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Koiter type Shell Model :

{ py! + Auye + 2Ary. = 0, w % (0,T) 0

+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell
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Koiter type Shell Model :

(1)

pY! + Amye + 2 Ary. = 0, wx (0,7)
+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell

@ Ay : membranal operator of mixed order

@ Ar : flexural operator of order 4

@ w C RN - mid surface of the shell (N = 2) / arch (N = 1);
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+ Boundary and Initial Conditions
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Koiter type Shell Model :

{py;'+AMye+e2AFy€=o, wx (0, T) )

+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell

@ Ay : membranal operator of mixed order

@ Ar : flexural operator of order 4

@ w C RN - mid surface of the shell (N = 2) / arch (N = 1);

@ Ve = (Y1, Y2, ¥3,.) (Shell) ; ¥e = (y1.c, ¥3,) (Arch)

@ Boundary controllability of the system at time T large
enough ?
Ye(T) =y{(T) =0, w 2
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Koiter type Shell Model :

+ Boundary and Initial Conditions

@ ¢ > 0: Thickness of the shell

@ Ay : membranal operator of mixed order

@ Ar : flexural operator of order 4

@ w C RN - mid surface of the shell (N = 2) / arch (N = 1);

@ Ve = (Y1, Y2, ¥3,.) (Shell) ; ¥e = (y1.c, ¥3,) (Arch)

@ Boundary controllability of the system at time T large
enough ?
Ye(T) =y{(T) =0, w 2

@ Asymptotic behavior of the controlas e — 0 ?
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Remind: Asymptotic of the shellas ¢ — 0

{p(e>y;'+AMye+52AFy€=o, wx (OT) g

+ Boundary and Initial Conditions

Asymptotic behaviorase — 0: "y. — y”
@ p(e) = O(1), KerAm = {0} (Inhibited shell)

y" + Auyy =0, wx(0,T)
+ Boundary and Initial Conditions

(4)

1

! E. Sanchez-Palencia, Statique et dynamique des coques minces, C.R.A.S, (1989)
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Remind: Asymptotic of the shellas ¢ — 0

{p(e>y;'+AMye+ezAFy€=o, wx (OT) g

+ Boundary and Initial Conditions
Asymptotic behaviorase — 0: "y. — y”
@ p(e) = O(1), KerAm = {0} (Inhibited shell)

y" + Auyy =0, wx(0,T)
+ Boundary and Initial Conditions

(4)

@ p(c) = O(¢?), KerAy # {0} (Non inhibited shell)

.V”+AF.V=0a wx(O,T)
Any =0 )
+ Boundary and Initial Conditions

1

! E. Sanchez-Palencia, Statique et dynamique des coques minces, C.R.A.S, (1989)
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Mainly due to Loreti-Valente-Geymonat in the particular case of the shallow spherical cap.

o Geymonat G., Loreti P., Valente V., Contrélabilité exacte d’un modéle de coque mince, C.R.Acad.Sci Série |,
(1991).
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The case of a cylindrical arch- N =1 -w = (0, 1)

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) ©)
r— (1 +rys)

Flexural Operator Ag

-1 -1 —2
2r~ (V3,111 —2r y111 — 1 “¥3,1)
A,.-y: (7)

—1 —2 -3 —4
Y3111 — 20 Yy 11 —2r Tyz g t2r Ty g+ oy

@ ' -curvature ; r - radius of curvature




The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) ©)
r— (1 +rys)

Flexural Operator Ag

-1 -1 —2
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@ ' -curvature ; r - radius of curvature

] yi1+ r*1y3 - longitudinal deformation of the arch
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) ©)
r— (1 +rys)

Flexural Operator Ag

-1 -1 —2

Acy — 2r~ (V3,111 —2r y111 — 1 “¥3,1) ;

Fy = —1 -2 -3 —4 0
Y3111 — 20 Yy 11 —2r Tyz g t2r Ty g+ oy

@ ' -curvature ; r - radius of curvature

o a1+ r~yz - longitudinal deformation of the arch

@ y;: tangential displacement; y3: normal displacement
ay;

o Yig = Tgl
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) ©)
r— (1 +rys)

Flexural Operator Ag

-1 -1 —2
2r~ (V3,111 —2r y111 — 1 “¥3,1)
A,.-y: (7)

—1 —2 -3 —4
Y3111 — 20 Yy 11 —2r Tyz g t2r Ty g+ oy

@ ' -curvature ; r - radius of curvature

o a1+ r~yz - longitudinal deformation of the arch

@ y;: tangential displacement; y3: normal displacement
ay;

o Yig = Tgl

@ ¢ c w=(0,1): curvilinear abscissae
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The case of a cylindrical arch - N = 1

Membranal Operator Ay

B 1
Auy = < 71(}’1,1 +r 71)’3),1) ©)
r— (1 +rys)

Flexural Operator Ag

-1 -1 —2
2r~ (V3,111 —2r y111 — 1 “¥3,1)
A,.-y: ( (7)

—1 —2 -3 —4
Y3111 — 20 Yy 11 —2r Tyz g t2r Ty g+ oy

r—" - curvature ; r - radius of curvature

(]

o a1+ r~yz - longitudinal deformation of the arch

@ y;: tangential displacement; y3: normal displacement
ay;

o Yig = Té

@ ¢ c w=(0,1): curvilinear abscissae

Ifr—1 = 0, the system reduces to

1

W=y =0, ¥ +efys1111=0, wx(0,T) ®)
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The case of the arch (N = 1)

’Step | - Controllability in the case ¢ > 0 fixed ? ‘

y'+ Ay =f, in wx(0,T),
yi=vi, y3=0,0,y3=Vv3, on Ow, 9)
(¥(,0),¥'(,0)) = (¥%y"), in w,

V(0 y"),3vi, v € [2(0w x (0, T))? st. y(T)=y(T)=0

The answer is yes because the resolvent of Ay + <2Af is
compact ... but ...
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€ > 0 : Observability and HUM

V = H}(w) x H3(w H=1%(w) x [3(w) (1)
¢ + A5 p =0, in wx(0,T), y" + A%y in w x (0, T),

¢ =0, on dw, n=w, yst Ovy3 =v3, on dw, (12
(¢(,0), (- 0)) = (6%, d") € VX H, in w, =00y, i w,
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¢ =0, on dw, Y=, y370 Ovys = v3, on Jw, (12)
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y(T) = y’(T) = 0ifand only (v4, v3) satisfies

/ / (¢1 i+ E(bg11—2r gy 1) (va—2r~ ))udvdt <%y >y — <"y sun (19)




€ > 0 : Observability and HUM

V = H}(w) x H3(w H=1%(w) x [2(w) (1
¢ + A5 p =0, in wx(0,T), "+ A%y in w x (0, T),
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(6(-.0),8"(.0) = (¢ ¢") € VX H, in w, ) =0y, in w,

y(T) = y’(T) = 0ifand only (v4, v3) satisfies
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€ > 0 : Observability and HUM

