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0 Laplace equation
@ Uniqueness
@ Partial identification of D (an algorithm)
@ Open questions
@ Stationary elasticity systems

@ Navier-Stokes and Boussinesq
@ Uniqueness
@ Partial identification of D
@ Open questions

© Wwave equations
@ N-dimensional
@ Lamé and elasticity



Laplace equation
Direct problem

Pp=0(x) v

Direct problem

@ Givendata: D, Q, ¢, v C 92
@ Find u

—~Au=0 in Q\D
u=ep on 09
u=20 on 9D

@ Observation: oo = @
on




Geometric inverse problem for Laplace equation

Inverse problem

@ Given data: Q, ¢, v C 9Q

@ Additional data (observation): o =

0=0(x)

@ Find: D (and then the solution u)

—-Au=20
u=y
u=20

ou

on

o

Q\D
o0
oD




Uniqueness

Assume: D' simply connected, 9D’ Lipshchitz, ¢ # 0
—~AU'=0 in Q\D, i=0,1

{ u=¢p on QN
u = on oD

5o 0Ny con = D° = D!




Uniqueness

Assume: D' simply connected, 0D’ Lipshchitz, ¢ # 0
{Awo in Q\D, i=0,1

u = on 02
u = on 9D

0 1
%anaain onycdQ = D°=D'

Consequence of unique continuation property



Uniqueness

Assume: D' simply connected, 9D’ Lipshchitz, ¢ # 0
—~AU'=0 in Q\D, i=0,1

{ u=¢p on QN
u = on oD

0 1
%anaain onycdQ = D°=D'

Consequence of unique continuation property
Some previous works, several authors...

[1 Alessandrini & al.

[d Andrieux, Abda & Jaoua
[§ Isakov

3 Kavian



Partial identification of D

Assume: D is known

D+m={x+mx):xeD}, o"= Ln is known

Find m ? J

e >

Figure: Deformations of D
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Partial identification of D

Assume: m = 0 near 92

u=g on 00 um =y on 0N

~Au=0 inQ\D —Au™=0 inQ\(D+m)
u=20 on oD um™=0 on d(D + m)



Partial identification of D

Assume: m = 0 near 92

u=y on 9Q um = on 99

~Au=0 inQ\D —Au™=0 inQ\(D+m)
u=20 on oD um™=0 on d(D + m)

Theorem
ou oum
. 3/2 _ m _
Assume: p € H°/<(09Q), p #0, o = o 7, o o )

Also, assume: (m - n)|sp € M, dimM < co, M ¢ W>(dD)

Then: 3G : L?(y) — M computable such that

(m-n)lop = G(a™ — a) + o(m) for small m




Sketch of the proof

Step 1: Domain variation (F. Murat, J. Simon,...)

Consider u'(m):

—AU'(m)=0 inQ\ D
u(m)=0 on 9Q
u(m)=—-(m- n)@ on 0D
B on
Then: ou(m)
uim o,
o ¥ To + o(m)

ou'(m)

The task: compute (m - n)|sp from o

(“known”)

~



Sketch of the proof

Step 2: Data assimilation approach (J.-P. Puel)

ou’'(m)

Goal: find (m - n)|sp from =5

Compute (m-n)|sp € M < compute / (m- n)gz hds, vhe M
Job



Sketch of the proof

Step 2: Data assimilation approach (J.-P. Puel)

Goal: find (m - n)|sp from au(;%m)
Compute (m-n)|spp € M < compute/ (m.n)g,‘; hds, Vhe M
oD

(M- n)lop € M, dimM < oo, = 24U ¢ £, dim E < oo.

Assume the following control problem is solvable:

~A0,=0 InQ\D

Op=v1, onoQ

%:h on 0D
on

Pe(0plop) =0 Pg : L?(09Q) — E ortogonal projector



Sketch of the proof

Step 2: Data assimilation approach (J.-P. Puel)

Goal: find (m - n)|yp from 24{m)

Compute (m-n)|sp € M < compute / (m- n)gz hds, vhe M
Job

(M- n)lop € M, dimM < oo, = 24U ¢ £, dim E < oo.

