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Schrodinger and wave equations

T >0, Q c R?bounded domain y=y(x,t)
Smooth boundary 9Q y = %
potential ¢ = g(z) € L>*(Q)
Schrédinger
iy (z,t) + div(a(z)Vy(z,t)) + ¢(z)y(z,t) =0, z€Q, te(0,T)
y(z,t) = h(z, 1), xedQ, te(0,7)
y(x, 0) = yO(x)7 T € Q.
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Schrodinger and wave equations

T >0, Q c R?bounded domain y=y(x,t)
Smooth boundary 99 y = %
potential ¢ = g(z) € L>(Q)
Schrédinger
iy (x,t) + div(a(z)Vy(z,t)) + ¢(z)y(z,t) =0, xe€Q, te(0,T)
y(z,t) = h(z, 1), xedQ, te(0,7)
y(x, 0) = yO(x)7 z € Q.
Wave
y" — div(a(z)Vy) + ¢(x)y =0, Qx(0,T)
y=h, 9 x (0,T)
y(0) = yo,%'(0) = 1, Q.
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Schrodinger and wave equations

T >0, Q c R?bounded domain y=y(x,t)
Smooth boundary 99 y = %
potential ¢ = g(z) € L>(Q)
Schrédinger
iy (x,t) + div(a(z)Vy(z,t)) + ¢(z)y(z,t) =0, xe€Q, te(0,T)
y(z,t) = h(z, 1), xedQ, te(0,7)
y(x, 0) = yO(x)7 z € Q.
Wave
y" — div(a(z)Vy) + ¢(x)y =0, Qx(0,T)
y=h, 9 x (0,T)
y(0) = yo,%'(0) = 1, Q.

lfa=1,y0 € H(Q), 11 € L*(Q) h € L*(8Q x (0,T)), 3! solution...
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Nonlinear inverse problem :

iy’ + div(a(z)Vy) +qy =0, Qx(0,T)

y=h, a0 x (0,7)

y(O) = Yo, Q.
Is it possible to retrieve the potential ¢ = q(x), x € Q from
y
— ?

measurement of the normal derivative —
M | oax(o,1)
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Nonlinear inverse problem :

iy’ + div(a(z)Vy) +qy =0, Qx(0,T)
y=h, 89 x (0,T)

y(O) = Yo, Q.

Is it possible to retrieve the potential ¢ = q(x), x € Q from

.0
measurement of the normal derivative —/ ?
v 29x(0,T)

dy(q)

> ¢+ ——~ isnon linear
ov
» Local result (¢ known, p unknown, close to ¢)

» This is a one-measurement inverse problem.
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Uniqueness and stability

» Uniqueness :
9y(q)

9y(p)
e = Q)7
( v )BQX(O,T) v ‘OQX(O,T) = (p=gqsurQ)

» Stability : It is possible to estimate (¢ — p)|a by

dy(q)  9y(p)
ov ov

oQx(0,T)

in suitable norms ?
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Schrodinger transmission equation

Q;, smooth boundary I'; st Q; € Q and Oy = Q\ Q.

ai T e

We set a(z) = with a; >0 for j=0,1

agp r € Qo

iy’ — div(a(z)Vy) +q(z)y =0, Qx(0,7)
y =0, aQ x (0,T)
y(O) = Yo, Q
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Schrodinger transmission equation

Q;, smooth boundary I'; st Q; € Q and Oy = Q\ Q.

ai T e

We set a(z) = with a; >0 for j=0,1

agp r € Qo
iy' —div(a(z)Vy) + q(z)y =0, 2x(0,T)
y=0, 00 x (0,7)
y(O) = Yo, Q
Inverse problem well-posed provided that :
» (2 is strongly convex
ie Q1 is convex and I'; has a non-vanishing curvature

> ap < ai
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Wave transmission equation

01, smooth boundary 'y st Q; € Q and Qp = O\ Q.

