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TimeOptimalcontrolf=Ax+F(x)+Bu

minτs.j.
d

dt
x(t)=f(x,u),|u(t)|≤1,x(τ)=x1,x(0)=x0∈X

Assumex1isreachable.Forε>0considerthe

min

∫

τ

0

(1+ε|u(s)|
2
)ds

Necessaryoptimalitycondition

d

dt
x(t)=f(x,u),u(t)=−signε(f

∗
uλ(t)).x(0)=x0,x(τ)=x1

−
d

dt
λ(t)=f

∗
xλ(t)

1+λ(τ)·f(x(τ),u(τ))=0

signε(s)=







1s≥ε
s
ε|s|≤ε
−1s≤−ε

Marseille,Feburary17,2009-3-NCSU



Withcoordinatechanget=τs,F(z)=0forz=(x,λ,u,τ)∈
H

1
(0,1;R

n
)×H

1
(0,1,R

n
)×L

2
(0,1,R)×R:

d

dt
x(t)=τf(x,u)

u(t)=−signε(f
∗
uλ(t),)

x(0)=x0,x(1)=x1,

−
d

dt
λ(t)=τf

∗
xλ(t),

1+λ(1)·f(x(1),u(1))=0.
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SemismmothNewtonalgorithm

zk+1=zk−J
−1

F(zk)

whereJ∆z+F=0iswrittenas

d

dt
∆x=τ(A∆x+B∆u)+∆τ(Ax+Bu)+f=0inL

2
(0,1,R

n
)

−
d

dt
∆λ=τA

∗
∆λ+∆τA

∗
λ+g=0inL

2
(0,1,R

n
)

∆u+Gε(B
∗
λ)B

∗
∆λ+e=0inL

2
(0,1,R

n
)

∆x(0)=0,∆x(1)+∆1=0inR
n

∆λ(1)·(Ax(1)+Bu(1))+λ(1)·(A∆x+B∆u)+∆2=0inR.

withGε(s)=

{

0|s|≥ε
1
ε|s|<ε

LagrangeMultiplierApproachtoVariationalProblems,SIAMbook,08
Marseille,Feburary17,2009-5-NCSU



SemismoothFunction:F:D⊂X→ZiscalledN-differentiable,if
thereexistsafamilyofmappingsG:U→L(X,Z)suchthat

lim
|h|→0

|F(x+h)−F(x)−G(x+h)h|Z
|h|X

=0

forallx∈U.Moreover,Fissemismoothatxif

lim
t→0+G(x+th)hexistsunifomlyin|h|=1.

Theorem(Local)SupposeFissemismoothatx
∗

and|F
′
(x,h)|≥β|h|

forβ>0andallh∈X.andassumeforaN-derivativeGinaneighbor-
hoodofx|G(y)

−1
|≤2βforally∈N(x

∗
).ThentheNewtoniterates:

x
k+1

=x
k
−G(x

k
)
−1

F(x
k
)

arewell-definedandconvergestox
∗

superlineralyinaneighborhood
N(x

∗
).

|x
k+1

−x
∗
|≤|G(x

k
)
−1

(F(x
k
)−F(x

∗
)−G(x

k
)(x

k
−x

∗
)|≤o(|x

k
−x

∗
|).
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Solvability(LinearCase):Let(∆λ(1),∆τ)beunknown.

∆λ(t)=e
τA

∗

(1−t)
∆λ(1)+

∫

1

t

e
τA

∗

(s−t)
(A

∗
λ(s)∆τ+g(s))ds

∆x(t)=

∫

t

0

e
τA(t−s)

(BGε(b
∗
λ(s))B

∗
∆λ(s)+(Ax+Bu)∆τ+be(s)+g(s))ds

Thus,weobtainthesystemoflinearequationsfor(∆λ(1),∆τ):





Φ11Φ12

Φ21Φ22









∆λ(1)

∆τ





+q=0(1)

whereq∈R
n+1,1

dependsonF=(f,g,e,∆1,∆2)linearly.Thatis,if
thematrixΦ∈R

(n+1)×(n+1)
isinvertible,thenJisboundedinvertible.
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Let{t:|B
∗
λ(t)|<ε}=∪i(ti,ti+1)then

Φ11=
1

ε

∑

i

e
τA(1−ti)

G(∆ti)e
τA

∗

(1−ti)

G(∆)=

∫

∆

0

e
τAs

BB
∗
e
τA

∗

s
ds

ReducedEquationsandBackwardShootingmethod

LinearCase:λ(t)islinearequation(independentofx)anducanelimi-
natedbyu=−signε(B

∗
λ).Thus,x(·)isafunctionof(λ(1),τ)bysolv-

ingthestateequationwithx(0)=x0.Onecandefineadjoint-forward
shootingmethod:Find(λ(1),τ)thatsatisfies

Φ(λ(1),τ)=(x(1)−x1,1+λ(1)·(Ax(1)+Bu(1))=0
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BackwardShootingMethodWeusethescaledtransvesariitycondition

1+τp(t)·(Ax(1)+Bu(1))=0

Inthiswayonecaneliminateτ>0bythis.So,wemayemploythe
backwardshootingmethod:findp(1)suchthatΦ(p(1))=x(0)=
x0=0inwhichwesolvethecoupledsystemwiththeterminalcon-
dition(x(1),p(1))isgiven.

Theoremuεconvergestou
∗

withminimumnorm.For0≤ε≤ε̂

τε≤τε̂

τε

∫

1

0

|uε|
2
dt≥τε̂

∫

1

0

|uε̂|
2
dt

τ0≤τε≤τ0(1+
ε

2
)
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NecessaryOptimality

Withcoordinatechanget=τs,

minJε(u,τ)=τ

∫

1

0

(1+
ε

2|u(t)|
2
)dt

subjectto
d
dt=τf(x,u),x(0)=x0and

u∈Uad={u∈L
2
(0,1;R

m
):|u(t)|≤1,a.e.}.

