫

Ω

fw , ∀w ∈WTheorem. This problem is well-posedL2-
oer
ivity readily implies uniquenessexisten
e by BNB theorem (using L2-
oer
ivity of a)BC's are weakly enfor
ed
Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsCentered �uxes IDG approximation in Wh := D
khDis
rete problem: Seek uh ∈Wh s.t.ah(uh,wh) =

∫

Ω

fwh, ∀wh ∈WhGuidelines for the design of dis
rete bilinear form ahdis
rete L2-
oer
ivity on Wh
onsisten
yTwo assumptions on the exa
t solution ulo
ally smooth enough, u ∈ Hk+1(Th)mesh �tted to possible singularities, β·nF [[u]] = 0 on all F ∈ F ihAlexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsCentered �uxes IIStep 1: Lo
alize gradientah(vh,wh) :=

∫

Ω

[µvhwh + (β·∇hvh)wh] +
∑F∈F∂h ∫F (β·n)⊖vhwhah is not L2-
oer
ive on Wha(vh, vh) :=

∫

Ω

[µv2h + (β·∇hvh)vh] +
∑F∈F∂h ∫F (β·n)⊖v2h

=

∫

Ω

(µ− 12∇·β)v2h + 12 ∑F∈F∂h ∫F |β·n|v2h +
∑F∈F ih ∫F{{β·nv2h }}and the last term has no sign a prioriAlexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsCentered �uxes IIIStep 2: Re
over dis
rete L2-
oer
ivity in a 
onsistent way by settingah(vh,wh) :=

∫

Ω

[µvhwh + (β·∇hvh)wh] +
∑F∈F∂h ∫F (β·n)⊖vhwh

−
∑F∈F ih ∫F β·nF [[vh]]{{wh}}so that ah(vh, vh) ≥ |||vh|||2 on Wh with

|||vh|||2 := µ0‖vh‖2Ω +
∑F∈F∂h ∫F 12 |β·n|v2hAlexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsCentered �uxes IVConvergen
e estimate |||u − uh||| . hkdis
rete stability
|||wh|||2 . ah(wh,wh) =

„ah(wh,wh)
|||wh||| «

|||wh||| ≤  supyh∈Wh ah(wh, yh)|||yh||| !
|||wh|||
onsisten
y by 
onstru
tion
ontinuity: ah(z ,wh) . |||z |||∗|||wh||| with

|||z |||2∗ := |||z |||2 + ‖β·∇hz‖2Ω +
XF∈Fih h−1F ZF |β·nF |[[z]]2standard approximation properties on D
kh
onvergen
e for k ≥ 1 with suboptimal rateAlexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsCentered �uxes VLo
al formulationRe
all thatah(vh,wh) =

Z

Ω

[µvhwh + (β·∇hvh)wh] +
XF∈F∂h ZF (β·n)⊖vhwh

−
XF∈Fih ZF β·nF [[vh]]{{wh}}Integration by parts yieldsah(vh,wh) =

Z

Ω

[(µ −∇·β)vhwh − vh(β·∇hwh)] +
XF∈F∂h ZF (β·n)⊕vhwh

+
XF∈Fih ZF β·nF{{vh}}[[wh]]Let T ∈ Th, q ∈ Pk(T ) and take wh = q1TAlexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsCentered �uxes VISin
e [[q1T ]] = (nT ·nF )q|F (nT : outward normal to T ), this yields
∫T [(µ−∇·β)vhq − vh(β·∇q)] +

∑F⊂∂T ∫F φT ,F (vh)q =

∫T fqwith the numeri
al �uxes
φT ,F (vh) :=

{
β·nT{{vh}} (F ∈ F ih)
(β·n)⊕vh (F ∈ F∂h )These �uxes are 
onservative (F = T− ∩ T+)

φT−,F (vh) + φT+,F (vh) = 0They are also 
onsistent with the exa
t �uxes: if u is the exa
tsolution
φT ,F (u) = (β·nT )uAlexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsUpwind �uxes IIdea: sharpen dis
rete stability by penalizing interfa
e jumps in aleast-squares senseah(vh,wh) :=

∫

Ω

[µvhwh + (β·∇hvh)wh] +
∑F∈F∂h ∫F (β·n)⊖vhwh

−
∑F∈F ih ∫F β·nF [[vh]]{{wh}}+

∑F∈F ih ∫F 12α|β·nF |[[vh]][[wh]]with user-de�ned parameter α > 0Alexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsUpwind �uxes IISharper dis
rete stability with stronger norm
|||w |||2 := µ0‖w‖2Ω+

XF∈F∂h ZF12 |β·n|w2+ XF∈Fih ZFα2 |β·nF |[[w ]]2+ XT∈ThhT‖β·∇hw‖2TContinuity holds with |||w |||2∗ := |||w |||2 +
∑T∈Th [h−1T ‖w‖2T + ‖w‖2∂T ]Convergen
e estimate |||u − uh||| . hk+1/2quasi-optimal estimateoptimal estimate for adve
tive derivative, jumps and boundary valuesh1/2-suboptimal in L2similar estimate for many other stabilized FEM'sAlexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsUpwind �uxes IIINew numeri
al �uxes
φT ,F (vh) :=

{
β·nT{{vh}}+ 12α|β·nT |[[vh]]T (F ∈ F ih)
(β·n)⊕vh (F ∈ F∂h )where [[vh]]T = v inth − v exthParti
ular 
hoi
e α = 1 yields the upwind �ux

