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The manifold we are going to discuss consists ofThe manifold we are going to discuss consists of

  ( bi )compact part (arbitrary)

+  non compact part (end)+  non compact part (end)





Two important examplesTwo important examples

• Waveguides = cylindrical ends with 
asymptotically Euclidean metric

• General 2-dim. Hyperbolic manifolds



The resultsThe results
• Suppose :pp

(a) The S-matrix corresponding to one end
coincides, andcoincides, and

(b) two metrics coincide on that end.

Then :
t  t i   l b ll  i t itwo metrics are globally isometric.



More preciselyMore precisely
Fix one manifold. 
Consider two metrics on it.
Pick up one end. p
Send waves from that end, and observe the 
scattered waves on the same end.
Suppose two metrics coincide on that end.

Then, these two  Riemannian metrics are 
globally isometric.



The 1st part : Waveguide problemThe 1st part : Waveguide problem



Daily life exampleDaily life example
• Settings of optical and electric cablesg p
• Oil, gas, water pipe lines



Assumptions on the metricAssumptions on the metric



Unperturbed Laplace-Beltrami 
operator on the end



Cosine transform on the endCosine transform on the end



Unitarity of the cosine transformsUnitarity of the cosine transforms



Diagonalization of free LaplaciansDiagonalization of free Laplacians



Partition of unityPartition of unity



Wave operatorsWave operators



Asymptotically free wavesAsymptotically free waves



Scattering operatorScattering operator



S-matrixS-matrix



The structure of the S-matrixThe structure of the S-matrix



Why this structure appears?Why this structure appears?



Important assumptionImportant assumption



Result (Y.Kurylev-M.Lassas-H.I)



EigenfunctionsEigenfunctions



Analytic continuation of the S-matrixAnalytic continuation of the S-matrix



Analytic continuation of 
eigenfunctions



“Interior” boundary value problemInterior  boundary value problem



N-D map N-D map 



From S-matrix to N-D mapFrom S-matrix to N-D map





Brief look at the B-C methodBrief look at the B-C method



Gelfand problem is solved Gelfand problem is solved 
affirmatively by the boundary 
control method (BC method) 
due to M I Belishev (1988) due to M.I.Belishev (1988) 
and M.I.Belishev-Y.Kurylevy
(1992).
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Boundary spectral projectionBoundary spectral projection

• What is actually used in the BC method is the • What is actually used in the BC method is the 
boundary spectral projection (BSP) :

jP SjSj = ,...},2,1);,{( * δδλ
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• Here            is the adjoint of the operatorSδ

,),()(: 12/1 MSMHuSHfS ∂=∈→∈ −−δ

which is the adjoint of the trace operator

)()(: 2/11* SHutrMHS ∈→δ

such that

uutru )()()( * ψδψψδ == MSSSS uutru ),(),(),( ψδψψδ ==





 i  h    i  i l   i• To give the N-D map is equivalent to give

SS z δδ 1* )( −−Δ− SgS z δδ )( Δ

• In this form, the Gel’fand problem can be 
extended to non-compact manifolds.extended to non compact manifolds.



Modification of the BC-methodModification of the BC-method





BC method from local boundaryBC method from local boundary

• A Kachalov  Y Kurylev and M Lassas• A.Kachalov, Y.Kurylev and M.Lassas,
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Local N-D mapLocal N-D map



Step by step enlargementStep by step enlargement



TheoremTheorem



• The paper of Kachalov-Kurylev-Lassas (2004) is  • The paper of Kachalov Kurylev Lassas (2004) is  
a conference report, and we need to add lots of 
arguments to implement it  Of course  it is arguments to implement it. Of course, it is 
possible.



The 2nd part

Asymptotically hyperbolic metricy p y yp



Classification of 2-dim. Hyperbolic 
manifolds



Example of tessellationExample of tessellation



Example of tessellationExample of tessellation



Non-compact caseNon-compact case



Moebius  transformationMoebius  transformation



Classification of the actionClassification of the action



Discrete subgroupDiscrete subgroup



Example (translation)Example (translation)



Example (dilation)Example (dilation)





These examples are called 
“elementary”



Classification theoremClassification theorem



Almost  general exampleAlmost  general example



Asymptotically hyperbolic manifold





The Besov type spaceThe Besov type space





Asymptotic relation Asymptotic relation 



The generalized Fourier transformThe generalized Fourier transform





The Helmholtz equationThe Helmholtz equation



The S-matrixThe S-matrix



Result (Y Kurylev-H I)Result (Y.Kurylev-H.I)



Inverse scattering from cusp (work in 
progress)

• Kurylev-Lassas-I are trying to extend this result 
to the case of  inverse scattering from  cuspto the case of  inverse scattering from  cusp.

Th  ith ti  f                                i   b i  )2(/ ZSLC• The arithmetic surface                               is a basic 
example of  hyperbolic manifold with cusp,

hi h i  l   l i l l  f bif ld

),2(/ ZSLC +

which is also a classical example of orbifold.


