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Two-Phase Flow Model:

Let Q be a domain in R?. The two-phase problem through porous media Q is
described by saturation s, and pressure p, of phase «, where @ = w stays
for wetting phase and o = n stays for non-wetting phase.

Two-phase flow system:
C v SwtSn=1, po—pw=m(sw),
b O where 7 is capillary pressure;
D O / Darcy velocity equation for each phase;
Q \/ mass conservation equation for each
A RO e

[ Jrocks WATER [l oL v/ + boundary and initial conditions.
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Global-pressure/fractional flow formulation for
incompressible two-phase flow

Introducing global pressure ( G.Chavent and J.Jaffré, 1978) obtain
global-pressure/fractional flow formulation

u=-\KVp

¢8astn + V- (f(sn)U) - V- (E(SH)Vﬂ'(Sn)) .

where K is absolute permeability, ¢ is porosity, A = Aw + A, is total mobility,
f= % denotes the fractional flux, e = A\ fK and q., are sources or sinks of
the medium.
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Global-pressure/fractional flow formulation for
incompressible two-phase flow

Introducing global pressure ( G.Chavent and J.Jaffré, 1978) obtain
global-pressure/fractional flow formulation

=V (AKVP) = qw + gn
u=-\KVp

¢8astn + V- (f(Sn)U) - V- (e(sn)Vﬂ'(Sn)) .

where K is absolute permeability, ¢ is porosity, A = Aw + A, is total mobility,
f= % denotes the fractional flux, e = A\ fK and q., are sources or sinks of
the medium.

@ Nonlinear system is weakly coupled by the total velocity term.

@ Permits efficient theoretical and numerical analysis R.Eymard, R.Herbin
and A.Michel, MMNA, 2003.

@ Requires accurate velocity reconstruction from pressure equation J
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Brooks—Corey model

Fractional flow
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7(s) = Pel(1 = 8o) ¥, o=

, Sr<s<1—58u

Here pe is a entry pressure, s = Sp, Swr, Spr are residual saturations and s is
effective saturation of non-wetting phase.

A difficulty in development of numerical methods for the saturation equation is
the degeneracy of the diffusion term that implicates the lack of regularity of
the solution
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DG nomenclature

0 K L

1 n,
L — o " ol o . }_‘
X X X3 e Xq X e -1 Xy Xmw
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DG nomenclature

0 K, L

¢ — e — i . —

X X, Xy se . ” X e o XM X Xpt+1
Q=(0,L)

{Kh} - partition of Q;

ki = (Xi—1, Xi);
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&P the set of boundary nodes;

Ep = {X; : x; C Q} the set of all
interior nodes.

Ehn=EPué&s
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DG finite element space

Let P« (ki) denotes the k-th order polynomial space on «;. Consider the
discontinuous finite element space of uniform approximation order k
= {V S LZ(Q) : V|'f/ S Pk(lﬁ,‘) Vi= 1,.. .,M}.

Some elements of Legendre basis in 1-D DG finite element space Vﬁ

SN
\VAVARV/ Y

k=0 k=1 k=2 k=3 k=4 k=5

02
04
06
08

-

0 1 2 3 4 5

vv € H'(K»), where H' (K1) denotes the broken Sobolev space, define the
jump and the average operator:

IV = Vik., (x) = vik(x), (V'3 =3 (VK. (6) + vig (%)), xi € &5
Ivli =v(x), {v},=nv'(x) xie &p.
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Why discontinuous finite elements?

@ In DG finite element methods the smoothness of elements of the
approximation space is imposed weakly. This helps avoiding
non-physical oscillations in neighborhood of singularities of a solution
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Why discontinuous finite elements?