φT ,F (vh) =

{
(β·nT )⊕v inth − (β·nT )⊖v exth (F ∈ F ih)
(β·n)⊕vh (F ∈ F∂h )
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsFriedri
hs' systemsIntrodu
ed by Friedri
hs in 1958
(d + 1) �elds {Ak}0≤k≤d in [L∞(Ω)]m,m su
h thatd∑k=1 ∂kAk ∈ [L∞(Ω)]m,mSymmetry and positivity properties (a.e. in Ω)

∀1 ≤ k ≤ d , Ak = (Ak)T
∃µ0 > 0, A0 + (A0)T − d∑k=1 ∂kAk ≥ 2µ0ImData f ∈ L := [L2(Ω)]mAlexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework IThe PDE is A0z + Az = f in LZero-order operator A0 : L ∋ z 7→ A0z ∈ LFirst-order di�erential operatorAz :=

d∑k=1Ak∂kzGraph spa
e W := {z ∈ L; Az ∈ L}W is a Hilbert spa
e with the norm ‖z‖2W := ‖z‖2L + ‖Az‖2LA ∈ L(W ; L) (bounded from W to L)Alexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework IIAdmissible BC's for well-posednessDe�ne Ã ∈ L(W ; L) s.t. Ãz := −
∑dk=1 ∂k(Akz)De�ne D ∈ L(W ;W ′) s.t.

〈Dz , y〉W ′,W := (Az , y)L − (z , Ãy)LThe symmetry property implies that D is a boundary operator
[C∞0 (Ω)]m ⊂ Ker(D)
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework IIIAssume there is M ∈ L(W ;W ′) s.t.
∀z ∈W , 〈Mz , z〉W ′,W ≥ 0W = Ker(D −M) + Ker(D +M)By 
onstru
tion, Ker(D) = Ker(M) so that M is also a boundaryoperatorAn admissible BC is z ∈ Ker(M − D)
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework IVIn most 
ases, there is a boundary representation
〈Dz , y〉W ′,W =

∫

∂Ω

yTDz 〈Mz , y〉W ′,W =

∫

∂Ω

yTMzwith z , y smooth enough and D,M∈ [L∞(∂Ω)]m,m
D =

d∑k=1 nkAkD is by 
onstru
tion selfadjoint
D is by 
onstru
tion symmetri
Alexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsA mathemati
al framework VConsider the model problem
{A0z + Az = f in Lz ∈ Ker(M − D)This amounts to seeking z ∈W s.t. a(z , y) = (f , y)L, ∀y ∈W , witha(z , y) := (A0z , y)L + (Az , y)L + 12 〈(M − D)z , y〉W ′,Wa is L-
oer
ive on WBC's are weakly enfor
edThe above problem is well-posed [AE & Guermond '06℄Alexandre Ern Dis
ontinuous Galerkin Methods
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ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsExamples IAdve
tion�rea
tion Set m = 1,
A0 = µ, Ak = βkThe boundary operator D is su
h that

〈Dz , y〉W ′,W =

∫

∂Ω

(β·n)zyThe BC u|∂Ω− = 0 
an be enfor
ed through the operator
〈Mz , y〉W ′,W =

∫

∂Ω

|β·n|zyBoundary integral representation with D = β·n andM = |β·n|Alexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsExamples IIMaxwell's equations in di�usive regime (µ and ε uniformly boundedaway from zero) {
µH +∇×E = f
εE −∇×H = g3D, m = 6, A0(H,E ) = (µH, εE ) and for k ∈ {1, 2, 3},

Ak =



 03,3 Rk
−Rk 03,3

 Rkij = ǫikjBoundary operators
D =

[ 03,3 N
NT 03,3]

M =

[ 03,3 −N
NT 03,3 ]enfor
ing n × E |∂Ω = 0 (N ξ = n×ξ for all ξ ∈ R

3)Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsDG approximation IDG approximation in Wh := [Dkh ]mDis
rete problem: Seek zh ∈Wh s.t.ah(zh, yh) = (f , yh)L, ∀yh ∈WhTwo-valued extension of boundary �eld D to interfa
esfor all T ∈ Th, D|∂T :=
Pdk=1 nT ,kAk

D|∂T is symmetri

{{D}} = 0
{{Dz}} = 0 for exa
t solutionAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsDG approximation IIGuidelines for the design of dis
rete bilinear form ahL2-
oer
ivity on Wh together with 
onsisten
yleast-squares penalty of interfa
e jumpsah(z , y) :=
∑T∈Th[(A0z , y)L,T + (Az , y)L,T ] +

∑F∈F∂h 12 (MF z −Dz , y)L,F
−

∑F∈F ih 2({{Dz}}, {{y}})L,F +
∑F∈F ih(SF [[z ]], [[y ]])L,Fthe �elds {MF}F∈F∂h weakly enfor
e BC'sthe �elds {SF}F∈Fih penalize interfa
e jumpsboth �elds are assumed to take nonnegative valuesAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsDG approximation IIIConsisten
y requires that for exa
t solution z
∀F ∈ F∂h , MF z = Dz |F and ∀F ∈ F ih, SF [[z ]] = 0Con
erning L2-
oer
ivity, the positivity assumption and i.b.p. yieldah(yh, yh) ≥ µ0‖yh‖2L +

