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Main control problems

Let © ¢ R" open and smooth set. Let w, © C Q be a nonempty
subsetsand Q = Q2 x (0,7); X =09Q x (0,T), v > 0.
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Main control problems

We consider
yi—Ay+a(x,t)y=hxw; ¢ —vAq+bx,t)g=yxo inQ,
y =0; qg=0 on X,
y(0) = ¥ q(0) = ¢° in Q
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Main control problems

We consider
yi—Ay+a(x,t)y=hxw; ¢ —vAq+bx,t)g=yxo inQ,
y =0; qg=0 on X,
y(0) = ¥ q(0) = ¢° in Q

Control problem: For every y°, ¢° € L?>(Q2) and T > 0 does there
exists h € L?(Q) such that simultaneously y(T) = ¢(T) = 0 ?
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Main control problems

We consider
yi—Ay+a(x,t)y=hxw; ¢ —vAq+bx,t)g=yxo inQ,
y =0; qg=0 on X,
y(0) = ¥ q(0) = ¢° in Q

or, for any e > 0 and y', ¢! does there exits & such that

la(T) = q'l| + IV(T) = y'l| < ¢
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Main control problems

Insensitizing controls:

Consider
vi—Ay+alx,t)y=hxo+&  —qi— Ag+bx,t)g=yxo inQ,
y=20; qg=20 on X,
y(0) =" q(T) =0 in O
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Main control problems

Insensitizing controls:

Consider
vi—Ay+alx,t)y=hxo+&  —qi— Ag+bx,t)g=yxo inQ,
y=20; qg=20 on X,
y(0) =" q(T) =0 in O

Control problem: For every y° € L?(€2) does there exists
h € L*(Q) such that g(0) =0 ?
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Main control problems

Insensitizing controls:

Consider
vi—Ay+alx,t)y=hxo+&  —qi— Ag+bx,t)g=yxo inQ,
y =0; qg=20 on X,
y(0) =" q(T) =0 in O

or, for any ¢ > 0 does there exits # such that

lq(0)]] < €
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Main control problem

Boundary control:

yi—Ay=0; g —-vAg=y inQ,

y=h q= on Iy x (0,7T),
y = 0; q= on 6Q\F0 X (0, T),
y(0) =5 q(0) = ¢° in Q
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Main control problem

Boundary control:

yi—Ay=0; g —-vAg=y inQ,

y=h q=0 on Iy x (0,7T),
y=0; qg=0 on 9Q\I'g x (0,7),
(0) =" q(0) = 4° in O

Does there exists h such that

¥(T) = q(T) = 07
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Main control problem

Boundary control:

yi—Ay=0; g —-vAg=y inQ,

y=h; q= on Iy x (0,7T),
y=0; q= on 9Q\I'g x (0,7),
y(0) =" q(0) = ¢° in Q

or, forany e > 0 and y', ¢' does there exits 4 such that

l9(T) = ¢'| + I¥(T) = y'll < €
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Previous results

Recall what do we know for a single equation
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Previous results

w=20; on X,

w, — Aw = hx,, in Q;
w(0) =w'; in Q
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Previous results

w, — Aw = hx, in Q;
(2) w=0; on X,
w(0) = w?; inQ

THEOREM (FABRE-PUEL-ZUAZUA)

For every non-empty setw C (2, forevery T > 0, for every
w wl € L2(Q) and e > 0 there exists h € L*(w x (0,T)) such
that |[w(T) — w!|| < e.
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Previous results

Key point in the proof: Take the adjoint system to (2)

—pr —Ap =0in Q;
p=0; onX,
p(T) =¢% inQ

(3)

Then the approximate controllability of (2) is equivalent to the
following unique continuation property for (3):

@ =0inwx (0,7) = ¢" = 0( and thenp = 0 in Q).
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Previous results

THEOREM (LEBEAU-ROBBIANO, FURSIKOV-IMANUVILOV)

For every non-empty setw C (Q, for every T > 0 and for every
w? € L*(Q) there exists h € L>(w x (0,T)) such that w(T) = 0.
(Similar results for boundary control)
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Previous results