V = H}(w) x H3(w H=1%(w) x [3(w) (1)
¢ + A5 p =0, in wx(0,T), y’ + Ay =0, in wx(0,T),
¢ =0, on Ow, yi=wvi, y3=0,00y3=v3, on Ow, (12)

(¢(.0,8'(.0) = (@% ¢ e VxH in w, LF.0,y(0)=0"%y") in w

y(T) = y’(T) = 0ifand only (vy, v3) satisfies
/ / (451 wite(dg 11 —2r oy 1) (vg—2r” ))udvdt <¢%y Sy = < 'Y Sum (19)
let7:VxH—R
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J is continuous and convexe. If 7 is coercive then the controllability holds with

Vi = $1qv, V3= ¢3 41V (15)




€ > 0 : Observability and HUM

V = H}(w) x H3(w H=1%(w) x [3(w) (1)
¢ + A5 p =0, in wx(0,T), y’ + Ay =0, in wx(0,T),
¢ =0, on Ow, yi=wvi, y3=0,00y3=v3, on Ow, (12)

(¢(.0,8'(.0) = (@% ¢ e VxH in w, LF.0,y(0)=0"%y") in w

y(T) = y’(T) = 0ifand only (vy, v3) satisfies
/ / (451 wite(dg 11 —2r oy 1) (vg—2r” ))udvdt <¢%y Sy = < 'Y Sum (19)
let7:VxH—R
T@°, ") // (¢>1 1+e (¢>31172r ¢1 1) )do’dtf <%y >y + <oy Sun (14)

J is continuous and convexe. If 7 is coercive then the controllability holds with
Vi = $1qv, V3= ¢3 41V (15)
Coercivity of .7 <= Observability inequality

= 3C; = Ci(r~',T,e) > 07 T large enough, s.t.

.
crll@® e Min < [ [ (<¢>$‘1 + (g5.11 —2r*‘¢1,1)2)dadt (16)




e > 0 : Observability and HUM (Hilbert Uniqueness Method)

V=H(w) x H3(w), H=L3w)x L2w) (17)
Let
T e) = e
T —r1D(e)

and let b° (¢, ¢) such that [, b (¢, )dE = [, A - pd¢ forall ¢, inV.

(Observability)

Lete > Oandr~! < 1/D(g). Forall T > T*(r‘1 , €), there exists a constant C, = (1 — r‘1D(s)) such that
the weak solution of the adjoint system satisfies the inequality

T c —1 * 0,1
/0/6 b ($, $)dodt > Co(r ", e)(T — THE(#), V(¢° ") € V x H.

(From the Korn’s inequality, Eq(¢) defines a norm over V x H). |

2 B. Miara, V. Valente, Exact controllability of a shallow Koiter Shell by a Boundary Action, J. Elasticity-(1999).
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e > 0 : Observability and HUM (Hilbert Uniqueness Method)

V=H(w) x H3(w), H=L3w)x L2w) (17)
Let
T e) = e
T —r1D(e)

and let b° (¢, ¢) such that [, b (¢, )dE = [, A - pd¢ forall ¢, inV.

(Observability)

Lete > Oandr~! < 1/D(g). Forall T > T*(r_1 , €), there exists a constant C, = (1 — r‘1D(s)) such that
the weak solution of the adjoint system satisfies the inequality

T c —1 * 0,1
/0/6 b ($, $)dodt > Co(r ", e)(T — THE(#), V(¢° ") € V x H.

(From the Korn’s inequality, Eq(¢) defines a norm over V x H). |

(Null controllability)

Lete > 0,r > D(g)and T > T*. Forany(yo, y1) € H x V’, there exists a control v = (vy, v3) with
vi,evg € [2(Ow x (0, T)) such that E(T, y) = 0. n

N

2 B. Miara, V. Valente, Exact controllability of a shallow Koiter Shell by a Boundary Action, J. Elasticity-(1999).
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e > 0 : A numerical illustration

y0 = (sin(r€), sin’(w€)), y' =(0,0), r '=C=n/4, e=1/10, T=3 (18)

Figure: control (vi, v3) = (8, uy, 82, u3) at € = 0 (Left) - Energy Ex(t, ) (Right).




ollability of an elastic a

(e > 0)

0 . L2 1
y = (sin(w§), sin®(n§)), y =(0,0, C=mn/4 (19)
08 * o TTG o
w9 5T ° *\ a
orl | | |
| | |
oss | | |
wl b8
\
e |
B X
|1
[‘P X ®%see—e
AL
. e
Yame o o . 4
T T T I ] T T I
thickness thickness
: -2 . .
Flgure. L2-norm || v4 HLZ(O,T) (Left) and HV3HL2(O,T) (Right) vs. the thickness «.
1
*
T =1 +o(7) (20)
€
4
=> Non uniform controllability with respect to e 1111111211

4Geymonat G., Loreti P, Valente V., Exact controllability of thin elastic hemispherical shell via harmonic
analysis, (1993)
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ollability of an elastic arch (e > 0)
€ = £ = £ = £ =
7/70 7/20 /30 1740
Nb. iterations [ 8 9 16 n.c.
“"M”LZ(z ) ‘ 2,942 x 107" 2952 x10~"  3.095 x 10—’ n.c.
llevanll 2 ” ‘ 3.38 x 10! 3.56 x 10~ 8.52 x 10~ n.c.
. X - . X - . X - n.c.
be My 1) 1.24 x 107" 1.295 x 10~ 3.37 x 10!

En(T)/En(0) | 7.29 x 10~° 3.36 x 105 1.90 x 103 n.c.

Table: Approximation of the controlvs. e - T = 3-C = 7/32- X7 = dw X (0, T). n.c. stands for non
controllability.

[ e=1/10 = =1/20 = =1/30 = =1/40
Nb. iterations [ 8 8 8 8
inll 2 ‘ 2942 x 10~' 2551 x 10~'  2.302x 10~"  2.151 x 10!
llevanll 2, ) ‘ 3.38 x 10! 2.49 x 10~' 2.41 x 107! 2.49 x 10~
|65 (u, u “U(zT) ‘ 1.24 x 107" 8.57 x 1072 7.20 x 1072 6.70 x 1072
En(T)/En(0) | 7.29 x 10-8 1.04 x 105 2.14 x 10~* 1.38 x 10~%

Table: Approximation of the control vs. & - T(e) = 3/(10e) - C = 7/32- L1 = dw x (0, T).
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Membranal case ("e = 0")

Step 1: Non uniform controllability in H x V/ w.r.t. e

’Step 2: What is about the case ¢ = 0 ?‘

V = Hl(w) x L3(w), H = [3(w) x L2(w) (21)
w=(0,1),T>0,r>0,%y")eH x V'
y" + Auyy =0, in wx(0,7),
34 (0? t) = 07 y1(17 t) = V(t)v te (07 T)v (22)
(y(ao)ay,(vo)) = (y07y1)7 in W,

vel?0,T)? st y(ET)=y'(T)=0, Viecw. (23)