e .
We set a(x)—{al . b with a; >0 for j=0,1

ap x € Qo

y" — div(a(x)Vy) + ¢(x)y =0, Qx(0,7)
y=h, 02 x (0,7)

y(0) = v0,%'(0) = w1, Q.

ay > ap (good) ay < ap (bad) Q1 non convex (bad)

Use of Carleman estimates for stability in some inverse problems

Lucie Baudouin - LAAS - CNRS, Toulouse



Introduction Schrédinger and wave equations
Nonlinear inverse problem

Piecewise constant main coefficient
References

References

» Inverse problem with Carleman estimates
A. L. BUKHGEIM, M. V. KLIBANOV, J. MALINSKY 1981, 1991

» Wave equation, constant main coefficient
O. Yu. IMANUVILOV, J.-P. PUEL, M. YAMAMOTO 1997, 1999, 2001

Lucie Baudouin - LAAS - CNRS, Toulouse Use of Carleman estimates for stability in some inverse problems



Introduction Schrédinger and wave equations
Nonlinear inverse problem

Piecewise constant main coefficient
References

References

» Inverse problem with Carleman estimates
A. L. BUKHGEIM, M. V. KLIBANOV, J. MALINSKY 1981, 1991

» Wave equation, constant main coefficient
O. Yu. IMANUVILOV, J.-P. PUEL, M. YAMAMOTO 1997, 1999, 2001
» Variable main coefficient
> |. LASIECKA, R. TRIGGIANI and P. F. YAO 1999
» M. BELLASSOUED 2004
» Logarithmic stability
M. BELLASSOUED, M. CHOULLI, M. YAMAMOTO 2005, 2008
» Schrddinger equation

» L. CARDOULIS, M. CRISTOFOL and P. GAITAN 2008
» G. YUAN and M. YAMAMOTO 2009
» A. MERCADO, A. OSSES and L. ROSIER 2007

Lucie Baudouin - LAAS - CNRS, Toulouse Use of Carleman estimates for stability in some inverse problems



Linearization
Derivation

Estimate

Method

Takes its roots in the works of Bukhgeim, Klibanov and Malinski.
» Equation in y(q) » Equationin z =’

» Equation in u = y(q) — y(p) » use of Carleman Estimate
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Linearization
Derivation

Estimate

Method

Takes its roots in the works of Bukhgeim, Klibanov and Malinski.

» Equation in y(q)
» Equation in u = y(q) — y(p)
1y’ —div(aVy) +qy =0, Qx(0,T7) [ —div(aVu)+ (f +q)u=fR

y=h, 02 x (0, T)yu =0
y(0) = wo, Q u(0) = 0.

u=1y(q) — y(p)
f=p—q
R =y(q)
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Takes its roots in the works of Bukhgeim, Klibanov and Malinski.

» Equation in y(q)
» Equation in u = y(q) — y(p)
1y’ —div(aVy) +qy =0, Qx(0,7) [ —div(aVu)+ qu=fR

y=h, 02 x (0, T)qu =0
y(0) = wo, Q u(0) = 0.

u=y(q) —y(p)
f=p—q = Linearized version of the inverse problem :

R =y(q)
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Linearization
Derivation

Estimate

Method

Takes its roots in the works of Bukhgeim, Klibanov and Malinski.

» Equation in y(q)

» Equation in u = y(q) — y(p)

1y’ —div(aVy) +qy =0, Qx(0,7) [ —div(aVu)+ qu=fR
y=h, 02 x (0, T)qu =0
y(0) = o, Q u(0) = 0.

u=1y(q) —y(p)

f=p—q = Linearized version of the inverse problem :
R =y(q)
. L ou
Can we determine f in Q from — ?
OV Irox (0,1)
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Linearization
Derivation

Method

Estimate

» Equation in y(q) » Equationinz =’
» Equation in u = y(q) — y(p) » use of Carleman Estimate
w' —div(aVu) +qu= fR, Qx(0,7)

u =0, 00 x (0,7)
u(0) =0, Q.
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Linearization
Derivation