Key point for both proofs: Take the adjoint system to (2)

—pr —Ap =0in Q;
(3) ¢ =0; on X,

o(T) =¢"% inQ

THEOREM
(2) is null controllable at time T with controls

Ill2 < Clw’l2

if and only if, there exits a constant C > 0 such that, for every
¥ € L?(Q2), the corresponding solution to (3) satisfies the
observability inequality:

(4) /Q|go(0)yzdx§ C/OT/W|¢|2dxdt.
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Previous results

Idea of the proof:
=) We mutiply (3) by w and integrate:

T T
e [
0 JQ 0 JQ

Integrating by parts we get:

- Lo+ [ om = [ [ 1

T
/@@WsWWMQ‘wWﬂ
Q 0

€
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Previous results

<)(Idea of the proof)

The observability inequality helps to define a functional that
REACHES a MINIMUM. We obtain a control from this
minimum...
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Previous results

How to prove the observability inequality (4)?
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Previous results

PROOF (F-1 “ CARLEMAN INEQUALITY")

S}\Z // 672sap’v80|2+s3)\4 // eizsap3|<p|2 <
9 (0
Cl S3A4 // 672sap3|(p‘2 7
wx(0,T)

Luz DE TERESA Controllability of systems



Previous results

where
Amllnlloe — A(mlIn°llootn"(x)) Al ')
H(T —1) o o) = H(T — 1)

ax,1) =

with s and \ positive reals and m > 1 fixed. 1° is a particular
function constructed for (w; €2).
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Previous results

PROOF ( CARLEMAN INEQUALITY IMPLIES THE OBSERVABILITY
INEQUALITY )

Observe that

212 .
e B > 63’\1'””’70”°°?T_6e25M°S/3T2 V(x,7) € Q x [T/4,3T/4],

and from Carleman we obtain

// lp* < C// o
Qx[T/4,3T/4] wx(0,T)

Energy estimates for o imply

T
(O B2y < 1e(T/A) oy < 5 // o, 1) 2
Qx(T/4,3T/4)
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Boundary control for one equation

For one equation internal controllability implies boundary
controllability.
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Boundary control for one equation

For one equation internal controllability implies boundary
controllability.

In fact:
Ve — Ay = 0 in Qa
y=nh OnFQX(O,T)
y=0 on OQ\I'g x (0,7)

y(x,0)=)(x) inQ,
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O=QUw




Extension

Solve the problem

— Ay = hl,, in Q x (0,7),
=0 on 99 x 0,7T)
( 0) =y()1lq inQ,
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Extension

Solve the problem

— Ay = hl,, in Q x (0,7),
=0 on 99 x 0,7T)
( 0) =y()1lq inQ,

Y|l =y solves

vi—Ay=0 in Q% (0,7),

y=y OnFQX(O,T)
=0 on 9O\TI'y x (0,7)

Y(x,0) =»"(x) inQ,

yT) =
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Applying the same technique we get

Yi—vAY=hly; G —Ag=3 inQx(0,T),

y=0; 7=0 on 99 x (0,7T),
3(0) =) 1g; 4(0)=¢"1g InQ
WT) =0 3(T)=0 in €
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Applying the same technique we get

Yi—vAY=hly; G —Ag=3 inQx(0,T),

yzo; Aq':() onaﬁx(O,T),
3(0) = y1g; 7(0) =¢’1q inQ
F(T)=0 9T)=0  inQ

and then
i — vAy = 0: g —Ag=y inQx(0,7T),
y=Y; =9 on I'o x (0,7),
y=0: g=0 on 9O\T'y x (0,T),
y(0) =% q0)=4¢" inQ
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Applying the same technique we get

Yi—vAY=hly; G —Ag=3 inQx(0,T),

yzo; Aq':() onaﬁx(O,T),
3(0) = y1g; 7(0) =¢’1q inQ
F(T)=0 9T)=0  inQ

and then
i — vAy = 0: g —Ag=y inQx(0,7T),
y=Y; =9 on I'o x (0,7),
y=0: g=0 on 9O\T'y x (0,T),
y(0) =% q0)=4¢" inQ

So we get TWO controls i.e. y, g!!
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Results for systems

@ Boundary Control results (Fdez-Cara-G-Burgos-deT).
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Results for systems

@ Boundary Control results (Fdez-Cara-G-Burgos-deT).