∑F∈F∂h 12 (MF yh, yh)L,F
︸ ︷︷ ︸

|yh|2M
+

∑F∈F ih(SF [[yh]], [[yh]])L,F
︸ ︷︷ ︸

|yh|2JAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsDG approximation IVAdditional assumptions on dis
rete �elds
|(MF v −Dv ,w)L,F | . (MF v , v)

1/2L,F‖w‖L,F
|(MF v +Dv ,w)L,F | . ‖v‖L,F (MFw ,w)

1/2L,F
SF ≃ |D|Assume that T ∈ Th, Ak |T ∈ [C0, 12 (T )]m,m, 1 ≤ k ≤ dDis
rete stability result
∀yh ∈Wh, |||yh||| . supwh∈Wh\{0} ah(yh,wh)

|||wh|||with the norm
|||y |||2 := ‖y‖2L + |y |2M + |y |2J +

∑T∈Th hT‖Ay‖2L,TAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsDG approximation VContinuity result: ah(z , yh) . |||z |||∗|||yh||| where
|||z |||2∗ := |||z |||2 +

∑T∈Th[h−1T ‖z‖2T + ‖z‖2∂T ]Convergen
e estimate |||z − zh||| . hk+1/2quasi-optimal estimateoptimal estimate for broken A-derivative, jumps and boundary valuesh1/2-suboptimal in L2
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsDG approximation VILo
al formulation: For all T ∈ Th and q ∈ [Pk(T )]m,
(A0zh, q)L,T + (zh, Ãq)L,T +

∑F⊂∂T(φT ,F (zh), q)L,F = (f , q)L,Twith the numeri
al �uxes
φT ,F (zh) :=

{
D|∂T{{zh}}+ SF [[zh]]T (F ∈ F ih)12 (MF +D)zh (F ∈ F∂h )These �uxes are 
onservative and 
onsistent with the exa
t �uxesAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Adve
tion�rea
tionFriedri
hs' systemsExamplesAdve
tion�rea
tion Set (α > 0)
MF = |β·n| and SF = 12α|β·nF |Maxwell's equations Set

MF =

[ 03,3 −N

NT ςNTN ] and SF =



α1NTF NF 03,303,3 α2NTF NF 



ς > 0, α1 > 0, and α2 > 0penalizes tangential jumps of both H and E at interfa
espenalizes tangentials 
omp. of E at boundary fa
esAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionSe
ond-order s
alar PDE's
Di�usionAdve
tion�di�usion�rea
tion

Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDi�usionLet f ∈ L2(Ω)Model problem u ∈ H10 (Ω) s.t.a(u, v) :=

∫

Ω

∇u·∇v =

∫

Ω

fv ∀v ∈ H10 (Ω)Dis
rete problem uh ∈ Vh := D
kh s.t.ah(uh, vh) =

∫

Ω

fvh ∀vh ∈ Vh
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionSymmetri
 Interior Penalty (SIP) I[Arnold '82℄Broken gradient in standard Galerkin formulation ⇒ah(uh, vh) :=

∫

Ω

∇huh·∇hvh :=
∑T∈Th ∫T ∇uh·∇vhah is not 
onsistent for dis
ontinuous vh ⇒ah(uh, vh) :=

∫

Ω

∇huh·∇hvh − ∑F∈Fh ∫F nF ·{∇huh}[[vh]]
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionSymmetri
 Interior Penalty (SIP) IIah is not symmetri
 ⇒ah(uh, vh) :=

∫

Ω

∇huh·∇hvh−∑F∈Fh ∫F (nF ·{∇huh}[[vh]]+nF ·{∇hvh}[[uh]])ah is not 
oer
ive ⇒ah(uh, vh) :=

∫

Ω

∇huh·∇hvh +
∑F∈Fh ̟h−1F ∫F [[uh]][[vh]]

−
∑F∈Fh ∫F (nF ·{∇huh}[[vh]] + nF ·{∇hvh}[[uh]])with user-de�ned parameter ̟Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionSymmetri
 Interior Penalty (SIP) IIILet |||v |||2 := ‖∇hv‖2Ω +
∑F∈Fh h−1F ‖[[v ]]‖2FIf parameter ̟ is large enough (depends on mesh regularity)

∀vh ∈ Vh, ah(vh, vh) & |||vh|||2Convergen
e estimate: If u ∈ Hk+1(Th), |||u − uh||| . hkoptimal for broken gradient, jumps and boundary values(suboptimal) hk+1/2 estimate in L2-normoptimal hk+1 estimate in L2-norm using duality argument
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionVariants of SIPah(uh, vh) :=

∫

Ω

∇huh·∇hvh +
∑F∈Fh ̟h−1F ∫F [[uh]][[vh]]

−
∑F∈Fh ∫F (nF ·{∇huh}[[vh]] + θnF ·{∇hvh}[[uh]])

θ = 1 → SIP
θ = −1 → Nonsymmetri
 IP

̟ = 0 [Oden, Babu²ka & Baumann '98℄ ⇒ ah(vh, vh) ≥ ‖∇hvh‖2Ω
̟ > 0 [Rivière, Wheeler & Girault '99℄: optimal error estimates forbroken gradient, jumps and boundary valuesoptimal L2-error estimates?