Assume the following control problem is solvable:

—A0p,=0 inQ\D
Op=v1, onoQ
%:h on 0D
on

Pe(0plop) =0 Pg : L?(09Q) — E ortogonal projector

/
—/ (m-n)auhds:/au(m)vds vheM J
oD on y on




Sketch of the proof

Step 2: Data assimilation approach (J.-P. Puel)

—AU(m)=0
u(m)=0
(m) = ~(m )2

Pe(0nlop) =0 PE

ou 06h
— m-nhds:/ u(m)—_ds
/ao( )5” aDUAR ( )5”
_ ou'(m) ou'(m)
_ /BD ") P (6h]op) ds -+ /BQ S 0 s
/
= M v ds Yhe M
5~ on

inQ\D ~A0p=0 InQ\D

on 99 Op=v1, onoQ

on oD 96n =h onodD
on

LZ(E)Q) — E ortogonal projector
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Sketch of the proof

Step 3: Exact finite-controllability problem

—A0p=0 inQ\D
Op=v1, ondQ

00y

L= D

an on 0
Pe(Onlop) =0

An exact finite-controllability problem
Unique continuation —- Existence

In fact: Ve > 0 3 v such that

Pe(9nlap) =0, ||Onlapllz < e

(E. Zuazua)
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Algorithm: partial identification of D up to o(m)

Assume:
e ZT=dimM, {h' ... h'} basis of M,

A
(m-n)lop = 3" Aiff
i=1

@ vi i=1,...,7 controls with h= H'
Then: computation of \; <= resolution of a linear system:

A
ZH,-,-)\,-:/(a’”—a)v/ds, 1<j<T
i=1 2l

ou\ i,
H--:/ (_) H H ds
" Joo \ on

where
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A penalized problem

A first open question
Consider a penalized problem:
. 1 m 2 & 2
mguwéHa —@thy+§HmHM

Optimality system:

—Aur =0 inQ\(D+ me) —Ap* =0
=9 on 99 :( m—a)l,
u==0 on 9(D + n¥) =0

ou® &pe>

— —m*)-n+e(m,p—m*)y >0
Lo (555) (55) 0= m)-n-t et p=
VpE Mag, M € Mgy
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A penalized problem

Estimates:

o™ [li2¢y < C, 0™ Ir(y) < C

Do we have

m —m*, o™ —af with o =a?

(under appropriate hypotheses)
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Discrete elliptic problems

A second open question U
Consider the discretized inverse pb.
Q = Uker, K, T triangulation
a={a €dD:1<i<Iy}
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Discrete elliptic problems

A second open question
Consider the discretized inverse pb.
Q = Uker, K, T triangulation
a={a €dD:1<i<Iy}

O]
=

Inverse problem

Given: pp € Wh(a), ap € Ap. Find: a

Ap = {0n € C°() : 8ple € P1(£), V segment £ C v}

Un(a) = {qgn € Wp(a): g, =0atthe nodes & ~}, An=Up(a)

/ahqh ds = / Vup-Vagp ax YQgn € Uh(a), Op € Ah
¥ Q\Dp(a)

Conditions on 7, for uniqueness ?
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Partial identification of

Assume: ais known
a+m={a+m;:1<i<Zy}

m aUh(m)
h = T‘”

Find m? J
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Partial identification of

We find:
ap! = ap+ Lp(m) + o(m)
m can be computed from L,(m) up to o(m):

for example for the particular triangulation,

we have to solve

- o - kq
® ® ® ® 0 0 M1 P
0 0 @ ® ® ® 0 2 .
. . . mo :
Moo = :
00 : ® %o ® ® My kz-_1
L ® ® 000 000 ® ® | I mz'72 ] _ kI _
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Stationary elasticity systems

—V - ((x)(Vu+Vu)) = VIAX)V-u) =0 inQ\D
u=ey on 09
u=20 on oD

Observation: o = u(Vu+ Vul)-n+ A(V - u)n on~y
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Stationary elasticity systems

—V - ((x)(Vu+Vu)) = VIAX)V-u) =0 inQ\D
u=ey on 09
u=20 on oD

Observation: o = u(Vu+ Vul)-n+ A(V - u)n on~y
Key point: Unique continuation property
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Stationary elasticity systems

—V - ((x)(Vu+Vu)) = VIAX)V-u) =0 inQ\D
u=ey on 09
u=20 on oD
Observation: o = u(Vu+ Vul)-n+ A(V - u)n on~y
Key point: Unique continuation property

Several results: Dehman, Robbiano, Yamamoto, Weck. . .

[§ Lin & Wang (2005): N = 2, X, z1 Lipschitz
[§ Escauriaza (2005): N = 2, i Lipschitz, A € L>®
[§ Alessandrini & Morasi (2001): N > 2, \, p € C!!