@ In DG finite element methods the smoothness of elements of the
approximation space is imposed weakly. This helps avoiding
non-physical oscillations in neighborhood of singularities of a solution

@ DG methods are locally conservative. This is of crucial importance for
two phase fluid flows in porous medium simulation

@ DG methods are highly local finite element methods of high order (easy
parallelization)

@ Due to weak implementation of interelement connections the use of
non-structured nonmatching meshes is facilitated

@ DG FEMs are well suited for h — p adaptative algorithms

@ Relatively high computational cost J
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Model 1D problem

Let us consider in (0, L) x (0, T) the system

— Ix (M(s)Koxp) = 0, u= —\(8)Koxp,
¢0s + Ox (uf(s)) — Ox (e(s)9xm(s)) = 0,

with the boundary and initial conditions:

Plx=0 = P1, Plx=L = P2;
S|x—0 = 81, —€(8)0x7(S)|x=L = 0;
S|t=0 = So.

Observe that owing to the first equation the total velocity u is
constant in space, and only depends on time.
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Sequential scheme

Denote by 7 = £, N € N the time step and introduce
N

P17 ST, - 2 x [0, T] = R,
PTh,T = pg(x)v S’Th,’r = SZ(X)a pI,';(X)vsg(X) € th te [(n_ 1)7_> nT]'

Sequential scheme: time discretization

For given s) € Vi, andforn=0,1,--- ,N find pp*" and s}*"
such that

Y (A(s,';)Kaxp;;“) —0, U™ =—X(sP)KopM,

n-+1 n
Sh -

S
o=t 1 0, (un (s 1)) — O (ls)n'(sPaxsy ) =,

v
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Scheme:

DG space discretization

We consider
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Scheme:

DG space discretization
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Scheme:
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hyperbolic term in the saturation equation.
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Scheme:

DG space discretization

We consider

@ symmetric interior penalty DG method for the global
pressure equation

@ symmetric interior penalty DG method for the diffusion
term in the saturation equation

@ DG method with Godunov fluxes for the nonlinear
hyperbolic term in the saturation equation.

DG course at this Winter School

Discontinuous Galerkin Methods
Alexandre Ern ( CERMICS, ENPC, Paris, France)
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Scheme:

DG space discretization

We consider

@ symmetric interior penalty DG method for the global
pressure equation

@ symmetric interior penalty DG method for the diffusion
term in the saturation equation

@ DG method with Godunov fluxes for the nonlinear
hyperbolic term in the saturation equation.

DG course at this Winter School

Discontinuous Galerkin Methods
Alexandre Ern ( CERMICS, ENPC, Paris, France)

@ Wednesday 9h — 10h30
@ Friday 9h — 10h30

CIRM 2009 A.Ern, .Mozolevski, L.Schuh Discontinuous Galerkin finite element method for two-phase flows



DG scheme design

Pressure equation

—x ()\(s,’;)Kapo“) =0
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DG scheme design

Pressure equation

By ( (sh)KaXp”+1) 0

v

DG space disctretization

> JA(spK n+1) z
TET,T

- % ({\pKRY Nl + ISR lo; ')

X;i€ER

+ Y B Ior D

X;i€Ep
= A(s'n(O))sz (0) A(sh(L))Kp2Z'(L)
+ 225 311 2(0) + By apez(L) Yz € Vi,
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DG scheme design

Saturation equation

n+1 n
Sh —Sh

& + By (ug+1 f(smH )) Y (e(sﬂ)ﬂ’(sﬂ)axs/’;“) ~0
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DG scheme design

Saturation equation

¢E#ﬁ47f'sh+_5& ( n1 (s n+1)> ( (s (Sh)8xsn+1> 0

DG space disctretization

Z fqu—‘l n+1 Z fT n+1 /f77+1) ,/7+ Z ¢ZI+1[[Vh]]
TeTL T TeTy ecéy
+ 3 e ()] Vi

> ({esprspsy b vl + sy T {e(sp (sp)vi} )
Xi€ER\XM 11 \
+ ¥ gEalsy vl = X fr o spve

X/Egh\XM+1 TeTy
+e(s1)7(51)V/(0) + 2518 v4(0) Vv € V.
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Scheme parameters:

Godunov numerical fluxes:

d, = f(Sh’1),
: min ] f(s) if,spi— < Spjt,
SE|[Sh,i—Sh,i+ o
Py = ) J . e €&p.
i max f(S) If, Sh,i— > Sh,i+; ! 2

SE[Sh,it,Sh,i—]
Snerr1 = F(Shnei+1)-

vi = min(A(sp;_)K, A(sp 1, )K),
6 = min(e(sh,;_)m'(s;_), e(sp )7’ (Sh iy )- € € &
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Total velocity reconstruction

For the velocity reconstruction we use the ideas from Ern, Nicaise and
Vohralik,07.