θ = 0 → In
omplete IPAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory I
[AE & Guermond '07℄Mixed formulation






σ +∇u = 0 in Ω

∇·σ + u = f in Ωu = 0 on ∂Ωz = (σ, u), u : primal variable; σ : di�usive �ux
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory IIFriedri
hs' system with m = d + 1, A0 = Id+1,
Ak =

[ 0d,d ek
(ek)t 0 ] k ∈ {1, . . . , d}

(e1, . . . , ed ) 
anoni
al basis of R
dBoundary �elds

D =

[ 0d,d nnt 0 ]
M =

[ 0d,d −nnt 0 ]

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory IIIzh = (σh, uh), uh ∈ Uh := Vh = D
kh , σh ∈ Σh := [Uh]dDG approximation for FS

SF =

[
ησnF ⊗ nF 0d,101,d ηu ]

MF =

[ 0d,d −nnt ηu ]with positive parameters ησ and ηupenalizes jumps of uh and of normal 
omp. of σh at interfa
espenalizes values of uh at boundary fa
esConvergen
e estimate: If (σ, u) ∈ [Hk+1(Th)]d × Hk+1(Th),optimal hk estimate for broken gradient of primal variable, brokendiv. of �ux, penalized jumps and boundary values(suboptimal) hk+1/2 estimate in L2-norm for primal variable and �uxAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory IVLo
al formulation
∫T [σh·q − uh∇·q] +

∑F⊂∂T ∫F φσT ,F (zh)·q = 0 ∀q ∈ [Pk(T )]d
∫T [−σh·∇r ] +

∑F⊂∂T ∫F φuT ,F (zh)r =

∫T fr ∀r ∈ Pk(T )with the numeri
al �uxes
φσT ,F (zh) :=

{nT ({{uh}}+ ησnF ·[[σh]]) F ∈ F ih0 F ∈ F∂hand
φuT ,F (zh) :=

{nT ·({{σh}}+ ηunF [[uh]]) F ∈ F ihn·(σh + ηunuh) F ∈ F∂hAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory VNumeri
al �uxes are 
onservative and 
onsistentThe above so-
alled two-�eld approa
h is robust and a

urate ...but quite expensive sin
e it is not possible to eliminate lo
ally the�ux σhNew penalty strategy (̟ > 0)
ησ = 0 et ηu = ̟h−1F
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory VIFor F ∈ Fh, rF : L2(F ) ∋ v 7−→ rF (v) ∈ Σh is s.t.
∀τh ∈ Σh ∫

Ω

rF (v)·τh :=

∫F vnF ·{{τh}}rF is ve
tor-valued, 
olinear to nFsupport of rF redu
es to mesh element(s) of whi
h F is a fa
eGlobal lifting operatorRh : H1(Th) ∋ uh 7−→ Rh(uh) :=
∑F∈Fh rF ([[uh]]) ∈ Σh

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory VIIRe
all: ∀τh ∈ Σh,
∫

Ω

(σh +∇huh)·τh − ∑F∈Fh ∫F nF ·{{τh}}[[uh]] = 0whi
h 
an be rewritten as
∫

Ω

(σh + Gh(uh))·τh = 0with the dis
rete gradientGh(uh) := ∇huh − Rh(uh)
σh = −Gh(uh) Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionDesign from FS theory VIIIRe
all: ∀vh ∈ Uh,
∫

Ω

[−σh·∇hvh]+ ∑F∈Fh ∫F nF ·{{σh}}[[vh]]+ ∑F∈Fh ̟h−1F ∫F [[uh]][[vh]] =

∫

Ω

fvhwhen
e
∫

Ω

Gh(uh)·Gh(vh) +
∑F∈Fh ̟h−1F ∫F [[uh]][[vh]] =

∫

Ω

fvhLo
al DG [Co
kburn-Shu '98℄Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionLo
al DG ILDG method (̟ > 0)
∫

Ω

(∇huh−Rh(uh))·(∇hvh−Rh(vh))+ ∑F∈Fh ̟h−1F ∫F [[uh]][[vh]] =

∫

Ω

fvhConvergen
e estimate: If u ∈ Hk+1(Th),
|||u − uh||| . hk (optimal)(suboptimal) hk+1/2 estimate in L2-norm for primal variableoptimal hk+1 estimate in L2-norm using duality argumentWriting DG methods with lifting operators loses exa
t 
onsisten
y;asymptoti
 
onsisten
y is preservedAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionLo
al DG IIComparison with SIP method
∫

Ω

(∇huh − Rh(uh))·(∇hvh − Rh(vh))
+




∑F∈Fh ̟h−1F ∫F [[uh]][[vh]]− ∫

Ω

Rh(uh)·Rh(vh) =

∫

Ω

fvhClear why ̟ must be large enough (depends on mesh regularity):the negative term − ∫
Ω
Rh(uh)·Rh(vh) must be 
ontrolledThe term ∫

Ω
Rh(uh)·Rh(vh) widens the sten
il of LDG w.r.t. SIPthere are other variants of LDG avoiding the wider sten
ilAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionLo
al DG III
∫

Ω

∇huh·∇hvh
−

∫

Ω

[Rh(uh)·∇hvh +∇huh·Rh(vh)]
+

∑F∈Fh ̟h−1F ∫F [[uh]][[vh]]
∫

Ω

Rh(uh)·Rh(vh)
Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionLo
al DG IVBRMPS variant [Bassi, Rebay et al. '97℄
∫