@ Distributed control: O Nw # 0.
Insensitizing controls (deT, deT-Zuazua) and null
controllability (deT, G-Burgos-deT)

Luz DE TERESA Controllability of systems



Results for systems

@ Boundary Control results (Fdez-Cara-G-Burgos-deT).

@ Distributed control: O Nw # 0.
Insensitizing controls (deT, deT-Zuazua) and null
controllability (deT, G-Burgos-deT)

@ Distributed control: Approximate Controllability. O Nw =
(Kavian-deT)
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Results for systems

@ Boundary Control results (Fdez-Cara-G-Burgos-deT).

@ Distributed control: O Nw # 0.
Insensitizing controls (deT, deT-Zuazua) and null
controllability (deT, G-Burgos-deT)

@ Distributed control: Approximate Controllability. O Nw =
(Kavian-deT)

@ Further Results and open problems. (Benabdallah et all,
Guerrero, Fdez-Cara et all etc.)
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One dimensional framework

Consider
yt_V)’xx—O gt — 4xx =Y in Q:(O T) (0 1)
y(2,0) = h q(t,0) =0 in (0,7),
y(t,1) = q(t,1)=0 in(0,7)
y(70) Q('vo) :qO in (071)7

The approximate controllability is equivalent to a unique
continuation property for the adjoint system

—Qr — VPxx = 1/; t@zjt - 'JJXXNZ 0 in Q,
@(EO):@t:l =0 %(t,()):?’/it,l):() IE(O,T),
95(‘7T) :()50 1/1(-,T) =¢0 in (071)7
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One dimensional framework

The approximate controllability is equivalent to a unique
continuation property for the adjoint system

G — VP = — s — in 0,
P(1,0) = @(1,1) =0 P(1,0) =(1,1) =0 1€ (0,T),
o(,T) = ¢ O(T) =90 in (0,1),

Does @|v—o = 0 implies ) = ¢ = 0?
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One dimensional framework

Suppose that v # 1 then, the unique continuation property
holds true if and only if \/v ¢ Q. In other words, for v # 1,
system is approximately controllable at time T > 0 if and only if

Vv ¢ Q.
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Simplify notation

Define ¢(r) = (T — 1), (r) = (T — 1), then

O — VPxx = ¢ Y — e =0 in 0,
{ e(1,0) = o(t,1) =0  ¥(,0) =¢(1,1) =0 1€ (0,T),
90('70) = 950 1/1("0) = 1/]0 in (07 1) )
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The counterexample (Fdez-Cara, Gonzalez-Burgos,

deT)

Let wj(x) = sin(mjx) denote the eigenfunctions of the Dirichlet
Laplacian in (0, 1), for the eigenvalue \; = 7%
Then

P) = Yol = e ) + 3 e ),

]>1
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The counterexample (Fdez-Cara, Gonzalez-Burgos,

deT)

Let w;(x) = sin(7jx) denote the eigenfunctions of the Dirichlet
Laplacian in (0, 1), for the eigenvalue \; = 7/

Then
) = S (@ — — e M) + 3 DN ()
’ L —1)A ! — (v — 1)\ S
jz1 j>1
U =Y e My ()
’ — (v — 1)\ A
jz1
with b; = fo Y0 (x) sin(mjx)dx, a; = fo ) sin(mjx)dx.
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The counterexample (Fdez-Cara, Gonzalez-Burgos,

deT)

Let w;(x) = sin(7jx) denote the eigenfunctions of the Dirichlet
Laplacian in (0, 1), for the eigenvalue \; = 7/
Then

5. = ey = e )+ 3 e ),

>l J>1
bj =\t
Y(x,1) = Z (O wi(x),
jz1 /
with b; = fo x) sin(mjx)dx, aj = fo @°(x) sin(mjx)dkx.