In 1D discrete H(div) space is spanned by continuous, piecewise polynomials
of degree < k +1: Wf = {v € C(Q) : V|s, € Pryi(ki) Vi=1,...,M}.

Velocity reconstruction

Calculate uy™ € W such that
up™ (%) = —{X(sh)Kaxph ™ }i + nivi([on ' T — B(xi)),  Vxi € En,
/ it w =~ [ A(shKepR w3 mAshKwh(IeR ']~ B(x)
K K

X[ €EOK
Yw e Pk_1(K), VK € Kp.

where B is boundary conditions operator defined on &, as follows:

B(x1) = P1,B(xu+1) = P2 and B(x;) = 0 otherwise.

CIRM 2009 A.Ern, .Mozolevski, L.Schuh Discontinuous Galerkin finite element method for two-phase flows



Total velocity reconstruction: how it works

w10
14 T T
uM* 1= sMka, pm? | i
h h'"*x h j
NodAv ; i
RT
02f 4
~——NoRec ' :
DEI E‘D D‘D WEi€EI 21I1I] 300
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Some numerical results

To illustrate the impact of the above reconstruction, we present
numerical results with the following data:

Q =(0,300), pw = 0.001kg/ms, u,= 0.01kg/ms

$=02 K=10""m? s, =02, s, =0.15 6=2,

pe = 10%Pa

pwi = 0.3MPa p,»>=0.15MPa s; =025 s;=0.7

k=1 nElI=382 ~,=6.,=10 7=5days T =360 days
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Numerical results

65X 107
—NoRec
©-NodAv
6 —RT

> Mk MAMAMA

) 5\‘ W‘J‘J‘H‘H‘J\Mw”o
45

0 50 100 150 260 250
X

Total velocity at final time
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Numerical results

x 107

—NoRec
o-NodAv
8]|—RT

Average(u)

3 .

Mean value of total velocity as a function of time

0 50 100 150 260 250 360 350
t
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Heterogeneous media

snr Wr|

0 0.2 0.4 06 s 08 1
[JROCKS [JWATER [ OIL s

Heterogeneous media Capillary pressures

o = = = = 9ae
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Problem formulation in heterogeneous media

Let us suppose that 7y, 72 : [Spr, 1 — Swr) — R are Lipschitzian strongly
increasing functions such that

m1(8) < m2(S),Vs € [Sor, 1 — Swr)

and denote by s* such real number in (spr, 1 — swr) that 1 (s*) = m2(Snr).
Suppose that the mobilities and s, sur are the same in both subdomains.
Global-pressure/fractional flow formulation for incompressible two-phase flow
in heterogeneous media reads as follows:

find (ps, S3), B = 1,2, that satisfy
=V (AsKsVps) = Qus + Gns, N Qg
usg = —)\KﬁVpg, in Qs

0s .
¢(971‘6+v.(f(sﬁ)uﬁ)_v'(eﬁ(sﬁ)vmf(sﬁ)) =g, InQg;
+interface conditions;

+boundary conditions

CIRM 2009 A.Ern, .Mozolevski, L.Schuh Discontinuous Galerkin finite element method for two-phase flows



Interface conditions

Interface conditions for pressure:
—“MKiVp v =—-MKoVpo-v onT,
S1
pi —p2 = [ {(E)m1(§)dE + mi(Swr) — m2(Ser)  ONT, if spr < 51 < 87,

—po = [ — 1) 7 (&)d¢ — 7 (f(¢&) — 1) m(&)dé onT,if s* < 51 <1 — Sur.

