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Stabilization problem

If Q is a regular bounded open set of R” (n > 2), we consider the
following wave problem :

v —Au=0 in Q x R%,

u=20 on 0Qp x R* |
(S)¢ Opu=—(muv)g(v) on dQn x RY,

u(0) = u° in Q,

u'(0) = ut in Q,

with (ug, u1) € HE(Q) x L%(Q) := H where

HA(Q) = {v € H}(Q); v=00n dQp}.
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We assume :
° Iy = {x € 9Q, m(x).v(x) > 0},
0 00p = {x € 9Q, m(x).v(x) < 0} satisfies H"~1(0Qp) > 0,
® g is a non-decreasing function such that, for some p > 1 and
ki > k_>0:

VsER,  kils| > [g(s)] = k_min([s], [s]").
@ mis a C! vector field on € such that

inf div(m) > sup (div(m) — 2X\n) .
Q o

where A, denotes the smallest eigenvalue of the symmetric
part of the gradient (Vm)?®.

Cornilleau Boundary stabilization of wave equation



0y

F1a.: Picture with m(x) = x — xo.
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Basic definitions

© Let us define the energy function

E(t,u) = %/Q(u’(t))2 |V u(t) Rdx.

Our purpose is to obtain some decay estimates of E(t, u) with
respect to time.

@ Formally, the time derivative of E is
Etu) =~ [ (mo)g(/(6)u/(t)do
a0y
© The domain D associated to the wave operator is

{(u, v) € (H%,(Q))2; Au € 12(Q), dyu = —(m.v)g(v) on 8QN}
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Rellich’s relations

Let n>2and I = 0Qp NIy, let u € HY(Q) such that
Au€ 3(Q), ujq, € H2(02), 0Oyujsa, € H2(0QW).

Then, 20,u(m.Vu) — (m.v)|Vul? € L}(0Q) and there exists
QS H%(r) such that

2/ Au(m.Vu)dx :/(div(m)l—2(Vm)s)(Vu,Vu)dx

+/ (20,u(m.Vu) — (m.l/)|Vu|2)da+/ m.7)|¢[2dy

The last term has to be understood in the summation over the
discrete set I if n = 2.

ot
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Rellich’s relations

@ One shows that under these hypotheses, u can be written as
the sum of a part which belongs to H?(S2) and the solution of
a mixed problem :

—AUS =i in Q,
us =0 on 0¥p,
Oyus =0 on 0Ly.

for some f € L2(9).
This solution is basically a coefficient  times a singular
function, which brings the last term in Rellich’s identity.

@ For n = 2, the singular function is the well-known Shamir
function on the domain Qo = {(r,0),0<r <1,0<0 <7} :

0
Us(r,0) = p(r)y/rsin (5 .
>



Stabilization results

For the stabilization result, we only need
2/ Au(m.Vu)dx g/(div(m)/—2(Vm)5)(Vu,vu)dx
Q Q

+ [ @0,0(mV0) — (m)Tof)do

Theorem

Assuming that m.7 < 0 on I'; then, for every (ug, u1) € H, there
exists C, T > 0 such that the energy of the solution u of (S)
satisfies :

t
if p=1, E(u,t)ﬁE(u,O)exp(l—E) Vt> T,

if p>1, E(ut)< Ct?(1=P) Vt> T.
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@ C depends on the initial energy E(u,0) in the second case,
not in the first,
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@ this result extends previous ones :
BLM m(x) = (x — x0),
CLO m(x) = (dl + A)(x — xp) with A a skew-symmetric matrix,
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RENEIS

@ new cases are given by this framework :
O m(x) = (A1 + A2)(x — xo) with A; some positive definite
matrix and A, any skew symmetric matrix,
Q m(x) = (dI + A)(x — x0) + F(x) with [(VF)*||sc < ¢ and A a
skew-symmetric matrix.

4
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Sketch of proof for Rellich's relations

Away from the interface I', the solution is regular. Hence, with
Q. ={x €Q; d(x,T) > €}, we have the following identity :

Rellich identity in regular case

2/98 Au(m.Vu)dx :/Q (div(m)l — 2(Vm)*)(Vu, Vu)dx

€

-1-/896(28,,u(m.Vu) - (m.u)\Vu\z)da.
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Sketch of proof for Rellich's relations

Let's define : 02, = 02, N 0N, 0% = 02, N Q.