Method

Estimate

» Equationin z =’
» use of Carleman Estimate
i —div(aVu) +qu= fR, Qx(0,7) |iz' —div(aVz)+qz= R/,

u =0, 0N x (0,7) $2=0,
u(0) =0, Q. 2(0) = —i [ R(0).
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Linearization
Derivation

Estimate

» Equationin z =’
» use of Carleman Estimate
i —div(aVu) +qu= fR, Qx(0,7) |iz' —div(aVz)+qz= R/,

u =0, 0N x (0,7) $2=0,
u(0) =0, Q. 2(0) = —i [ R(0).

Extension of the equation on (=7, 7))

» Schrodinger : Since R(0) € R, we extend v and R on Qx (—T7,0) by
v(z,t) = —v(z, —t) and R(z,t) = R(z, —t).
2(x,t) = —2(x, —t) , R(x,t) = R(x,—t) on (—T,0)

» Waves : cut-off function in time and even extention on (-7, 0)
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Linearization
Derivation

Estimate

We take ¢ € L>(Q) and uo € Hg(Q) such that
» R=vy(q) € H'(0,T; L(Q))
» 0<r < |R(z,0)] a.e.on

and we will use an estimate like

Cl(s)/ﬂ [2/(0) do < Co(s) /,TT /an

Cs(s)
01(8)

0z 2 T 2
—| dodt+ Cs(s) [rhs|” dz
ov -t Ja

with — 0 when s — co.

iz’ —div(aVz) +qz = [ R,
z=0,
2(0) = —ifR(0).
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Constant main coefficient
Weight function
Proof

Carleman Estimate

Discontinuous main coefficient

Carleman Estimate for the Schrodinger equation

Lv = v’ + Av + qv we suppose that ||g|| ) < m.
For A and s large enough, 3 M = M(Q,T,m) > 0 such that :

T T
s)\/ / |Vo|?pe 2% dadt + ,5’3/\4/ / lv2p3e 27 dadt
—-TJQ -TJQ

T T .
< M/ / |Lo|?@3e 2 dadt + Ms)\/ /
T JQ J—=T JOQ

07,

'2
| dodt
ov e

Vv e L?(-T,T; H}(R)) such that Lv € L?(Q2 x (—T,T)) and
v 5
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Waves Schradinger
_ ()
¢z, t) = | — zo|* — pt* o(z,t) = (T(Lf;m

“A>0, e < a
-1 > 0 regular on Q

- no time singularities -|VY| > 5>0inQ
-z9 € RN\ Q -Je>0suchthatV ¢ e RY,
- 3 €]0,1] ANV, €24+ D%y (€,€) > e |¢?

-Vy-v<0 on 92\ Ty

Lv=v"—Av+qu Lv = iv' + Av + qv

ex :i(x) = |z — x0]? 10 € RV \Q
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Proof for the Schrédinger Weight

We set w = e °“v and we calculate Pw = e °? L(e’?w).
We get Pw = Piw + Pow + qw with

Piw = iw' + Aw + $%|V|?w
Pow =isp’w +2sVy - Vw + sAgpw.
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Proof for the Schrédinger Weight

We set w = e °“v and we calculate Pw = e °? L(e’?w).
We get Pw = Piw + Pow + qw with

Piw = iw' + Aw + $%|V|?w
Pow =isp’w +2sVy - Vw + sAgpw.

T
/ /|owqw|2d:cdt
-rJa

T T
:/ / (|Prwf® + |Pow|?) dzdt + 2 Re/ /leP2w dxdt.
-TJQ -TJa
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

The point is to obtain in the calculous :

» some “dominant” terms with the right sign

T T
S)\/ /|Vw|2dxdt, 53)\4/ /|w|2dxdt
-TJQ T JQ

» and the “measurement” term

T
SA / /
=T r()

ow|?
—| V¢ -vdodt
ov
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Discontinuous main coefficient