Letg1(u,τ)=Cx(1)−y=0(FiniteRank),g2(u,τ)=|x(1)−x̄|
2
≤δ

minJε(u,τ)subjecttog1(u,τ)=0,g2(u,τ)≤0andu∈Uad.

RegularPointCondition:0∈int{gu(Uad−uε)+gτ(R
+
−τε)}(2)

∫

1

0

(εuε,u−uε)dt+(gu(u−uε),µε)≥0,(gτ,µε)=0forallu∈Uad.
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AdjointEquation:−
d

dt
pε(t)=fx(xε,uε)

∗
pε

(gτ,µε)=

∫

1

0

(f(xε,uε),pε)dt.

(gu(v),µε)=τ

∫

1

0

(f
∗
upε,v)ds

Thus,thenecessaryoptimalityiswrittenas

∫

1

0

(εuε+fu(xε,uε)
∗
pε,u−uε)dt≥0.

forallu∈Uadand

∫

1

0

(1+
ε

2|uε|
2

+(pε,f(xε,uε)))dt=0
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StandardMinimumNormProblems(unconstrained):

min

∫

τ

0

|u|
2
dt

subjecttox(τ)=x1.

u
∗
(t)=B

∗
e
A

∗

(τ−t)
µ,µ=G(τ)

−1
(x1−e

Aτ
x0).

L
∞

MinimumNormProblemminimize
∑

m

i=1γ
2
isubjectto

|ui(t)|≤γion[0,τ],andx(τ)=x1.

NecessaryOptimality:

u
∗

=−signε(f
∗
uλ(t)),andγi−

∫

τ

0

|(f
∗
uλ(t))i|dt=0

MixedProblemMinτ+
1
2|γ|

2
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QuantumControlSystem

d

dt
Ψ(t)=−iH(t)Ψ(t)

withcontrolledHamiltonian:H(t)=H0+
m∑

i=1

εi(t)Hi.

Spin-
1
2system

d

dt

(

Ψ1

Ψ2

)

=

(

0Iz

−Iz0

)(

Ψ1

Ψ2

)

+ε(t)

(

0Ix

−Ix0

)(

Ψ1

Ψ2

)

wherethePaulispinmatricesaregivenby

Ix=
1

2

(

01
10

)

,Iz=
1

2

(

10
0−1

)

,

Ψ(0)=
1
√

2
(1001),

1

2|Ψ(τ)−O|
2
≤δ,O=(1000).

MixedProblemMinτ+|γ|
2
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HeatEquationControl

∂

∂t
y(t)=∆y(t),

∂

∂ν
y(t)=Bu(t)

Find
u∈Uad={|ui(t)|≤γi}

thatminimizes|γ|
2

subjectto

Cy=0and|y|L2≤δ.

•ConstrainedApproximateControllability?

•Finiterankconstrains(forLowfrequencyComponents)

•NonlinearSystem–NavierStokes?
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NumericalMethod:

xk+1−xk

∆t
=τ(A+Bu

k
)
xk+1+xk

2

−
pk+1−pk

∆t
=τ(A

∗
+Bu

k
)
pk+1+pk

2

u
k

=−signε((B
xk+1+xk

2
)
∗pk+1+pk

2
)

•ShootingMethodwithInitialization:Giveaguessforτsolvethe
standardminimumnormproblemtoobtainaninitializationfor
p(1)=µ

•ContinuationMethod:Solvetheminimumtimeforx0.Then,we
solvetheproblemfortheneighborhoodofx0withtheinitialization
ofp(1)viathesolutionforx0

•γproblem;Weusethecontinuationviaτ.
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HarmonicOscillator:x
′′

+x=u,x0=[−15,20]tox1=[0,0]
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BilinearControl:

A=

(

01
00

)

andB=

(

00
10

)

(HyperbolaandCircle)

A=

(

01
−10

)

andB=

(

00
1
20

)

(Ellipses)

A=

(

01
−10

)

andB=

(

00
0−1

)

(Sprials)

Targetinitialguessofτoptimalτadjointp(1)
(0.5;−0.5)12.2639(0.5524;-0.3310)

(0;−0.5)13.0178(0.5524;-0.3310)
(0;0.5)45.9885(-0.3340;0.2325)

(0.7;0.5)3.8114
(2;4)46.5845(-0.0290;-0.0180)

(2;−4)23.0438(0.0328;0.0988)
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SpinHalfControl

p(1)=µO,(Ψ(1),O)=1−δ.

γδoptimalτnumberofswitch
150.01/20.95200
90.01/21.54650
70.01/21.99612
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time
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1D-HeatEquationControl:

p(τ)=µy(τ),|y(τ)|
2
L2−δ

2
=0,γ−

∫

τ

0

|B
∗
p|dt=0

Discretization(FourthOrder)

Q
d

dt
y(t)=Hy(t)+Bu(t)

withB=(0,···,1)∈R
m

and

Q=













10
12

1
12

1
12

10
12

..
.

..
.

..
.1

12
1
12

10
24













m×m

,H=m
2













2−1

−12
..

.
..

.
..

.−1
−12













m×m
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timehorizonτtimestepdtδoptimalγnumberofswitch
0.510

−4
0.050.47110

0.410
−4

0.050.49281
0.310

−4
0.050.87302

0.210
−4

0.051.89243
0.110

−4
0.059.17004

0.15∗10
−5

0.02513.43384
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