Ω

(∇huh − Rh(uh))·(∇hvh − Rh(vh))
+




∑F∈Fh ̟

∫

Ω

rF ([[uh]])·rF ([[vh]])− ∫

Ω

Rh(uh)·Rh(vh) =

∫

Ω

fvhNi
e feature: simpler 
oer
ivity 
ondition
̟ > N∂N∂ : maximum the number of fa
es per mesh 
ellAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionAdve
tion�di�usion�rea
tionModel problem
−∇·(K∇u) + β·∇u + µu = f in ΩDiri
hlet BC's for simpli
itystandard assumptions for well-posednessK symmetri
, uniformly PD, β ∈ [L∞(Ω)]d , ∇·β ∈ L∞(Ω),

µ ∈ L∞(Ω), and µ − 12∇·β ≥ µ0 > 0 a.e. in ΩSpe
i�
 di�
ultiesheterogeneities (K is highly 
ontrasted)anisotropies (K is tensor-valued)adve
tion and/or rea
tion dominateAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionWeighted DG ISIP for heter. anisotropi
 di�usion [Houston, S
hwab & Süli '02℄ah(v ,w) :=

∫

Ω

K∇hv ·∇hw +
∑F∈Fh ∫F γK,F [[v ]][[w ]]

−
∑F∈Fh ∫F (ntF{K∇hv}[[w ]] + ntF{K∇hw}[[v ]])Penalty parameter (̟ > 0 large enough)

γK,F := ̟h−1F {nKn}Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionWeighted DG IIIn the presen
e of adve
tion, di�usion heterogeneities 
an triggerinternal layers1D isotropi
 di�usion [Gastaldi & Quarteroni '89℄semide�nite anisotropi
 di�usion [Di Pietro, AE & Guermond '08℄As the di�usion 
oe�
ient in one of the subdomains goes to zero,penalizing the jump at this interfa
e does not make good senseDG mortaring for domain de
omposition [Burman & Zunino '06℄robustness w.r. to s
alar di�usion heterogeneities needs the use ofweighted averagesAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionWeighted DG IIIMeshes �tted with the dis
ontinuities of KDi�usivity dependent weights (ω− + ω+ = 1)
ω− :=

δK+

δK+ + δK− ω+ :=
δK−

δK+ + δK− δK∓ := nF (K|T∓)nFWeighted averages {ϕ}ω := ω−ϕ− + ω+ϕ+Usual average: ω− = ω+ = 12PSfrag repla
ements T−

T+FAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionWeighted DG IVPure di�usion(Symmetri
) Weighted IP bilinear form (SWIP)ah(v ,w) :=

∫

Ω

K∇hv ·∇hw +
∑ ∫F γK,F [[v ]][[w ]]

−
∑F∈Fh ∫F (ntF{K∇hv}ω[[w ]] + ntF{K∇hw}ω[[v ]])Penalty parameter
γK,F := ̟h−1F (

δK+δK−

δK++δK−

)

̟ > 0 large enoughAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionWeighted DG VSWIP method with upwinding for ADRah(v ,w) :=

∫

Ω

(K∇hv ·∇hw + (µ−∇·β)vw − v(β·∇hw))

−
∑F∈Fh ∫F ntF{K∇hv}ω[[w ]] + ntF{K∇hw}ω[[v ]])

+
∑F∈Fh ∫F γF [[v ]][[w ]] +

∑F∈Fh ∫F β·nF{v}[[w ]]Penalty parameter γF = γK,F + γβ,F (̟ > 0 large enough)
γK,F := ̟h−1F (

δK+δK−

δK++δK−

)
γβ,F := 12 |β·nF |Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionWeighted DG VI
(Quasi-)optimal (in h) and robust (in K) CV estimatessmall, positive de�nite di�usion [AE, Stephansen & Zunino '08℄semide�nite di�usion [Di Pietro, AE & Guermond '08℄

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Di�usionAdve
tion�di�usion�rea
tionComparison of SWIP with SIPUnit square divided into 4 subdomainsStrong x-di�usion in 2 quadrants and strong y -di�usion in theothers, anisotropy ratio 106Rotating adve
tive �eldSWIP SIP
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Robust DG methods for ADR with heterogeneous di�usion shoulduse weighted averagesAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesIn
ompressible �owsFor (steady) linear PDE's, the mathemati
al analysis of DG methodsis well-understoodFor nonlinear PDE's, the situation is substantially di�erentFE-based te
hniques require strong regularity assumptions on theexa
t solutionthe analysis of FV s
hemes pro
eeds along a di�erent path, avoidingsu
h assumptions [Eymard, Gallouët, Herbin et al., '00�08℄Goal 1: extend dis
rete FV analysis tools to DG methodsGoal 2: as an appli
ation, design a 
onvergent DG method forin
ompressible NS equations[Di Pietro & AE '08, hal-00278925℄Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesOutline
Dis
rete fun
tional analysis tools in DG spa
esConvergen
e for Poisson problemStokesNavier�Stokes
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDis
rete fun
tional analysis
Dis
rete Sobolev embeddingsCompa
tness result for dis
rete gradients

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDG spa
esV kh := {vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ Pk(T )} with norm
‖vh‖2DG := ‖∇hvh‖2L2(Ω)d + |vh|2J,Fh,−1with broken gradient ∇h and jump seminorm (F = Fh or F ih)
|vh|2J,F,±1 :=

∑F∈F

h±1F ∫F |[[vh]]|2For all ϕ ∈ C
∞0 (Ω) and all k ≥ 1,

‖ϕ− πkhϕ‖DG → 0 as h→ 0Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDis
rete Sobolev embeddings Inon-Hilbertian setting (1 ≤ p < +∞)
‖vh‖pDG,p :=