Q
a(x):{ o T E3Mh with a; > 0for j =0, 1.
ag x € Qo

Then for each f € L?(Q x (0,T)), y satisfies the equation

iy —div(aVy)+qy=f in Qx(0,T)
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Discontinuous main coefficient

Q
a(x):{ o T E3Mh with a; > 0for j =0, 1.
ag x € Qo

Then for each f € L?(Q x (0,T)), y satisfies the equation
iy —div(aVy) +qy=f in Qx(0,7)
iff j € {0,1}, y; = ylo, satisfies
zyg —a;Ay; +qy; = flo, In Q; x(0,T)

with the transmission conditions on the interface 'y = 9,

Yo = -
O ) on x (0,7).
(zoi'ﬂ + g 0 1> (0.7)

aj =
oy oy
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Carleman estimate - discontinuous «
a — M)

We use a weight-function o(z.t) = (DD such that :

» Condition 1 : ¢|q, = appropriate weight-function in Q;.

» Condition 2 : We can control the “interface” terms on 99;.
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Carleman estimate - discontinuous «
a — M)

We use a weight-function o(z.t) = (DD such that :

» Condition 1 : ¢|q, = appropriate weight-function in Q;.

» Condition 2 : We can control the “interface” terms on 99;.

» The choice of ¢ is crutial :
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Carleman estimate - discontinuous «
a — M)

We use a weight-function o(z.t) = (DD such that :

» Condition 1 : ¢|q, = appropriate weight-function in Q;.

» The choice of ¢ is crutial :

[V >8>0
2D5(&,€) + 2a° N[V - £ — aVa - VYL > €l¢]?, vEeC"

where D? (ai (aa—”’))
¥ (a0 2o 1<i,j<N

in QoUQ;
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Carleman estimate - discontinuous «
a — M)

We use a weight-function o(z.t) = (DD such that :

» Condition 2 : We can control the “interface” terms on 99;.

» The choice of ¢ is crutial :

ag—— +a1— =0 and —/— + =<0

'l,bo = 1/11 = cst
Otho O Ovo | OYn on
81/0 8111 N 8110 81/1
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Explicit weight function

We will actually define an e-pair of transmission weight functions
(1, 4?) € C*(Q0 U Q)2 such that for each j, k € {1,2} with j # k,

P —yF >85>0 in B. ()

and

V7| > 5> 0
vé e Cn, in Qo U\ Be(z5)
2D347 (€,€) + 2a° AV - €7 — aVa - VI € > e[¢]?
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Explicit weight function

We will actually define an e-pair of transmission weight functions
(1, 4?) € C*(Q0 U Q)2 such that for each j, k € {1,2} with j # k,

P —yF >85>0 in B. ()

and
V¢! >5>0
vé e Cn, in Qo U\ Be(z5)
2D (€,8) 4+ 2a° N[V - €] — aVa - VI [E]* > el¢f

() — T ak r— 7 2 M:. x GQ
7 () I}(kz)p(x)z\kz x;|” + Mj, x; 1

Lucie Baudouin - LAAS - CNRS, Toulouse Use of Carleman estimates for stability in some inverse problems



Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Intermediate step

7= {v € LA(~T,T; HY(Q)) : Lv € L*(Q), g— € L*(¥),v satisfies (Tr)} ,

T T
][ 5.2 253)\4/ /03|w|2dxdt+s)\/ /0|Vw|2dmdt
T JQ T JQ

and || - ||s,a,»,5 corresponds to the above terms defined in B C Q.
We prove first that

1PL(w)IIZ2 + [1Pa(w)l[Z2 + [l

s,

5‘V

<ClP@+ 0l 4 [[ |af
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Carleman estimate

Vg € L*(2) with [|q|| (@) < m, 3C = C(Q,T,m) > 0 such that

2 T k T k
Z s)\/ /\Vv|2672w dxdt+s3/\4/ /\v|2e*255" dxdt
k=1
(/ /\Lv|2 25" d:cdt+s>\// dadt)
a0

ov
al—
l/
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Constant main coefficient
Weight function