— Exact controllability of y; and y3 by only one control !
5

5 F. Ammar-Khodja, Geymonat G., AM, On the exact controllability of a system of mixed order with essential
spectrum, C.R.Acad. Sci. Paris Série |, (2008).
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Membranal case: adjoint problem

Adjoint system -
¢" +Ayd =0, in wx(0,7),
#1(0,-) = ¢1(1,-) =0, t€(0,T) (24)
(#(,0),6'(0) = (4% ¢"), in w,

Weak formulation - For all (¢°, ') € V x H, there exists a unique weak solution ¢ € C(0, T; V) N C'(0, T; H)
that satisfies the variational problem

/¢"-vd$+/ by(p,v)de =0, VveV. (25)

by(d, v) = (P11 +r " ¢a3)(vi 1 +r""va)
Energy -

1 ’ ’ —
E9) = 5 [ 16 F+bu(@ @0 de = 2 [ (1617 +105+ 01,1+ 60 o = E0.9) Vi€ O.T)

(26)




Membranal case - Spectrum of Ay

Ayy =Y, €€ w, P1 =0, €€ 0w (27)
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Membranal case - Spectrum of Ay

Ay =P, £€w, P =0, £¢€odw (27)
o(Am) = {0, 30 = r 2 M\ = r 2+ (km)P k 2 1}, oess(Au) = {0} (28)

Since ; ]
KerAy = {ve = (—=r~'¢,¢1) € H, ¢ € Hy(w)} (29)

and the eigenfunctions associated with Ay and X\ are respectively :

-1
Vo= (0,1), v = (sin(kw(), rkT cos(kw()), (30)




Membranal case - Spectrum of Ay

Ay =\, E€w, P =0, £€0w @7)
o(Am) = {0, 2o = r 2 A =2 4 (k)% k 2 1}, oess(Am) = {0} (28)
Since | |
KerAy = {v¢ = (—r""¢,¢ 1) € H, ¢ € H(w)} (29)
and the eigenfunctions associated with Ay and X\ are respectively :
1
vo=(0,1), v = (sin(kw(), = C03(k7r()>, (30)
Ky
An orthogonal basis in H of KerAyy is
1
wy = (77 sin(kw¢), cos(kwg)), k=1,2,... (31)
us

and {wg, Vg, Vk } is an orthogonal basis in H.




Membranal case - Spectrum of Ay

A =AY, £€w, P1 =0, §€ 0w (27)
o(Am) = {0, 2o = r 2 A =2 4 (k)% k 2 1}, oess(Am) = {0} (28)
Since | |
KerAy = {ve = (=r~ ¢, ¢ 1) € H, ¢ € Hy(w)} (29)
and the eigenfunctions associated with Ay and X\ are respectively :
1
vo=(0,1), v = (sin(kw(), = C03(k7r()>, (30)
s

An orthogonal basis in H of KerAyy is

—1
wy = (7;—7" sin(kw¢), cos(kwg)), k=1,2,... (31)

and {wy, Vg, vk } is an orthogonal basis in H. This permits to expanded the weak solution of (24) in term of a
Fourier serie (setting g = r~—'and Bk = v/ Ak):

@(, 1) =D (a + bet)wi + (Ag cos(pot) + By sin(uot))Vo + > (A cos(pukt) + By sin(uyt)) vk (32)
k=1 k=1




Membranal case - Spectrum of Ay

Ay =P, £€w, P =0, £¢€odw (27)
o(Am) = {0, 30 = r 2 M\ = r 2+ (km)P k 2 1}, oess(Au) = {0} (28)

Since | |
KerAy = {ve = (—=r~'¢,¢1) € H, ¢ € Hy(w)} (29)

and the eigenfunctions associated with Ay and X\ are respectively :
1
= (0.1, v = (sintkrc), " cos(krc) ) (30)
Ky
An orthogonal basis in H of KerAyy is
1
wy = (77 sin(kw¢), cos(kwg)), k=1,2,... (31)
us

and {wy, Vg, vk } is an orthogonal basis in H. This permits to expanded the weak solution of (24) in term of a
Fourier serie (setting g = r~—'and Bk = v/ Ak):
oo

(ak + bict)wk + (Ag cos(ut) + By sin(uot))vo + > (Ak cos(uukt) + By sin(ukt)) v (32)
k=1

M8

o( 1) =
k

The coefficients ay, by, Ag, By, Ak, By are determined from the expansion of the initial data :

oo oo oo oo
0 1
@) =D aWx +Agvo+ > Ak, @' =D bW + poBovo + > tkByVk- (33)
k=1 k=1 k=1 k=1

The asumption (¢°, ¢') € V x H implies that

o0 oo o0
ST +A) < oo, S (e +krA? < oo, (b + ABE) < oo. (34)
k=1 k=1 k=1
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e = 0 - Observability inequality

Cy, C; > 07 such that

;
Cill@% e xm < /0 (611 +r " 93)°(1, 00t < Col|(8°, &7 V(% 0") €V X H.  (35)




e = 0 - Observability inequality

Cy, C; > 07 such that
;
Cill@% e xm < /0 (611 +r " 93)°(1, 00t < Col|(8°, &7 V(% 0") €V X H.  (35)

The observability does not hold in KerApy :

(¢°,¢") € KerAy = ¢(t) € KerAy Vt>0=> (11 +r '¢3)(1,0)=0, Vt>0.  (36)




e = 0 - Observability inequality

Cy, C; > 07 such that
;
Cill@% e xm < /0 (611 +r " 93)°(1, 00t < Col|(8°, &7 V(% 0") €V X H.  (35)

The observability does not hold in KerApy :

(0%, ") € KerAy —> (1) € KerAy Vt >0 = (11 +r '¢3)(1,1) =0, Vt> 0. (36)

The observabillity may only occurs in the orthogonal of KerAy generated by vy and v




e = 0 - Observability inequality

Cy, C; > 07 such that
;
Cill@% e xm < /0 (611 +r " 93)°(1, 00t < Col|(8°, &7 V(% 0") €V X H.  (35)

The observability does not hold in KerApy :
(¢°, ¢1) € KerAy = ¢(t) € KerAy Vt> 0= (¢11 + r’1¢3)(1,t) =0, Vt>0. (36)

The observabillity may only occurs in the orthogonal of KerAy generated by vy and v
The orthogonal of KerAyy, generated by vp and v is

(Keraw)™ {0 = (o1, 46) € V. [ (w161 + vasa)de = 0. (61, 09) € To |

:{<w1,wa) €H, Y+ =0 H*‘(w)} @37)

:{v = (1, —r 'Y)eH, ¢eH (W)}




¢ = 0: Observability inequality in (KerAm)

We note H- and V- the orthogonal of KerAy in H and V

Al

From the Korn’s inequality, the energy E(t, ¢) defines a norm over vt x H
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¢ = 0: Observability inequality in (KerAm)

We note H- and V- the orthogonal of KerAy in H and V

L.