Interface conditions for saturation:

(u1f(s1) + e1(s1)Vmi(s1)) - v (u2f(82) + €1(82)Vma(s2)) v onT,
ss = 0 onT, if spr < 81 <87,
m(s1) = ma(s2) onl, if s*<s <1—su.
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Model heterogeneous 1D problem

Let Q = (0,L), Qs = (0, Xinr), 22 = (Ximrr, L), 0 < Xinr < L. Suppose that
Spr = Swr = 0.
Consider in Q x [0, T] the following boundary interface problem:

(]3(9:85 — 8X (E(Sg)axﬁlg(s,g)) =0 in Qg,
with interface conditions

6(31 )8)(71'1 (31) = 6(52)8)(71'2(32) on F,
so=0 onT, if0<s <s", (1)
m(S1) = ma(s2) onT, if s <s <1,

boundary conditions

Ox Sy (0, t) = &(SQ(L7 t) =0,
and initial condition

s(0, x) = so.

In more general setting the convergence of a finite volume scheme to a weak
solution of this problem was proved in G. Enchéry, R.Eymard and A.Michel,
SINUM, 2006, C. Cancés, NoDEA, 2008, C. Cancés, T.Gallouét and
A.Porreta, 2008
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DG scheme design

For interface problem the key advantage of discontinuous Galerkin is the
possibility of accurate velocity reconstruction from the discontinuous pressure
satisfying nonhomogeneous interface condition presented above.

We use implicit backward Euler time approximation of the saturation equation
and the symmetric version of interior penalty discontinuous Galerkin method
for the discretization of diffusion term.

For weak implementation of interface conditions for the saturation equation
within the discontinuous Galerkin framework we introduce function
J :[0,1) — R that describes a jump of the saturation at interface:

J(s) = s, if0 <s<s”,
Tl s—m (m(s), ifst<s<i.
Now the interface equation can be rewritten as

S — S = J(S1).
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DG space

Mesh is fitted with interface point:

X L
intf n
L — " * - . ° 3
xl X, X, X X X X X 7
11 1,2 13 % * 1,M, +1 22 ® o 2,1 2m, “2,m +1
Q,=(0,x,,) Q=(x; L)

We use the discontinuous finite element spaces of different
mesh size and order of approximation in each subdomain:
k= (ki, ko)

V() = Vi (1) x ViE(Qa).
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ProblemData
@ Q=(0,2), Xpy=1;porosity ¢ = 0.2
@ Mobilities:

1—-5s, if0<s<H{;
Aw(8) = 1,
0,

s, if0<s<T,
if s <O0; An(8)=14¢ 0, if s <0;
otherwise. 1, otherwise.
@ Capillary pressure:
552, if0<s<A1; 45 +1, f0<s<HT;
m1(S) = 0, if s<0; m2(8) = 1, if s<0;
5, otherwise. 5, otherwise.
@ |Initial conditions:
Sno-lrapping o 0.9, if x < 0-7; trapping __
0 o 0, otherwise. 0 .
@ nEl = nEkL = 80,

04, ifx<0.7
0, otherwise.
ki=k=1, 7=1e—4,

T=05,02

«O>» «F»r « > < > P NEa



Problem Data

@ Q=(0,2), Xpay = 1;porosity ¢ =0.2
@ Mobilities:

1—-5s if0<s<T{; s, if0<s<T,
Aw(S) = 1, if s <O0; An(s) =< O, if s <O0;
1

0, otherwise. ,  otherwise.
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Problem Data

@ Q=(0,2), Xpay = 1;porosity ¢ =0.2
@ Mobilities:

1—-5s if0<s<T{; s, if0<s<T,
Aw(S) = 1, if s <0; An(8) =4 O, if s <0;

0, otherwise. 1,  otherwise.

@ Capillary pressure:

552, if0<s<1; 45 +1, f0<s<HT;
0, if s <O0; ma(S) = 1, if s <O0;
5, otherwise. 5, otherwise.

71'1(8) =
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Problem Data

@ Q=(0,2), Xpay = 1;porosity ¢ =0.2
@ Mobilities:

1—-5s if0<s<T{; s, if0<s<T,
Aw(S) = 1, if s <0; An(8) =4 O, if s <0;
0, otherwise. 1,  otherwise.