∑T∈Th ∫T |∇vh|pℓp +
∑F∈Fh 1hp−1F ∫F |[[vh]]|pMain result: For all q su
h that(i) 1 ≤ q ≤ p∗ := pdd−p if 1 ≤ p < d ;(ii) 1 ≤ q < +∞ if d ≤ p < +∞;there is σq,p su
h that

∀vh ∈ V kh , ‖vh‖Lq(Ω) ≤ σp,q‖vh‖DG,pAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDis
rete Sobolev embeddings IIDis
rete Poin
aré�Friedri
hs inequality (q = 2, p = 2) [Brenner '03℄q = 4, p = 2 [Karakashian & Jureidini '98℄Dis
rete Sobolev embeddings with p = 2 [Lasis & Süli '03℄Two key di�eren
esour te
hnique of proof is mu
h simpler: no ellipti
 regularity ornon
onforming FE interpolation ⇒ general meshes 
an be usedembeddings are proven in dis
rete spa
es, not in broken Sobolevspa
es
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDis
rete Sobolev embeddings IIIPrin
iple of proofInspired from [Eymard, Gallouët & Herbin '08℄BV estimate (Pdi=1 sup{RRd u∂iϕ, ϕ ∈ C
∞0 (Rd ), ‖ϕ‖L∞(Rd ) ≤ 1})

∀vh ∈ V kh , ‖vh‖BV . ‖vh‖DG,1 . ‖vh‖DG,p (p ≥ 1)(vh extended by zero outside Ω)Classi
al result (1∗ := dd−1 ): ‖v‖L1∗ (Rd ) ≤
12d ‖v‖BVFor 1 < p < d , use ‖·‖L1∗ (Rd )-estimate for |vh|α, Hölder's inequalityand a tra
e inequalityFor p ≥ d , simply use Hölder's inequalityAlexandre Ern Dis
ontinuous Galerkin Methods
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onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDis
rete Sobolev embeddings IV
Main result for p = 2 and d ∈ {2, 3}: For all q su
h that(i) 1 ≤ q ≤ 6 if d = 3;(ii) 1 ≤ q < +∞ if d = 2;there is σq su
h that

∀vh ∈ V kh , ‖vh‖Lq(Ω) ≤ σq‖vh‖DG
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesCompa
tness for dis
rete gradients ILet l ≥ 0. For all F ∈ Fh, let r lF : L2(F )→ [V lh]d s.t.
∀τh ∈ [V lh]d , ∫

Ω

r lF (φ)·τh :=

∫F{{τh}}·νFφLet k ≥ 1, de�ne dis
rete gradient G lh : V kh → [Vmax(k−1,l)h ]d as
∀vh ∈ V kh , G lh(vh) := ∇hvh − ∑F∈Fh r lF ([[vh]])Usual values: l = k or l = k − 1Stability: ∀vh ∈ V kh , ‖G lh(vh)‖L2(Ω)d . ‖vh‖DGAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesCompa
tness for dis
rete gradients IISequen
e of meshes: h ∈ H with h→ 0Key 
ompa
tness resultlet {vh}h∈H be a sequen
e in V khbounded in the ‖·‖DG-normThen, there exists a subsequen
e of {vh}h∈H and a fun
tionv ∈ H10 (Ω) s.t. as h→ 0,vh → v strongly in L2(Ω)and for all l ≥ 0,G lh(vh) ⇀ ∇v weakly in L2(Ω)dAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesCompa
tness for dis
rete gradients IIIProof inspired from FV analysis [Eymard, Gallouët & Herbin '08℄Fun
tions extended by zero outside ΩUniform BV estimate on spa
e translates
‖vh(·+ ξ)− vh‖L1(Rd ) ≤ |ξ|ℓ1‖vh‖BV ≤ C |ξ|ℓ1Kolmogorov's Compa
tness Criterion in L1(Rd )Sobolev embedding: 
ompa
tness in L2(Rd )

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesCompa
tness for dis
rete gradients IVbound on dis
rete gradient: G lh(vh) ⇀ w in L2(Ω)dFor ϕ ∈ C
∞0 (Rd )d ,

∫

Rd G lh(vh)·ϕ = −

∫

Rd vh(∇·ϕ)−

∫

Rd R lh([[vh]])·(ϕ− π0hϕ)

+
∑F∈Fh ∫F{{ϕ− π0hϕ}}·νF [[vh]]
onverges to − ∫

Rd v(∇·ϕ)

∇v = w , v ∈ H1(Rd ), and v ≡ 0 outside Ω ⇒ v ∈ H10 (Ω).Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesConvergen
e for Poisson problem ILet f ∈ Lr (Ω) with r ≥ 65 if d = 3 and r > 1 if d = 2u ∈ H10 (Ω) s.t. for all v ∈ H10 (Ω),
∫

Ω

∇u·∇v =

∫

Ω

fvDG bilinear form (dis
. grad. with l = k or k − 1)ah(vh,wh) :=

∫

Ω

Gh(vh)·Gh(wh) + jh(vh,wh)BRMPS stabilization (̟ > N∂)jh(vh,wh) :=
∑F∈Fh ̟

∫

Ω

rF ([[vh]])·rF ([[wh]])− ∫

Ω

Rh([[vh]])·Rh([[wh]])Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesConvergen
e for Poisson problem IIStability result: For all vh ∈ V kh ,
‖Gh(vh)‖2L2(Ω)d + (̟ − N∂)