From the Korn’s inequality, the energy E(t, ¢) defines a norm over vt x H

Letr > 0. For all time T such that

2
T>THr) = —ﬂ, 'y:min<2r’1,\/r*2+7r2—r71> (38)
ol
there exist two strictly positive constants Cy(r) and Co(r) such that

c v 1, 2
1(r)E(0, ¢) S/O (1,1 + 17 ¢3)°(1, 0)dt < Cp(r)E(0, ¢) (39)

v(¢®, ¢') € VE x HL.
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e = 0 - Ingham Theorem

We obtain -
Ci1(NE(0, ¢) < /O (61,1 + 1 '63)°(1, at < Ca(NE(O, ) (40)

using

(Ingham, 1936)

LetK € 7Z and (wy )ke i be a family of real numbers satisfying the uniform gap condition

= inf - 0. 41
v kl;:'nlwk Wn| > (41)

If | is a bounded interval of length |I| > 27 /~, then there exist two positives constants Cy and Cy such that

2 2 2
¢ 3 Il < [Ixoldt < 6 Y 2)
keK ! kek
for all functions given by the sum )
x(t) = > xek! (43)
kek
with square-summable complex coefficients xj. |

with x(t) = (é1,1 + r1 ¢3)(1,t)and I = (0, T).
6

6Ingham A.E., Some trigonometrical inequalities with applications to the theory of series, Math. Z., (1936).
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¢ = 0: Observability inequality in (KerAm)

We compute that

My 2 o VX mk o o
E(0, ¢) = ?(AoJrBo)Jr*Zﬁ(Ak*Bk)- (44)
4 et ke
On the other hand, we have
, o 2 1 )
G1a(1, 0 +r pa(1, 1) = Z K (A + iB)e™ M + T(Au +iBg)e ot
—1 o
— (Ao — iBo)e gl 4 Z Ak — iB)etk!

(45)




¢ = 0: Observability inequality in (KerAm)

We compute that

1 o0
EO.9) = DA+ B+ > 5

(44)
On the other hand, we have

oo 2 —1
¢1,1<17r>+r*‘¢3(1,07 Z

K (A + iBg)e~ k! 4 T(Au + iBp)e

—ipgt
rfi o
— (Ao — iBo)e gl 4 Z Ak — iB)etk!

(45)
We then apply Ingham’s theorem with / = (0, T) and the sequence
W= (-, —pp, — e, —HOs HOs By B2, 0 ) (46)
to obtain that there exists a positive constant C; such that

=1

2 1.2 4 T
01(%(A3+B§>+5k2(:Tf)z(Ai+B§)) < [Tt

+r g1, 1) dt 7




¢ = 0: Observability inequality in (KerAm)

We compute that

E0.0) = SRy LS e g (@4)
LP) = (A + B+ - > (A +
2 0TI g e 22 KT K
On the other hand, we have
; oo 2 1 )
G1a(1, 0 +r pa(1, 1) = Z K (A + iB)e™ M + T(Au +iBg)e ot
r*1 t & t
(A0 — iBy)e'+o Z Ak — iB)etk!
(45)
We then apply Ingham’s theorem with / = (0, T) and the sequence
W= (-, —H2, =R, —HQ, KOs 15 K2, " ) (46)
to obtain that there exists a positive constant C; such that
1 2 2) 13w 1 2
(R m > ) < L0000+ o107 at @7
2 i

under the condition T > 27 /~ with v = min(ug — (— o), infken |1k — pk—1]) leadingto T > T*(r)

Arnaud MUNCH
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e = 0 - Minimal time of controllability

. k 2w
T = F X<ty T s ot o >/ 49
* w2 *
\/§:T(?)§T(r), vr >0 (49)

FIgU € Lower bound T* of the time of controllability T with respect to the curvature r— 1.

V(% ¢") € v

3 3

.
2min(T,%r*2)Eo(¢>> s/o ($1,1+r 'o3)’(1, 1) drszmax(r,%r*Z)Eom (50)




e = 0 : Uniform Observability inequality with respect to r—

We denote by Hk, Vi the closed subspace of H and V generated by vy, for all k > 1.

Letr > 0. Forall T > 0 such that

2
T>T*r) =", v=Vr2tan2— /2472
Yy

there exist two positive constants C{ and C, independent of r such that
0 12 v —1, 2 0 1,2
Cill(@™: &)y xn S/O (#1,1 +17 "¢3)°(1, )t < Coll(d7, & )llvxn

v(¢®, ¢") € Vk x Hk.

(51)

T**(r) < T*(r), ¥Yr>0; lim _q_  T**(r) =2.

—0




e = 0 - Null controllability

We note V- the closure of V=in V’. The control v is characterized by

T 1 0 1 1.0
/0 (1,1 4+ " sa)(1 OVt =< @% ¥ > — < 61y Sum (54)




e = 0 - Null controllability

We note V- the closure of V=in V’. The control v is characterized by

T 1 0 1 1.0
[ @+ e ovta =< 6%y >y — < 6"y Sun (54)
We introduce the continuous and convex functional .7 : V x H — R defined by
1 rT _
T(@% ¢") = 5/0 (@11 + 1 00?10t < (@° 1), (v —¥°) >y v e (5)

Moreover, We then have to enforce that y° be in the dual of H- and that y1 be in the dual of VL in order that

<%y >y =<' sunr 0, V(9% 8") e v x HE (56)

Letr > 0. Forany T > T*(r) and any initial data (y°, y') € H+ x V-/, there exists a control function

v e L2(0, T) which drives to rest at time T the solution y of (22) associated with ( y°, y1 ). Moreover, the control of
minimal L2-norm is given by v = (¢1.1 + r~ ' ¢3)(1, ) where ¢ is solution of (24) and associated with (¢°, ¢")
minimum of J defined by (55) over V- x H-. ]
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e = 0 - Null controllability

We note V- the closure of V=in V’. The control v is characterized by

-
[ @+ e ovta =< 6%y >y — < 6"y Sun (54)
We introduce the continuous and convex functional .7 : V x H — R defined by
1 rT _
T(@% ¢") = 5/0 (@11 + 1 00?10t < (@° 1), (v —¥°) >y v e (5)

Moreover, We then have to enforce that y° be in the dual of H- and that y1 be in the dual of VL in order that

<%y >y =<' sunr 0, V(9% 8") e v x HE (56)

Letr > 0. Forany T > T*(r) and any initial data (y°, y') € H+ x V-/, there exists a control function

v e L2(0, T) which drives to rest at time T the solution y of (22) associated with ( y°, y1 ). Moreover, the control of

minimal L2-norm is given by v = (¢1.1 + r~ ' ¢3)(1, ) where ¢ is solution of (24) and associated with (¢°, ¢")

minimum of J defined by (55) over V- x H-. ]

v

(remart ]

The non controllable modes wi € KerApy, k < 1, do not correspond to modes of arbitrarily small energy. For

o yH=x k> 1@k, bx) Wk, the norm of the solution at time t = T is such that (since the control v has no effect

on wy)
_ Ak romg2 ] o Ak
T = (e BT (r2 4 2ZK5 ) iy (i = 5 3 4 (57)
,; (kw)z 2 k=1 (k7r)2
Consequently, approximate controllability for the system (22) does not hold anymore. |

v
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rollability as r~' goes to 0

We assume that the initial condition (y°, y') are generated by {vk} and that (y°, y1) — (;6, }7) inH x V' as

r=1 goes to zero.
Let y4 solution of
vi' =yi11=0, wx(0,T),

»(0,0) =0, y(1,)=v, (0,7), (58)

(1(£.0), ¥} (£, 0) = 42, y}).