=S | (@ - L M Z e
i (v—1)A (v — l

jz1 i>1
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The counterexample (Fdez-Cara, Gonzalez-Burgos,

deT)

2

Suppose now that /v € Q. That means that v = Jl% and then
0

I/l% :]6, V)‘io = )\jO'
Take now
bj, = 0,aj, =1
and
bi,
(V - 1)/\io ‘
Then, ¢.(0,7) =0in (0,T) but ¢ # 0, # 0.

by = (v— D)%}, a,=
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Null controllability

THEOREM (FDEZ-CARA, GLEZ-BURGOS, DET)

Suppose that v = 1 then, system

it(t, 0)=nh qt(t, 0)=0 in(0,7),
y(t,1) =0 ¢q(t,1)=0 in (0,T)
y(.,()) :yO Q(‘vo) :qO n (071)7

(=}

is null controllable at time T >
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Null controllability

THEOREM (FDEZ-CARA, GLEZ-BURGOS, DET)

Suppose that v = 1 then, system

it(t, 0)=nh qt(t, 0)=0 in(0,7),
y(t,1) =0 ¢q(t,1)=0 in (0,T)
y(.,()) :yO Q(‘vo) :qO n (071)7

is null controllable at time T > 0.

Obtain the observability inequality using Fattorini-Russell
technique.
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Insensitizing controls

Our problem, control ¢(0) solution to

i — Ay = hx, +§; —q;:—Agq=yxo inQ,
y=0; qg=0 on X,
y(0) =) q(T) =0 in Q
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Insensitizing controls

Our problem, control ¢(0) solution to

yi—Ay=hx,+&  —q¢—Ag=yxo IinQ,
y=0; q=0 on X,
y(0) =) q(T) =0 in Q

Adjoint system:
—z—Az=pxo; p—Ap=0 1inQ,

z=20; p=0 on 3,
2(x, T) = 0; p(x,0)=p" inQ.

Luz DE TERESA Controllability of systems



Insensitizing controls

Adjoint system:
—z—Az=pxo; p—Ap=0 1inQ,
z=0; p=0 on 3,
2(x, T) = 0; p(x,0)=p" inQ.

Does there exist C > 0 such that

(s) / 12(0)[2dx < € / / 2P dxde?
Q wx(0,T)
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Main results |

THEOREM (DET,99)

Inequality (5) is not valid when O = ) (the must simple case)
and Q\w # 0.
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Main results |

THEOREM (DET,99)

Inequality (5) is not valid when O = ) (the must simple case)
and Q\& # 0.

Main point
One equation is FORWARD and the other is BACKWARD. We
have the following result when O N w # () (Gonzalez-Burgos,

deT. [2008] )
-z —Az=pxo; —p—Ap=0 inQ,
7=20; p=0 on X,
z(x, T) = 2% p(x,T) =p° in Q.

Then, there exist C > 0 such that

/ 12(0)|dx + / Ip(0)]%dx < C / / |z|dxdt
Q Q wx(0,T)
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Main results |

THEOREM (DET,99)

Inequality (5) is not valid when O = ) (the must simple case)
and Q\& # 0.

Without lost of generality suppose that0 € Q but0 ¢ w.
—z—Az=p; p—Ap=0 inQ,
z=0; p=0 ony,
72(x,T) = 0; p(x,0) = Ady inQ.

2(0) € L2(Q)!!

T
//szxdt< 0.
0 Jw

but
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Main results |

Take p,(0) = p(x,1/n). Then

fQ A

n—>oo fof szxdt -
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Main results |

THEOREM (DET, ZUAZUA 2009)

Sea O = (), then there exist B, C > 0 such that for every z
solution to the adjoint system verifies

9 T
Y e BV < C / / Pdxdt
=1 0 w

where \; are the eigenvalues corresponding to eigenvectors ;
of the Dirichlet Laplacian.
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Main results |

What happens if O # Q ?
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Main results |

Theorem (deT,Zuazua 2009)

Let Q) be a bounded open interval of R. There exist non empty
subdomains O # 2, O ¢ w such that the spectral inequality

T
\/z(x,O)gpl(x)dx\2 < C/ /zzdxdt,
Q 0 Jw

fails. Here o, stands for the first eigenfunction of the Dirichlet
Laplacian in Q). In other words,
| / x,0)p1 (x dx\2