@ Capillary pressure:

552, if0<s<1; 45 +1, f0<s<HT;
m1(8) = 0, ifs<0;, m(s)= 1, if s <O0;
5, otherwise. 5, otherwise.
@ |Initial conditions:
gno-trapping __ 0.9, ifx<0.7, wapping _ | 0.4, ifx <0.7;
0 a 0, otherwise. 0 a 0, otherwise.
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Problem Data

@ Q=(0,2), Xpay = 1;porosity ¢ =0.2
@ Mobilities:

1—-5s if0<s<T{; s, if0<s<T,
Aw(S) = 1, if s <0; An(8) =4 O, if s <0;
0, otherwise. 1,  otherwise.

@ Capillary pressure:

552, if0<s<1; 45 +1, f0<s<HT;
m1(8) = 0, ifs<0;, m(s)= 1, if s <O0;
5, otherwise. 5, otherwise.

@ Initial conditions:

cotappng _ [ 0.9, X <07 vaping _ [ 04, ifx <07,
0 a 0, otherwise. 0 a 0, otherwise.

@ nEh =nEL =80, ki=k =1, 7=1e—4, T =0.5,02
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Problem Date

$0tS3 — Ox (e(83)0xma(83)) =0 InQp,8=1,2.
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k—Interface
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Conclusions

@ Discontinuous Galerkin method for two phase
incompressible immiscible flows in porous media problem
in global pressure / fractional flow formulation was
introduced.
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Conclusions

@ Discontinuous Galerkin method for two phase
incompressible immiscible flows in porous media problem
in global pressure / fractional flow formulation was
introduced.

@ We use accurate velocity reconstruction algorithm, which
can be easily extended to multiple dimensions.
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Conclusions

@ Discontinuous Galerkin method for two phase
incompressible immiscible flows in porous media problem
in global pressure / fractional flow formulation was
introduced.

@ We use accurate velocity reconstruction algorithm, which
can be easily extended to multiple dimensions.

@ We observe that when using discontinuous Galerkin
method for pressure and saturation equation and velocity
reconstruction, method yields accurate numerical solutions
that are not polluted by spurious oscillations and does not
need any slope limiter technique.
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Conclusions

@ Discontinuous Galerkin method for two phase
incompressible immiscible flows in porous media problem
in global pressure / fractional flow formulation was
introduced.

@ We use accurate velocity reconstruction algorithm, which
can be easily extended to multiple dimensions.

@ We observe that when using discontinuous Galerkin
method for pressure and saturation equation and velocity
reconstruction, method yields accurate numerical solutions
that are not polluted by spurious oscillations and does not
need any slope limiter technique.

@ Ern, Mozolevski and Schuh, 09, submitted
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Conclusions

@ For interface problem, corresponding to heterogeneous
media with different capillary pressures, a weak
implementation of interface conditions for the pressure and
the saturation equation was developed within the
discontinuous Galerkin framework.
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Conclusions

@ For interface problem, corresponding to heterogeneous
media with different capillary pressures, a weak
implementation of interface conditions for the pressure and
the saturation equation was developed within the
discontinuous Galerkin framework.

@ Introduced above discontinuous Galerkin method allows
the accurate velocity reconstruction from the discontinuous
pressure satisfying nonhomogeneous interface conditions.
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Conclusions

@ For interface problem, corresponding to heterogeneous
media with different capillary pressures, a weak
implementation of interface conditions for the pressure and
the saturation equation was developed within the
discontinuous Galerkin framework.

@ Introduced above discontinuous Galerkin method allows
the accurate velocity reconstruction from the discontinuous
pressure satisfying nonhomogeneous interface conditions.

@ Method can be easily extended to multidimensional
problems.
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Conclusions

@ For interface problem, corresponding to heterogeneous
media with different capillary pressures, a weak
implementation of interface conditions for the pressure and
the saturation equation was developed within the
discontinuous Galerkin framework.

@ Introduced above discontinuous Galerkin method allows
the accurate velocity reconstruction from the discontinuous
pressure satisfying nonhomogeneous interface conditions.

@ Method can be easily extended to multidimensional
problems.

@ Numerical results indicate that the degenerate case can be
effectively handled.
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