Letr > 0. Forany T > T**(r) and any initial data (y°, y') € (Hj¢ x Vi, there exists a control function
v e L2(0, T) which drives to rest at time T the solution y of (22) associated with ( y°, y! ). Moreover, the control of
minimal L2-norm is given by v = (¢ 1+ r=1$3)(1, -) where ¢ is solution of (24) and associated with (¢°, ¢')
minimum of J defined by (55) over Vi x Hg. Finally, this control converges weakly in L2(0, T) as =1 goes to
zero toward the control of minimal L2 -norm which drives to rest the solution y1 of (58).
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e = 0: Remark 1

y" +Ayy =0, in wx(0,T),

Y 431 =0, in wx(0,T)
y1(0,1) =0,1(1,t) = v(t), t€(0,T7)
¥,0, ¥, =0y, in w,

(59)




e = 0: Remark 1

y" +Ayy =0, in wx(0,T),
—1 .
r + =0, x (0, T
y1+y31 in wx(0,T) (59)
y1(0,8) =0,y1(1, ) = v(t), t€ (0, T)
¥,0, ¥, =0y, in w,

Ifve L2(0, T) is the HUM control, i.e. of minimal L2-norm for (59), then, using formally the relation
r_1y1 + y3.1 = 0, vis also a control (but a priori not the control of minimal L2-norm, except at the limit as r—

goes to zero) for yy solution of

1

= +r7% =0, in wx(0,T),
7O H=0y(1,)=wt), te(0T) (60)
1 2 —1
W14 0), ¥, 0) = 02, 1) € LB(w) x H ' (w)
and also a control for y5 solution of
11 -2 .
Y3 —¥3 11 +r “y3=0, in wx(0,T),
Y3400, =0,y31(1,) = —r~'v(t), te(0,T) (1)
130, 0), %5, 0)) = (13, ) € L3(w) x LB(w).

assuming a compatibility condition at time ¢t = 0 such that:

7(€0) = —1y3,1(£,0), ¥i(§,0) = —ry3 1(£,0), in w. (62)
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e = 0 Remark 2 - Neumann control

y” +Ayy =0, in wx(0,7),
W+ )00 =0, (rq+r ') =vt), te(T) (63)
W0,y 0 =0y, i o,

assuming y° € H'(w) x [2(w),and y' € LP(w) x H™ " (w).

ollability of shell



e = 0 Remark 2 - Neumann control

y” +Ayy =0, in wx(0,7),
W+ )00 =0, (rq+r ') =vt), te(T) (63)
W0,y 0 =0y, i o,

assuming y° € H' (w) % Lz(w), andy' € Lz(w) x H™1(w). I we introduce the variable z = Y+ r_1y3, we
first observe that z is solution of

Z' - Z 41+ r72z=0, in wx 0, 7),
2(0,t) =0, z(1,t)=v(t), te€(0,T), (64)

— —1 .
(2(,0),2'(0) = (A +r Wy ), i w

There exists v € [2(0, T) such that z(¢, T) = 1,1+ r*‘ys)(g, T) =0and z/(¢, T) = 0 for T large enough.




e = 0 Remark 2 - Neumann control

y” +Ayy =0, in wx(0,7),
W+ )00 =0, (rq+r ') =vt), te(T) (63)
W0,y 0 =0y, i o,

assuming y° € H' (w) % Lz(w), andy' € Lz(w) x H™1(w). I we introduce the variable z = Y+ r_1y3, we
first observe that z is solution of

Z' - Z 41+ r72z=0, in wx 0, 7),
2(0,t) =0, z(1,t)=v(t), te€(0,T), (64)

— —1 .
(2(,0),2'(0) = (A +r Wy ), i w

There exists v € [2(0, T) such that z(¢, T) = 1,1+ r*‘ys)(g, T) =0and z/(¢, T) = 0 for T large enough.

B = (ak(€) + be()t) 1
"5(5")}2230( — (@ (&) + br()0) 1 )*C( 0 )

+ i(Ak cos(pkt) + By sin(pkt)) < C01S(k7r§) )
k=1

— L sin(km€)




e = 0 Remark 2 - Neumann control

y” +Ayy =0, in wx(0,7),
W+ )00 =0, (rq+r ') =vt), te(T) (63)
W0,y 0 =0y, i o,

assuming y° € H' (w) % Lz(w), andy' € Lz(w) x H™1(w). I we introduce the variable z = Y+ r_1y3, we
first observe that z is solution of

Z' - Z 41+ r72z=0, in wx 0, 7),
2(0,t) =0, z(1,t)=v(t), te€(0,T), (64)

— —1 .
(2(,0),2'(0) = (A +r Wy ), i w
There exists v € [2(0, T) such that z(¢, T) = 1,1+ r*‘ys)(g, T) =0and z/(¢, T) = 0 for T large enough.

B r= (@ (€) + br(€)1) !
¢(5*"*Z( — (@ (&) + br()0) 1 )*C( 0 )

k>0

(65)
s . cos(km§)
+ g(Ak cos(ukt) + By sin(ukt)) < _% sin(k) )

oo T oo
C Y+ B < [ en(t e < Co Yo (4 + ) (66)

k=0 0 k=0

provided
27

T> (67)




0 - Remark 3 - General chart in 1-D

For the circular arch, the map is ¢ (&) = (r sin(r='¢), rcos(r*‘g)).

In the general case ¢(&) = (¢1(£), $2(£)), we have
Ay = < 71,1 = 2“/11(J/)r11> ' (68)
= 711 (¥)by1
with

2 2 1
t=0¢7 1+ 05 1M1 =t ($1,101,11 + d2,192,11);

Y1) = y1,1 = Ty — byyya: 69)
byy = FS/Z(*¢2,1¢1,11 + é1,162,11)




0 - Remark 3 - General chart in 1-D

For the circular arch, the map is ¢ (&) = (r sin(r='¢), rcos(r*‘g)).

In the general case ¢(&) = (¢1(£), $2(£)), we have

- -2 r!
Ay = < Y11,1(0) = 2711 () 11> ' (68)
= 71(¥)b11
with
t= ¢$,1 + ¢§,1?'—}1 = f_1(¢1,1¢1,11 + ¢2,162,11);
M) =y11 =T — buys: (69)
byy = rs/2(*&52,1451,11 + ¢1,1902,11)
Keraw { (11,36) € Hy(w) x L2(0). 311(9) =0} #0 o

={v= (¢, b;'(¢,1 = T11Q) € H, ¢ € H}(w)}

in that case, the discrete spectrum is not explicit.