@ We now analyze the behavior of each integral terms on €. or
0% thanks to Lebesgue's theorems : their limits are the
corresponding terms on € or 0f2.

@ The remaining term to treat is
I.(Vu) = / 20,u(m.Vu) — (m.v)|Vul*do.
o0
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F1a.: Picture of 0Q} and Q.
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Behavior of [.(Vu)

We first split,locally near any point x* € I, the gradient of v in its
component along [ and < v*, 7% > :

Vu=Vrtu+Vsu.
Regularity result on V ru shows that is suffices to study [.(Vau).
We now split u in ug +n ® UX, its regular part and singular part.
Using regularity of ugr, we only have to deal with the following term
/ 2.V U Y m VU ) — (mw)| VU [2dl
Ce(x*)

and this can be one using the following elementary identity :

* * * ]-
20,U (mVUX) — (mw)|[VUX|? = 4—€m.7'* on C(x¥).
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Sketch of proof for stabilization

Proposition (Komornik)

Let E: Ry — Ry a non-increasing function such that there exists
g > 0 and C > 0 which fulfill :

wza/ ET+1(s)ds < CE(t).
t

Then, setting T = CE9(0), one has :

if g=0, E(t) < E(0) exp <1—%> Ve> T,
1

. T+qT\q

fg>0 E(t) < E(0 Ve> T

fg>0,  E@<EQ (L) vex

»We already know that, under the hypotheses on g and m, the
energy is non increasing ; it remains to check the integral inequality.
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The multiplier method

The main idea is thus to perform the multiplier method for
Mu = au+2m.Vu,

which gives an energy estimate for strong solutions :

Lemma

There exists c(a) > 0 such that, forany 0 < S < T < 00 :

c(a) /ST £ (/(u')2 + \Vu\zdx) dt <
{pT< uMudx)] —I——/ E% E'(/ul\/ludx)dt

—|—/ST EZ (/MI,\I(m.I/)((u')2 — |Vul]® - g(u')Mu)dU) dt
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The multiplier method

We obtain, using that (u(t), u/(t)) € D for all t and Rellich's
relations, an estimate of the integral on [S, T] of the term

p—1

E=z / (div(m) — a)(u')? + ((c — div(m)) +2(Vm)*)(Vu, Vu)dx.
Q
Let us choose « so that, uniformly on €,

div(m) — a > 0,
(o — div(m))! + 2(Vm)?® is positive definite.

The optimal choice of a consequently gives

C =

N

<inﬁf div(m) — sup (div(m) — )\m)> .

Q
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Sketch of proof for stabilization

Now, we estimate the right hand side terms using some routine
inequalities :

@ Young's is very useful in all this situation : it allows us to
estimate the term / (m.v)g(u'YMudo,
o

N
@ Poincaré’s is used to estimate the term / u2m.1/da,
oQn

@ Jensen's is used for the term / (u")? + g(v')?)m.vdo.
P

N
We finally obtain, for every ¢ < gq :

T T
2c/ E% dt < C()E(S) +5C/ E% dt.
S S

which gives the result for sufficiently small .
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Numerical aspects

We choose Q = (0,1)2 and the rotated multiplier
m(x) = Ry(x — xp), where xg € Dy.

0Qp

Dg aQD

F1G.: When xg belongs to Dy, our geometrical condition is satisfied at
1=1(0,1/2).
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Numerical Aspects




Comments and open problems

@ Delayed wave equation We also obtained an exponential
stabilization result in the case of a boundary feedback law

Oyu+ (mv)ped' (t) + (m.v) /Ot U (t —s)du(s) =0 on Q.

if, for some a > 0, [5* e**d|u(s) < po-
@ A lot remains to be done...

@ If n =2, we also know that if 9Q is piecewise C?, Rellich's
relations remains true if the angles on I are convex. What
happens if n > 37

@ It seems that the condition m.7 < 0 on I is unnecessary to get
stabilization results, but we don’t have any proof yet.
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