Sup
(z,p) solutions of the adjoint / / Zdxdt
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Main results |

THEOREM (DET,99)

Suppose thatw N O # () then there exist M > 0 large enough
and C > 0, such that every solution to the adjoint system
satisfies

T i T " T
// \p[zerdxdt—i—// |z)%e ™ dxdt < C/ /zzdxdt.
0J9 0J9 0 Juw
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Main results |

Controllability result when O Nnw # 0
(deT99) If fOTfQ M/1e2dxdr < oo then there exists a control h € L2

such that
yi—Ay=hxo+&  —q—Ag=yxo inQ,
y = 0; q=0 on X,
¥(0) = 0; q(T) =0 in O
satisfies

q(0) = 0.
Moreover, (Gonzalez-Burgos, Pérez-Garcia 2004) if
Jfey, /P02 dxdr < oo then there exists h € L? such that

q(0) =0 and y(T) = 0. (Null control and SIMULTANEOUSLY
insensitizing control)
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Main results |

PROOF (IDEA OF THE PROOF)
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Main results |

PROOF (IDEA OF THE PROOF)
@ Carleman estimates for z and p and wyp C O Nw

// s pPe ™2 7 2 dxdt + // SN e p | dxdt
Qx(0,T) Qx(0,T)

< CS3)\4 // —2s5a 3\p|2dxdt+// —2s5a 3‘Z|2
w0>< OT LL)()X OT

Luz DE TERESA Controllability of systems



Main results |

PROOF (IDEA OF THE PROOF)
@ Carleman estimates for z and p and wyp C O Nw

// s pPe ™2 7 2 dxdt + // SN e p | dxdt
Qx(0,T) Qx(0,T)

< CS3)\4 // —2s5a 3\p|2dxdt+// —2s5a 3‘Z|2
w0>< OT LL)()X OT

@ Eliminate the term in p “growing" wy to w + local energy
estimates.
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Main results |

PROOF (IDEA OF THE PROOF)
@ Carleman estimates for z and p and wyp C O Nw

// s pPe ™2 7 2 dxdt + // SN e p | dxdt
Qx(0,T) Qx(0,T)

< CS3)\4 // —2s5a 3\p|2dxdt+// —2s5a 3‘Z|2
w0>< OT LL)()X OT

@ Eliminate the term in p “growing" wy to w + local energy
estimates.

@ Energy estimates ( on p) allow to change the “weight" to
e s
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e-insensitizing controls

Approximate controllability is equivalent to a unique
continuation property for the adjoint system. Thatis: z=0in
wx (0,T)

=p’=0inQ (andpandzin Q)

for (p,z) solution to the adjoint system
-z —Az=pxo; p—Ap=0 inQ,

z=0; p=0 ony, ?
z2(x,T) = 0; p(x,0) =po in S
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e-insensitizing controls

Some previous results
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e-insensitizing controls

Carleman inequality implies unique continuation for ONE
equation

—uy— Au+alx,Hu=0 in(0,T)xQ=0Q,
u=0 on (0,7) x 09

Luz DE TERESA Controllability of systems



e-insensitizing controls

That is, if
u=0in(0,T) xw C Q
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e-insensitizing controls

Carleman inequality implies unique continuation for ONE
equation

—uy— Au+alx,Hu=0 in(0,T)xQ=0Q,
u=0 on (0,7) x 09

That is, if
u=0in(0,7) xw C Q

Then
u=0inQ.

Luz DE TERESA Controllability of systems



e-insensitizing controls

We also have “backward uniqueness” : if for T > 0 one has
u(T) =0then u =0 = u.
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e-insensitizing controls

We also have “backward uniqueness” : if for T > 0 one has
u(T) =0thenu =0=uy. Thisis a consequence of the
convexity of: 1 — log ||u(1)||*> that implies

Vi€ (0,7),  [lu(@)] < lluol| "= fu(T)||/"
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Unique continuation for cascade systems

Go back to our problem
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Unique continuation for cascade systems

Unique continuation for the adjoint system: z =0inw x (0,7)
=p’=0inQ(andpandzin Q)
for (p,z) solution to the adjoint system
{ ~z—Az=pxo; p—Ap=0 inQ,

z=0; p=0 onxy, ?
z2(x,T) = 0; p(x,0) =po in S
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Unique continuation for cascade systems

THEOREM (BODART-FABRE, 1995)
Suppose that O Nw # 0, thenpy =0, z,p = 0.
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Unique continuation for cascade systems

THEOREM (BODART-FABRE, 1995)
Suppose that O Nw # 0, then py =0, z,p = 0.