Once again, ess(Ay) = {0}. But,




¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

(0, y") e Hx V', (y],y]) € LB(w) x H™"(w). Is there exists a control v € L2(0, T), such that

WA =048.97) @)

ollability of shell



¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

(0, y") e Hx V', (y],y]) € LB(w) x H™"(w). Is there exists a control v € L2(0, T), such that

WA =048.97) @)

t
{y{’(s,r)—y1,u(s,r)+r‘/o S (- (WA =0 wxOT)

y1(0,8) = 0 y1 (1, 1) = v(t) 0, 7)

ollability of shell



¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

(0, y") e Hx V', (y],y]) € LB(w) x H™"(w). Is there exists a control v € L2(0, T), such that

WA =048.97) @)

t
{y{’(s, 0= yan(€ 0+ ot (t = (W =0 in wx 0,7) 2
y1(0,8) = 0; 1 (1, 1) = v(t) 0,7)
T
2t -z (& D+ /[ sin(r~"(u — 0)z11(x, u)du =0, (&,1) €w x (0, T),
2(0,1) = z(1,1) = 0, te,mn,
(1,2 () = (P, 2, £cw.

ollability of shell



¢ = 0 - Remark 4 - Relaxed problem - The partial controllability

(0, y") e Hx V', (y],y]) € LB(w) x H™"(w). Is there exists a control v € L2(0, T), such that

WA =048.97) @)

{y{'(& 0 -0+ [lane - i e di=0 i wx(©.7) -
y1(0, 1) = 0; y4(1, 1) = v(1) 0, 7)
1 [T 1
2 ) —z1(E, )+ / sin(r='(u— 1)z 1(x,u)du =0, (& 1) € w x (0,7),
t
2(0,1) = z(1,1) = 0, te,mn,
N2, =(",2), £ew
0o —2 -2 2 2
_ rf T rf Ty (km)* 1 _ (km)* 1, . _ ) .
z(&,t) _;( " fe + " fe (t—T)+ " fi cos(u(t —T)) + )\}3{/2 fi " sin(ug(t — T)) ) sin(km§),
@©,7'€) = S, ) sin(keme)
k>1
(74)
From Ingham theorem, we get the observability (uniform w.r.t. r1 ) if T > T**(r)
. . 2
ac>o,|20, 2 ||,24&XL2 < c/or(zj(m) . -/[Tsin(r’1(u— t))z,1(1,u)du) a, (75
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rollability - Numerical experiments

r = x5, T=385>T"(r)~32552, yY'=vo+v y' =ugvp+uove (76)

Figure: Controlled solution y = (y1, y3)in (0, T) X w.
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¢ = 0 - Numerical experiments

y(x1,X3) = y1(§)T(§) + y3(§v(§), €€ w (X1,X3) = (&) (77)




1-D Membranal case: Numerical experiments

Y€)= avg+vi, y'(€) = amvo + pov (78)
r=r 1= /4 r~'=x/16 r~'=7x/64 r—1 = 7 /256
Nb. Iterations 8 8 9 7 8
Vl1,20. 7y 1.415 1.601 4.823 15.791 59.220
E(0)/E(T) 251 x107% 447 x1077 312x10"% 3.26x10°° 4.49 x 10~
[v112,
— @D | 533x 107" 7.95x 1072 167 x107%  9.86x 1075  6.1804 x 107°
% eIz, 4

Table: « = 1- Evolution of the L2-norm of the control vs. the curvature r— 1.

rl=x = =x/4 r'=x/16 r'=mx/64 r~!'=r7/256
Nb. Iterations 5 4 4 4 4
Ivil20.7) 0.823 0.692 0.679 0.678 0.678
E(0)/E(T) 112%x107% 847 x 1078 428x10°% 28 x1077 1.05x 107
[1v11%,
— e 2.019 1.565 1.515 1.5126 1.5124
% ez, 4
[lV=Vr=cc ]2
L () 1.679 124x 107 7.87x10°% 577x10~%  4.28 x 105
HVr:ooHLz(O 7

Table: a = 0 - Evolution of the L2-norm of the control vs. the curvature r—'.
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e = 0 - Partial controllability - Numerical experiments

' =n/5,T=85>T"(r)~3.2552, (¥°,y')=(0,0), (&), y}(&)) = (sin(n&), ua sin(zw@()m)

Figure: Evolution of the controlled component y; vs. t (Left) and corresponding evolution of the component ys
Right), starting from (0, 0).
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Step 1: € > 0 - Non uniform controllability in H x V’ w.r.t. ¢

Step 2: ¢ = 0 - Controllability only in (KerAmy)~*

Step 3: ¢ — 0in (KerAm)*

Let us assume that (y2,y!) — (¥°,y") € KerAu™.

Question: Is the observability uniform w.r.t. ¢ in that case ?
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Step 1: € > 0 - Non uniform controllability in H x V’ w.r.t. ¢

Step 2: ¢ = 0 - Controllability only in (KerAmy)~*

Step 3: ¢ — 0in (KerAm)*

Let us assume that (y2,y!) — (¥°,y") € KerAu™.

Question: Is the observability uniform w.r.t. ¢ in that case ?
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—

(Y

Step 1: € > 0 - Non uniform controllability in H x V’ w.r.t. ¢

Step 2: ¢ = 0 - Controllability only in (KerAmy)~*

Step 3: ¢ — 0in (KerAm)*

Let us assume that (y2,y!) — (¥°,y") € KerAu™.

Question: Is the observability uniform w.r.t. ¢ in that case ?

( From now, to simplify,

-1 -1 —2
Ary <2’ (V3,111 —2r~ Y141 —r “¥3,1) ) Aty (0 ) @)
Fy = B _ _ B — Aty =
Y3,1111 — 2r 1J/1,111 —er 2}’3,11 +2r 3y1,1 +rtys V3,111
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limit as e — 0: Spectrum of A

e 1
— 141 — 1 hg g = ATy

Py 1P+ 2y 111 = ASug 81)
Py =13 =131 =0

2 4™ —ap® A -y =0, i=1,3 (82)




limit as e — 0: Spectrum of A

o
— 111 — f71¢’3,1 = A%ty
Py 1P+ 2y 111 = ASug 81)
1 =g =31 =0

2)

2 4™ —ap® A -y =0, i=1,3 (82)

@ Introducing the corresponding characteristic equation e2X8 + Ae?X* — AX2 — A(A — r=2) = 0, we
have to solve the third order polynomial