∑F∈Fh ‖rF ([[vh]])‖2L2(Ω)d ≤ ah(vh, vh)Coer
ivity: ∃α > 0 s.t. for all vh ∈ V kh ,
α‖vh‖2DG ≤ ah(vh, vh)

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesConvergen
e for Poisson problem IIILet {uh}h∈H be the sequen
e of approximate solutions generated bysolving the dis
rete Poisson problem on the admissible meshes {Th}h∈H.Then, as h→ 0, uh → u in L2(Ω)Gh(uh)→ ∇u in L2(Ω)d
∇huh → ∇u in L2(Ω)d

|uh|J,Fh,−1 → 0where u ∈ H10 (Ω) is the exa
t solutionAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesSket
h of proof IA priori estimate:
α‖uh‖2DG ≤ a(uh, uh) =

∫

Ω

fuh ≤ ‖f ‖Lr (Ω)‖uh‖Lr′ (Ω)and Sobolev embedding yields
‖uh‖DG ≤ CCompa
tness: there exists a subsequen
e of {uh}h∈H andu ∈ H10 (Ω) s.t. as h→ 0,uh → u strongly in L2(Ω)Gh(uh) ⇀ ∇u weakly in L2(Ω)dAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesSket
h of proof IIIdenti�
ation of the limit: For all ϕ ∈ C
∞0 (Ω),ah(uh, πhϕ)→

∫

Ω

∇u·∇ϕso that
∫

Ω

f ϕ← ∫

Ω

f πhϕ = ah(uh, πhϕ)→

∫

Ω

∇u·∇ϕBy density of C
∞0 (Ω) in H10 (Ω), u solves the Poisson problemBy uniqueness of the solution, the whole sequen
e 
onvergesAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesSket
h of proof IIIOwing to weak 
onvergen
elim inf ‖Gh(uh)‖2L2(Ω)d ≥ ‖∇u‖2L2(Ω)dOwing to stability
‖Gh(uh)‖2L2(Ω)d ≤ ah(uh, uh) =

∫

Ω

fuhso thatlim sup ‖Gh(uh)‖2L2(Ω)d ≤ lim sup∫

Ω

fuh =

∫

Ω

fu = ‖∇u‖2L2(Ω)dHen
e, ‖Gh(uh)‖L2(Ω)d → ‖∇u‖L2(Ω)d so that Gh(uh) strongly
onverges to ∇u in L2(Ω)dAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesSket
h of proof IVOwing to stability
(̟ − N∂)

∑F∈Fh ‖rF ([[uh]])‖2L2(Ω)d ≤ ah(uh, uh)− ‖Gh(uh)‖2L2(Ω)dHen
e, |uh|J,Fh,−1 → 0Remark. If the exa
t solution is smooth, the usual optimal a priori errorestimate is re
overed
‖u − uh‖DG . hk

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesNonsymmetri
 variants INonsymmetri
 DG bilinear formah(vh,wh) :=

∫

Ω

Ĝh(vh)·Gh(wh) + j ′h(vh,wh)Design 
onditions
bGh strongly 
onsistent for smooth fun
tionsGh weakly 
onsistent for dis
rete fun
tionsboth gradients 
ontrolled by ‖·‖DG-normj ′h symmetri
, nonnegative, 
ontrolled by jump seminorm andensuring 
oer
ivity of ahAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesNonsymmetri
 variants II
General 
onvergen
e result 
an be proven as beforeExamples of nonsymmetri
 methodsGh(vh) := ∇hvh + Rh([[vh]]) (NIP)Gh(vh) := ∇hvh (IIP)

Alexandre Ern Dis
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Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesStokes Let f ∈ Lr (Ω)d with r ≥ 65 if d = 3 and r > 1 if d = 2Let ν > 0
(u, p) ∈ H10 (Ω)d × L20(Ω) s.t. for all (v , q) ∈ H10 (Ω)d × L20(Ω),

ν

∫

Ω

∇u·∇v − ∫

Ω

p∇·v +

∫

Ω

q∇·u =

∫

Ω

f ·vEqual-order polynomial spa
es for velo
ity and pressureUh := [V kh ]d Ph := V kh Xh := Uh × PhPressure stabilization sh(qh, rh) :=
∑F∈F ih hF ∫F [[qh]][[rh]]Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesPressure�velo
ity 
ouplingDis
rete divergen
e operator
∀vh ∈ Uh, D lh(vh) := G lh(vh,j )·ejPressure�velo
ity bilinear formbh(vh, qh) := −

