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In this communication, we propose a DDFV (Discrete Duality Finite Volume) scheme for the two-
dimensional general linear Stokes problem. This class of schemes has been first introduced and studied in
[H 00, DO 05] to approximate the Laplace equation on a large class of 2D meshes including non-conformal
and distorted meshes. Unknowns are required on both vertices and “centers” of primal control volumes
thus defining two meshes, the primal mesh M and the dual mesh M∗. The dual set of unknowns uT ,
T = M∪M∗, allows us to reconstitute two-dimensional discrete gradient ∇D :

(
R2
)T −→ (M2(R))D on a

partition D of Ω, called the diamond mesh. A discrete divergence operator divT : (M2(R))D −→
(
R2
)T

is then defined by duality leading to the following discrete Stokes formula:

− < divT
(
ξD
)
,vT >=< ξD,∇DvT >, ∀ vT ∈

(
R2
)T
, ∀ ξD ∈ (M2(R))D,

in case of homogeneous Dirichlet boundary conditions. We are interested here in general multifluid
incompressible flows governed by the general linear Stokes equations: Find u : Ω → R2 and p : Ω → R
such that:

div
(
−η(.)(∇u + t∇u) + pId

)
= f, in Ω,

div(u) = 0, in Ω,

u = 0, on ∂Ω,
∫

Ω

p(x)dx = 0,

where f ∈ (L2(Ω))2 and the viscosity η ∈ L∞(Ω), possibly discontinuous, satisfies inf η > 0. At the
continuous level, we refer to [OR 06] for the theoretical analysis of this Stokes problem with discontinuous
viscosity. At the discrete level, it seems to be natural to approximate the velocity on both vertices and
centers of primal control volumes and the pressure on the diamond cells. In order to have a wellposed
scheme, we stabilize the mass conservation equation with the term −λ(hD)2∆DpD as inspired by the well
known Brezzi-Pitkäranta scheme [BP 84] in the finite element framework. The scheme can be written as
follows:

divT (−ηD(∇DuT + t∇DuT ) + pDId) = fT + Dirichlet boundary conditions,
divD(uT )− λ(hD)2∆DpD = 0,

∑
D∈D

mDp
D = 0,

where λ > 0 and divD(uT ) = Tr∇DuT . The discrete operator corresponding to ∇u + t∇u is proved to
satisfy a discrete Korn inequality (see [K]). In case of discontinuities of η, we use a suitable definition of
the discrete gradient as in [BH 08]. Finally, the corresponding stabilized DDFV scheme is proved to be
wellposed and first order convergent on general meshes, even for discontinuous viscosity.
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