Carleman Estimate Proof
Discontinuous main coefficient

Carleman estimate

Suppose there exists for some ¢ > 0 an e-pair of transmission weight
functions (¥, 1?) belonging to C*(Qy U Q).
Vg € L*(2) with [|q|| (@) < m, 3C = C(Q,T,m) > 0 such that

2
Z <3A/ /\WF 25 dxdt+s3)\4/ /W —2s¢" dxdt)
=1
<C (/ /\Lv|2 25 d:cdt+s>\// dadt)
o0

Vv e L3(-T,T; H}(R)) satisfying the transmission conditions... and
for all A and s large enough.

ov
al—
l/
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Statement - non linear case
Proof

Statement - linear case - Waves
Stability theorems Conclusion

Stability theorem
' + div(a(z)Vy)+qy =0
y=nh
y(0) = %o

Let U be a bounded subset of L>°(Q), ¢ € L>°(Q2), To > 0and r > 0.
If yo € H3(Q) and o takes its values in R and if
lyo(z)| > r, a.e.in Q,

y(q) € H'(0,T; L=(Q)),

then3 C = C’(Qo791,T7 aop, a1, ||qHL00,y()7h,Z/{7 7“) > 0 such that Vp cU,we

have

9y(q) 9y(p)
llg —pllir2@) < CHa1 &, %5,

‘Hl(O,T;Lz(I'O)) .
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Statement - non linear case
Proof

Statement - linear case - Waves
Stability theorems Conclusion

izl —div(aVz) +qz = R
z=0
z(0) = —ifR(0)
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Statement - non linear case
Proof

Statement - linear case - Waves
Stability theorems Conclusion

izl —div(aVz) +qz = R
z=0
2(0) = —ifR(0)

We set w = ¢z and define

.0 .
I = ]m/ / Pyw w dxdt.
J-T JQ

where Piw = iw' + Aw + s?|V|?w.
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Statement - non linear case
Proof

Statement - linear case - Waves
Stability theorems Conclusion

izl —div(aVz) +qz = R
z=0
2(0) = —ifR(0)

We set w = ¢z and define

.0 .
I = ]m/ / Pyw w dxdt.

J=T JQ

where Piw = iw' + Aw + s?|V|?w.

» Calculation : 7 = 1 / IRz, 0)2e~25¢0)| {2 i
JQ

» Carleman :

s T , T
I < Ms > / / \fR?e7%% durdt + 5 / /
0 JO JOo JTIy

Lucie Baudouin - LAAS - CNRS, Toulouse Use of Carleman estimates for stability in some inverse problems

ov?
,7 dodt
ov




Statement - non linear case
Proof

Statement - linear case - Waves
Stability theorems Conclusion

We finally obtain

w-csh [iwrase [ [

and for s large enough, we prove the stability of the linear inverse
problem :

ov|?
—| dodt
ov aat,

du

ov

[ fllz2@) < C

Hl(O.l';L2(I'g))‘

Lucie Baudouin - LAAS - CNRS, Toulouse Use of Carleman estimates for stability in some inverse problems



Statement - non linear case
Proof

Statement - linear case - Waves
Stability theorems Conclusion

Theorem - Linear inverse problem - Wave equation

a €

Let ||g]|eee < m and r > 0. We assume that a(z) = { with

a1 > ap > 0 and T> /%

|R(z,0)| >r ae.in Q,

ag x € Qo

R <€ H'(0,T; L™(Q)).

Then 3 C = C(Qo, 1, T, To,m, ||R||) > 0 such that V£ € L*(Q),
the solution « of
u’ +div(aVu) + qu = fR, Qx(0,T)

u =0, 002 x (0,7)
w(0) = 0,%/(0) =0 Q,
satifies
111z < C [las 22 .
ov H(0,T;L2(89))
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Further problems

» Recovering the main coefficient.
» Neumann boundary data and Dirichlet measurement.

» Recovering two coefficients...
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Thank you for your attention !
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