A A
p(m):m3+>\m27 —m- —Z(Afr_z), m= x> (83)
[ €
If A > r—2 three real roots: Ri(X\) < Ro(X) < 0 < Rz(A)
—(A+ Rz(X A 0 A
A0, A = —OE RN EVE ) 290 eos (1) - 2 (®4)
2 3 3
with
-2 N A 22 —2
p=— — — <0, g=——5(2\%" — 18X +27r"°)
€2 3 27¢2
(85)
p\3/2 —q o 4!
p:(——) s O:arccos( ) A=A+ R3(N) + >0
3 2p R3(X)




limit as e — 0: Spectrum of A

o
— 111 — f71¢’3,1 = A%ty
Py 1P+ 2y 111 = ASug 81)
1 =g =31 =0

2)

2 4™ —ap® A -y =0, i=1,3 (82)

@ Introducing the corresponding characteristic equation e2X8 + Ae?X* — AX2 — A(A — r=2) = 0, we
have to solve the third order polynomial

A 2

3 2 A - 2
p(m) =m +>\m7—2m7—2(>\7r ), m=X (83)
[ €
If A > r—2 three real roots: Ri(N\) < Ra(X) < 0 < Rz(N)
—(X + Rz(\ VA 0 A
A0, A = —OE RN EVE ) 290 eos (1) - 2 (e4)
2 3 3
with
RS A 2 2 —2
p=— —— <0, g=——=(2\%° — 18X +27r" %)
€2 3 27¢2
(85)
p\3/2 -q o 4!
p= (——) s G:arccos(—), A= (XA+R3(N) + >0
3 2p R3(X)
@ Moreover, with respect to €, we have
Va2 X o2
Rf(\)= —— — — +0(g), R3(A\)=— — — +O(e),
T == = 40, AN = -+ 0) )

RE(N) = —(A — r2) + O(c?)




limit as e — 0: Spectrum of A

(] rn(A) = /—Ri(A), (X)) = /—Rz(X) and r3(\) = y/R3(N), there exists A;, B € R, i =1,...,6s0
that
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limit as e — 0: Spectrum of A

(] rn(A) = /—Ri(A), (X)) = /—Rz(X) and r3(\) = y/R3(N), there exists A;, B € R, i =1,...,6s0

that
o
n(A)2 = A ()2 -2 (V)24

Ky = ) = ) =
1 r=1r () 2 r=1r()\) s r=1r3(\)

(87)
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limit as e — 0: Spectrum of A

(] rn(A) = /—Ri(A), (X)) = /—Rz(X) and r3(\) = y/R3(N), there exists A;, B € R, i =1,...,6s0
that

o
n(A)2 = A ()2 -2 (V)24
Tty 2= r=1rp(\) 3= r=1r3(\)

(1/)1 (5)) — A < Cés(f1(A)f)> A < Sin(’1(>\)€)> A ( Cés(fz()\)i)>
¥3(8) Ky sin(rq(X)€) —Kj cos(ry(\)€) Kz sin(ra(X)€)

sin(r2(2)€) €3V e 3(NE ®9
+Ay + As + A
—Ka cos(rz(A)€) —Kye3NE Ky~ B(NE

(87)
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limit as e — 0: Spectrum of A

(] rn(A) = /—Ri(A), (X)) = /—Rz(X) and r3(\) = y/R3(N), there exists A;, B € R, i =1,...,6s0

that
o
n(A)? = A (V)2 = A (V) + 2
=1\ 2= r=1rp(\) 3= r=1r3(\)

(1/)1 (5)) — A < Cés(f1(A)€)> A < Sin(’1(>\)€)> A ( Cés(fz()\)i)>
¥3(8) Ky sin(rq(X)€) —Kj cos(ry(\)€) Kz sin(ra(X)€)

sin(r2(2)€) €3V e 3(NE ®9
+Ay + As + A
—Ka cos(rz(A)€) —Kye3NE Ky~ B(NE

@ Taking into account the 6 boundary conditions, we get that A< solves the eigenvalue problem if

Ky = (87)

det(D®(\)) =0 (89)
with
1 0 1 0 1 1
cos(ry(A)) sin(ry (\)) cos(ra())) sin(ra(\)) e3(Y) e=3(N)
D (\) = 0 —K 0 —K> —K3 Ky
- Kysin(n(A))  —Kjcos(rn(}))  Kosin(a(\)  —Kpcos(ra(r)) — —KaeB(M) Kye~3(})
Kiri(X) 0 Kara(X) 0 —Karz(X) —Karz(XA)
Kirpcos(ri(A))  Kirpsin(r(A))  Koracos(ia(M))  raKosin(a())) —Karme3)  —Kzrme3(Y)
(90)
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limit as e — 0: Spectrum of A

The adjoint time dependent solution may then be expended as follows :

d(E )= > (akcos( Gt + sin( A;r))u;(g,,\k), A = {7 > r2 det(D(A®)) = 0}

by
AfENT V Ak

(91)




limit as e — 0: Spectrum of A

The adjoint time dependent solution may then be expended as follows :

d(E )= > (akcos( Gt + sin( A;r))u;(g,,\k), A = {7 > r2 det(D(A®)) = 0}

by
AfENT V Ak

For A = r—2 + (k)2 € o(An),

(91)

det(D° (M\g)) = O(ve) — Mg = A, + O(e®), forsome o > 0 (92)

and

sin(r2(Xg)) = O(V/) (93)




limit as e — 0: Spectrum of A

The adjoint time dependent solution may then be expended as follows :

d(E )= > (akcos( Gt + sin( A;r))u;(g,,\k), A = {7 > r2 det(D(A®)) = 0}

by
AfENT V Ak

For A = r—2 + (k)2 € o(An),

(91)

det(D° (M\g)) = O(ve) — Mg = A, + O(e®), forsome o > 0 (92)

and

sin(r2(Xg)) = O(V/) (93)
BUT

o(A%) » o(Ay) as e — 0 (94)




limit as ¢ — 0: Densification of o(A®)

Figure: det(b(x=)) and sin(ry(A%))- A > r=2-c = 1072,10~4,1078, 108 - r~1 = 1

”mg o(A%) =R (convex hull of oess(Ap)) (95)
€—
The roots of sin(r>(A¢)) converge to Ay = r—2 + (kx)2 € o(Ap). The spurious eigenvalues are related to

sin(ry (A%)) ~ sin(#),

ya

7Sanchez-Hubert, Sanchez-Palencia, Coques elastiques minces: Propriétés asymptotique, 1997.
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A €o(A),A° >r 2 =0t Uo™™ (96)

with

oSt = {25 > riz,AEwi = Npvp, A\ — 24 (k‘/r)2 € cr(AM),'t,ZJE’Jr — Vg in H},

= Agp T, Ak — Ok & o(Am), vy

(97)

o5 T = {Af > R ATy — 0in H}
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¢ — 0 - Spectrum of A