PROOF

z2=0inwx (0,T)=p=0inwnO x (0,T)

Classic unique continuation result for p solution to

Pt — Ap =0 in Q?
p=0 onx,
p(x,0)=p" inQ.

That implies
p=0inQ andthenp’ =0

Luz DE TERESA Controllability of systems



Unique continuation for cascade systems

THEOREM (GENERAL CASE (KAVIAN,DET (COCV 2009) ))

z=0inwx (0,T) = p°=0inQ
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Unique continuation for cascade systems

Same result for two FORWARD equations.
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|dea of the proof

@ Express the solution in its Fourier series.
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|dea of the proof

@ Express the solution in its Fourier series.
@ Obtain two equal series in w x (0,7)
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|dea of the proof

@ Express the solution in its Fourier series.
@ Obtain two equal series in w x (0,7)

@ Do an analytic extension in a particular point obtaining a
complex exponential.
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|dea of the proof

@ Express the solution in its Fourier series.
@ Obtain two equal series in w x (0,7)

@ Do an analytic extension in a particular point obtaining a
complex exponential.

@ Obtain an auxiliary funtional (= p(T) = 0). Backward
uniqueness for p implies py = 0...
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Further results: Boundary control

Take y = (y1,y2)*. Consider system

Vi — Yux = Ay in Q=(0,T) x (0,1),
y(0,)=Bv, y(1,)=0 in(0,7),
y(',O) =0 in (0’ 1)7

where A € £(R?) and B € R?,v € L*(0, T) is a control function.

Suppose that
(Kalman) rank [B|AB] = 2,

and =2 (g — ) # j*> — k* for every k,j € IN, and i1, j1, the
eigenvalues of A. Then, system is null controllable at time
T > 0.
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Open Problems: Boundary control

@ What happens in several dimensions?
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Open Problems: Boundary control

@ What happens in several dimensions?
@ What happens in the non-linear case?

Luz DE TERESA Controllability of systems



Open Problems: Boundary control

@ What happens in several dimensions?
@ What happens in the non-linear case?
@ That is, what happens for systems of the form

Vi— Yo+ alx,t)y=0; g —qu+bx,t)g+clx,t)y=y

y=h q=0 o
y=0; q=0 '
¥(0) =y q(0) = ¢°

Luz DE TERESA Controllability of systems



Other results and open problems

Unique continuation:
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Other results and open problems

Unique continuation: The general proof is not valid in systems

of the form:
—z— Az+alx,t)z=pxw; pr—Ap+b(x,t)p=0 inQ,
7= 0; p=0 onY,
z(x, T) = 0; p(x,0) = po in Q.

However in the case w N O # ), the proof of Bodart-Fabre is
valid.
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Other results and open problems

A hope!! Hugo Leiva perturbation method maybe used to prove
the approximate controllability for

y = 0; qg=0 on %,

yi—Ay+alx, 1)y =hxw; ¢ —Aq+b(x,1)g=yxo inQ,
y(x,0) =Y q(x,0) =¢° in Q.

but it maybe require ||a||c, [|b]le << 1.
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Other results and open problems

Non cascade systems: Benabdallah et all. Complicated.
Kalman type condition.
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Other results and open problems

Other coupling: Guerrero.
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Other results and open problems

Insensitizing controls. For the wave equation. Dager, Tebou.
For quasigeostrophic ocean model:Fdez-Cara,Garcia, Osses
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Other results and open problems

Other boundary conditions: Bodart,Glez-Burgos, Pérez-Garcia.
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Merci.
Thank you.
Gracias.
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