In that case: uniqueness and reconstruction (with m-ne M,
dim M < +00)

18/34



Stationary anisotropic elasticity systems

3

Voo(u)=0, ow(u)=">_ aje;(u)
=1

’
e(U) = 5(5kul + Oju)

Observation: o = o(u) - non
Key point: Unique continuation property

Again: uniqueness, reconstruction (m-ne M, dimM < +0)

[4 Nakamura & Wang (2006): N = 2, ajy € W'
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Stationary anisotropic elasticity systems

3

Voo(u)=0, ow(u)=">_ aje;(u)
=1

1
Ek/(U) = E(akU/ Sl 8/Uk)

Observation: o = o(u) - non
Key point: Unique continuation property

Again: uniqueness, reconstruction (m-ne M, dimM < +0)

[4 Nakamura & Wang (2006): N = 2, ajy € W'

Conditions on ajj for N > 3 ?
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Geometric inverse problem for fluids

Incompressible fluid
Navier-Stokes PDE;

Q Q Boussinesq PDE

Inverse problem
Find a rigid body D
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Inverse problem for stationary Boussinesq system

Find D from Q, (¢, ¥), (a, 8) with

—vAuU+(u-Vu+Vp=46g, V-u=0 in Q\D
—kAO+U-VO=0 in Q\D
u=yp, 6= on 090X
u=0, =0 on 9D

(u, p,0) = (velocity, pressure, temperature)
v =kinematic viscosity; x =thermal conductivity; g =gravity
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Inverse problem for stationary Boussinesq system

Find D from Q, (¢, ¥), (a, 8) with

—vAuU+(u-Vu+Vp=46g, V-u=0 in Q\D
—kAO+U-VO=0 in Q\D
u=yp, 6= on 090X
u=0, =0 on 9D

(u, p,0) = (velocity, pressure, temperature)
v =kinematic viscosity; x =thermal conductivity; g =gravity

o(u,p)-n:=(—pld+v(Vu+1'Vu)) -n=q
@_B onyCQ
“on ~
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Some previous works

Fluids:
[§ Alvarez, Conca, Friz, Kavian, & Ortega.

[§ Heck, Uhimann & Wang
[{ AD, Fernandez-Cara, Gonzélez-Burgos & Ortega

22/34



Uniqueness result

Assume: (¢, ) # (0,0) given; 8Q, 0D' € C'*', i =0, 1

—vAU + (U -V + VP =0'g, V-u=0 in Q\D

—RA0 + U VO =0 in Q\D
U=y, 0=1vy on 9Q
u=0, 6=0 on oD
and
96° 90!
0 /0. n— ~(1 pl). ov_ ov ,
o(u’,p’)-n=0o(u',p')-n and f o =50 ony CQ

D° = D'
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For the proof

Unique continuation property
abecl®GN,del>G) and V-a=V-b=0 inG

—vAv+(a-V)v+(v-V)b+Vg=ng, V-v=0 in G
—kAn+a-Vn+v-Vd=0 in G

(a generalization of a result by Fabre & Lebeau, 1996)

Theorem
LetGc RN, w c G (open)

v=0andn=0inw=—v=0 and n=0 (g = Const.)

Corollary

Letl c 0G (open)

v=0, n=0 onl

o(v,q)-n=0, /1277:0 onl }:>V50and7750
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Some comments on uniqueness

e More complicated systems: OK (Appropriate cond. on f;)

—vAU+ (u-Vu+Vp="1é,n), V-u=0 in Q\D
—kAG +u-Vo="f(0,n) in Q\D
—alAn+u-Vn=1(0,n) in Q\D

25/34



Some comments on uniqueness

e More complicated systems: OK (Appropriate cond. on f;)

—vAU+ (u-Vu+Vp="1é,n), V-u=0 in Q\D
—kAG +u-Vo="f(0,n) in Q\D

—alAn+u-Vn=1(0,n) in Q\D...
e Time-dependent: OK if u|;—g = 0, 6|;—o = 0. Other dada?

u—vAu+(u-Vu+Vp==6g, V-u=0 in Q\Dx(0,T)
0 — KA+ u-VO=0 in Q\Dx (0, T)

u(x,0) = uO(x), u(x,0)=6°x) in Q\D
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Some comments on uniqueness

e More complicated systems: OK (Appropriate cond. on f;)

—vAU+ (U-V)u+Vp="f(0,n), V-u=0 in Q\D
—kAG +u-Vo="f(0,n) in Q\D
—alAn+u-Vn=1(0,n) in Q\D...

e Time-dependent: OK if u|;—g = 0, 6|;—o = 0. Other dada?

u—vAu+(u-Vu+Vp=>6g, V-u=0 in Q\Dx(0,T)
0 — kAO +u- VO =0 in Q\Dx(0,T)
u(x,0) = uO(x), u(x,0)=6°x) in Q\D

e Only one observation o - non ~v?