∫

Ω

qhDkh (vh)
(uh, ph) ∈ Xh s.t. lh((uh, ph), (vh, qh)) =

∫
Ω
f ·vh, ∀(vh, qh) ∈ Xhwherelh((uh, ph), (vh, qh)) := νah(uh,i , uh,i )+bh(vh, ph)−bh(uh, qh)+sh(ph, qh)Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesConvergen
e resultLet {(uh, ph)}h∈H be the sequen
e of approximate solutions generated bysolving the dis
rete Stokes problems on the admissible meshes {Th}h∈H.Then, as h→ 0, uh → u in L2(Ω)d
∇huh → ∇u in L2(Ω)d,d

|uh|J,Fh,−1 → 0ph → p in L2(Ω)

|ph|J,F ih,1 → 0where (u, p) ∈ H10 (Ω)× L20(Ω) is the exa
t Stokes solutionAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesSket
h of proofCoer
ivity on velo
ity and dis
rete inf-sup 
ondition on pressureA priori estimate + 
ompa
tness: uh → u strongly in L2(Ω)d ,Gh(uh,i ) ⇀ ∇ui weakly in L2(Ω)d and ph ⇀ p weakly in L2(Ω)Identi�
ation of the limit and 
onvergen
e of the whole sequen
eStrong 
onvergen
e of velo
ity gradient and jumps (as before)Strong 
onvergen
e of the pressure using Ne£as velo
ityRemark. If the exa
t solution is smooth, the usual optimal a priori errorestimates are re
overed [Co
kburn, Kans
hat, S
hötzau & S
hwab '02,AE & Guermond '08℄
‖u − uh‖DG + ‖p − ph‖L2(Ω) + |ph|J,F ih,1 . hkAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesNavier�Stokes ILet f ∈ Lr (Ω)d with r ≥ 65 if d = 3 and r > 1 if d = 2Let ν > 0
(u, p) ∈ H10 (Ω)d × L20(Ω) s.t. for all (v , q) ∈ H10 (Ω)d × L20(Ω),

ν

∫

Ω

∇u·∇v +

∫

Ω

v ·(∇·F (u, p)) +

∫

Ω

q∇·u =

∫

Ω

f ·vwith in
ompressible Euler �ux F (u, p) := u ⊗ u + pIExisten
e of su
h a weak solution holds for d ∈ {2, 3}Uniqueness under small data assumptionAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesNavier�Stokes IIFor all u ∈ H10 (Ω)d ,
∫

Ω

u·∇·(u ⊗ u) =

∫

Ω

u·( 12 (∇·u)u) = −

∫

Ω

u·∇( 12 |u|2)Temam's devi
e for stability: add sour
e term − ∫
Ω

12 (∇·u)unon-
onservative formsour
e term vanishes at the limit for solenoidal velo
ityModi�ed Euler �ux Φ(u, p) := u ⊗ u + 12 |u|2I + pI withp := p − 12 |u|2
onservative formhinted to in [Co
kburn, Kans
hat & S
hötzau '05℄Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDis
rete NS system IDG methods for in
ompressible NSpie
ewise solenoidal velo
ity �elds [Karakashian & Jureidini '98℄non
onservative method based on Temam's devi
e [Girault, Rivière& Wheeler '04℄
onservative LDG method [Co
kburn, Kans
hat & S
hötzau '05℄using BDM proje
tionFV methods for in
ompressible NSnon
onservative form [Eymard, Herbin & Lat
hé '07℄
onservative form [Chénier, Eymard & Herbin '08℄
Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesDis
rete NS system II
(uh, ph) ∈ Xh s.t. ∀(vh, qh) ∈ Xh,lh((uh, ph), (vh, qh)) + th(uh, uh, vh) =

∫

Ω

f ·vhwith Stokes bilinear form lh and dis
rete trilinear form thDesign 
onditions on thStability: th(vh, vh, vh) = 0, ∀vh ∈ UhContinuity on dis
rete spa
eWeak 
ontinuity: th(uh, uh, πhϕ) → t(u, u, ϕ)Existen
e of dis
rete solution using topologi
al degree argument (nosmall data assumption)Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesConvergen
e result for NSLet {(uh, ph)}h∈H be a sequen
e of approximate solutions generated bysolving the dis
rete NS problems on the admissible meshes {Th}h∈H.Then, as h→ 0, up to a subsequen
euh → u in L2(Ω)d
∇huh → ∇u in L2(Ω)d,d

|uh|J,Fh,−1 → 0ph → p in L2(Ω)

|ph|J,F ih,1 → 0where (u, p) ∈ H10 (Ω)× L20(Ω) is an exa
t solutionAlexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesExamples of DG trilinear formsNon-
onservative, based on Temam's devi
eth(w , u, v) :=

∫

Ω

(w ·∇hu)·v − ∑F∈F ih ∫F{{w}}·nF [[u]]·{{v}}
+

∫

Ω

12∇h·w(u·v)−
∑F∈Fh ∫F [[w ]]·nF 12{{u·v}}Conservative, based on Euler �ux modi�
ationth(w , u, v) := −

∫

Ω

(w ⊗ u):∇hv +
∑F∈F ih ∫F nF ·{{u}}{{w}}·[[v ]]

+

∫

Ω

12v ·∇h(u·w)−
∑F∈F ih ∫F nF ·{{v}} 12 [[u·w ]]Alexandre Ern Dis
ontinuous Galerkin Methods



Non
onforming error analysisFirst-order PDE'sSe
ond-order s
alar PDE'sIn
ompressible �ows Dis
rete fun
tional analysisConvergen
e for Poisson problemStokesNavier�StokesCon
luding remarksUniqueness of dis
rete solution under small data assumptionUpwinding of 
onve
tive termOptimal a priori error analysis under strong regularity assumptionsCon�rmed by numeri
al tests on standard ben
hmark problems withmoderate Reynolds (≤ 100)For higher Reynolds numbers, the arti�
al 
ompressibility method of[Bassi, Di Pietro & Rebay '07℄, yet to be analyzed mathemati
ally,yields better CV of nonlinear solverAlexandre Ern Dis
ontinuous Galerkin Methods
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