A €o(A),A° >r 2 =0t Uo™™ (96)
with

oSt = {25 > riz,Aswi = Npvp, A\ — 24 (k‘/r)2 € cr(AM),'t,ZJE’Jr — Vg in H},

(97)
0T = {AF > T2 ATYE T = ATWE T Af — 8k & o(Am), ¥ T — 0in H}
|
" <¢1 (&)) — A ( C(?S(f1(>\)€)> + A ( 5i”(’1(/\)§)> A < C?S(fz(k)§)>
¥3(€) Ky sin(ry (A)€) — Ky cos(r1(X)€) Ko sin(ra(A)€)
sin(ra(2)€) 3N e~ 3(NE ©9
+Ay + As + Ag
—Kp cos(ra(N)€) ,Ksefs(k)ﬁ Kseff:;(k)f
we take A4 = 1 and solve
D) (A1, Ap, Ag, 1, A5, Ag)| =0 (99)

leading to

A5 A5, A, A5 = O(e%/2), AS =0(e™V/VE) AS =073 (100)




¢ — 0 - Spectrum of A

A €a(AS), A > 2 =0T UoS ™ (96)
with
ot = {AF > T8 AT = AfuE, Ap — 12+ (km)? € o(Aw), vt = v in HY, o
97
o5 T = A > R ATYS T = AFYD T A — Ok € o(Am), ¥p T — 0in H}
In
<w1 (&)) o ( ccfsm(x)s)) . A2< sin(n(A)&)) ” < cgs(rz(m))
¥3(8) Kq sin(ry(X)§) —Kj cos(ry(N)§) K sin(rz(X)€)
sin(ra(2)€) 3N e~ 3(NE ©9
+Ay ( ) + As + Ag
—Kjp cos(ra(N)€) —Kye3NE Kye~3(NE
we take A4 = 1 and solve
D(A*)(Ar, Az, Ag, 1, As, Ag)| =0 (99)
leading to
A5 A5, A, A5 = O(e%/2), AS =0(e™V/VE) AS =073 (100)
b
@60 = X (accos(v/Akt) + = sin(v/x) ) (€ ) (101)
AgEae T vV Ak

We note V& the space corresponding to the part o>+




0 - Uniform observability in V=T from & =

1,100, )= > (akcos( Aft) +

by
€
Afeost \V Ak

sin( Aﬁt)) If kA2 k + o+ A5 k3 k — As k3] (102)

b
$3,11(0,)= > <akcos( AL+ K

ki €oc:t V )‘i
Applying Ingham on ¢4 1(0, t) and on ¢3 11(0, t) plus tedious computations, we get that

Foranye > 0, there exista T*** and C; > 0 independent of €, such that for any T > T***(r—"), the following
inequality holds :

) 2 2 2 2
sin( Aﬁf)) (K1 (rf k) A kH(r5 k) Ka+A5 K3 (15 k)" +AG kKa(r3 )]

(103)

.
CIE*(0,9) < /0 (@5 1 + 263 11)(0, D, (104)

where ¢ is the solution of the adjoint system with initial condition
BE,0) = D &€, Af) € Hy(w) x H(w),
Afe€os:t

€0 = S b, M) € P(w) x LP(w)

€ £,+
AkEo

(105)
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€ — 0 - Numerical experiments in V&*

@ A priori, IMPOSSIBLE, because we don’'t know explicitely
Vet
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€ — 0 - Numerical experiments in V&*

@ A priori, IMPOSSIBLE, because we don’'t know explicitely
V€,+

@ A way is to compute the first N A\; € o= and
corresponding 1} (duable but not straightforward due to
the densification)
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e — 0 - Numerical experiments in V&

c

@ A priori, IMPOSSIBLE, because we don’'t know explicitely
V€,+

@ A way is to compute the first N A\; € o= and
corresponding 1} (duable but not straightforward due to

the densification)

@ However, the approximate controllability is very likely
possible because the spurious modes converge to zero

with €.
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What about the 2-D case ? ¢ = 0 - Cylindrical shell

w = (0, 1)2, (&1, &2) € w - Two controls y,, = v, for the three components y = (y1, y2, ¥3)-

111 —1 1212 1212 | 1122
—a W troya)—as e — (@t +a Ty A 5
1212 2022 2011 | 1212 2211 1 . _
Auy = | —a““yo 11 —a o — (@ +a Y 2—ar s | Am= (B* aﬂnr,gI) .
—1, 1111 1 2211
re(@ (natrye)+at ye2)
(106)
8u(X + 4
Ao geee B e et A e, (107)
A+2u A+ 2u

@ KerAy = {¢ € V = Hj(w) x H}(w) x LP(w), ¢1,1+7 "3 = 0,05 =0, ¢4 2+ ¢p 1 =0} = {0}
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What about the 2-D case ? ¢ = 0 - Cylindrical shell

w = (0, 1)2, (&1, &2) € w - Two controls y,, = v, for the three components y = (y1, y2, ¥3)-

111 —1 1212 1212 | 1122
—a W troya)—as e — (@t +a Ty A 5
1212 2022 2011 | 1212 2211 1 . _
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—1, 1111 1 2211
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@ soss(Ay) = [0, m;%i“)“r*] = () = Non uniform controllability in (L?(w))3 x Vv’

@ 2", 2 ¢ 5(Ay)\cess(An) corresponding to (0, 0, 1)




What about the 2-D case ? ¢ = 0 - Cylindrical shell

w = (0, 1)2, (&1, &2) € w - Two controls y,, = v, for the three components y = (y1, y2, ¥3)-

111 —1 1212 1212, 1122
—a W troya)—as e — (@t +a Ty A 5
1212 2222 2211 1212 2211 —1 . —
Auy = | —a““yo 11 —a o — (@ +a Y 2—ar s | Am= (B* aﬂnr,gI) .
—1, 1111 —1 2211
re(@ (natrye)+at ye2)
(106)
8u(X + 4N
Ao geee B e et A e, (107)
A+2u A+ 2u
Q@ KerAy = {¢ € V = Hj(w) x Hj(w) x L3(w), é1,1+1 'b3 = 0, ¢22 = 0, ¢1 o+ 2,1 = 0} = {0}
@ soss(Am) = [0, mi%i")“rz] # ( = Non uniform controllability in (L2(w))® x V’
@ 2", 2 ¢ 5(Ay)\cess(An) corresponding to (0, 0, 1)
@ ) co(Ay)st X # a2 ulfills

r—2
(A+ sz B8 ) (@1 02) = Alor.62). (91.02) € H(w) x H)(w) (108




On explicit example for the 2-D

Work in progress by Karine Mauffrey (PhD, Besancon).

Q=(0,1)?
"’ = Au+ av, Qx (0, 7),
"o _ _
V' = —auyx — av, Q x (0,7), (109)
u=f, o2 x (0, T),
+ Initial conditions
1
Mg = 5 (07 + P)n? 4 at (2 + @)n — a2 + 4a2pin? (110)
+
20\ g — ) . X 2aprm )
e (x.y) = (+ sin(prx) sin(qr ), — e cos(p7X) sm(qu))
q— 3?2+ a?p?n? (Ap.q — @2 + a?p?72

(111)

cess = [a— o, 4] (112)




THE END

Thank you for your attention

Once again, many thanks to Florence, Franck, Jérome, Michel
and Patricia.
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