The needed unique continuation property: a, b € L*(G)V,

del*(G),V-a=V-b=0inG
—vAv+(a-V)v+(v-V)b+Vg=ng, V-v=0 in

{—IQAU+3-V77+V-Vd_O in

ONO)

v=0andn=0indG,c-n=0ony=—v=0andn=0

25/34



Partial identification of D

Assume: D is known

D+m={x+m:xecD}

m

(a™, 6™ = (a(u™, p™) - | , Koo

an ) is known

Find m ? )

* B>
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Partial identification of D

Assume: m = 0 near 90

(u™ p™ 0™ sol. in Q\ (D + m):
—vAUT + (UM - VIU" +VpT=0"g, V-u"=0 inQ\ (D+ m)
—kAO+u™-VO" =0 inQ\ (D+ m)
um=yp, M=1 on 09
um™=0, 60M=0 on oD
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Partial identification of D

Assume: m = 0 near 90
(u™ p™ 0™ sol. in Q\ (D + m):
—vAUT + (UM - VIU" +VpT=0"g, V-u"=0 inQ\ (D+ m)

—kAO+u™-VO" =0 inQ\ (D+ m)
um=yp, M=1 on 9Q
um™=0, 60M=0 on oD

(p, %), D, (u, p,8) are known; D+ m, (u™, p™, 6™) are unknown

(™M g™ = (a(u’",pm)~n,n%r’,ﬂ) on ~y

(.0) = (o(up)-nrgl)  onq

Compute (m - n)|gp from D, (', 5™) and («, /3)
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Partial identification of D

Assume:

((107711))#(070)’ (%|a|%)?£00naD
(m' n)‘BD eM, dmM<

Then:
3H : X(v) — M computable such that

(m-n)ap = H(@™ — a, 8™ — B) + o(m)

@ Domain variation (F. Murat, J. Simon)

@ Data assimilation (J.-P. Puel)
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Open questions

@ Only one additional observation: o(u,p)-non~ ?

© Time-dependent systems ?
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Geometric inverse problem for the wave equation

N- dimensional: N=2or N =3

up—Au=0 inQ\ Dx (0,T)
U= o inoQ x (0, T)
u=~0 inoD x (0, T)

u(x,0) =0, wu(x,00=0 inQ\D

Inverse problem

Given data: Q, T, ¢, v C 99 (open), o = ou
On|,x(0,1)

Find D
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Uniqueness

Ul —Au=0 inQ\ D' x (0,T), i=0,1
u' = o inoQ x (0, T)
u=0 in oD x (0, T)

U(x,0)=0, ui(x,00=0 inQ\D

T> T1 (Q/'Y)
8UO (9U1 — DO = D1
% = % On’}/ X (O, T)

Fundamental results: Hormander, Lions

Attention: Weaker than the geometric condition (Only
uniqueness, not observability!)
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Partial identification of D

For simplicity: assume that the solution is a ball: D = B(x°, r)
o = Gilyx(@.1)> @ = G|y (0,7) known

m=(d,s), D+m=B(Xx°+d,r+s)

o™ o = 1(d, 5) + 3Q((d,5). (d. 5)) +o(l(d, 5)P) |
0z ow
L(d,s) = %Hx(o,r), Q((d;s),(d,s)) = %Hx(o,r),
ZH*AZZO Q\ (Xo,r)X(O,T)
Z|t=0 = Zt|t=0 Q\ B(x%r)
z2=0 29 x (0, T)

z=-9%(d-n-s) 9B(x%r)x(0,T)

wig — Aw =0
Wli—0 = Wi|t—0
w=0

w=—Vz.(d—sn)—3(d-n—s) - F(dm sm)nid - n—s)




Partial identification of D

Algorithm to find

Known data: o, o, L, Q

0t NG = )~ L(d.5) = 5 Q((d.9), (. s))P

-1l =11 2o,y

An extremal problem in RN x R for a polynomial of order 4
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Evolution elasticity systems

Lamé - Uniqueness?

ug — V- (u(x)(Vu+Vul)) = VIAX)V-u) =0 inQ\Dx (0,T)

u=e on 9Q x (0, T)
u=20 on 9D x (0, T)
u(0)=0, wu(0)=0 inQ\ D

Observation: o = u(Vu+ Vul)-n+ X(V-u)n ony x (0,T)
Key point: Unique continuation property

@ Unigueness and partial identification are OK for constant
or regular p, A

@ Under consideration: for more general u, A
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