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Université de Versailles Saint-Quentin,

45 avenue des Etats Unis, 78035 Versailles Cedex, France
jppuel@math.uvsq.fr

Work in collaboration with Oleg Yu. Imanuvilov and Masahiro Yamamoto

CIRM February 2009

Jean-Pierre Puel Carleman Estimates for Nonhomogeneous Parabolic Problems



Introduction. Statement of the results Application to the Stokes system Idea of the proof

Outline

1 Introduction. Statement of the results
Stokes system
Elliptic case
Parabolic case

2 Application to the Stokes system
Formulation vorticity-velocity
Result for the Stokes system

3 Idea of the proof
Localization in space
Localization in time
Main problem

Jean-Pierre Puel Carleman Estimates for Nonhomogeneous Parabolic Problems



Introduction. Statement of the results Application to the Stokes system Idea of the proofStokes system Elliptic case Parabolic case

Stokes system

The main goal is to obtain in a more direct way a global Carleman
estmate for the Stokes system

∂y

∂t
−∆y +∇p = f in Ω× (0,T ),

div y = 0 in Ω× (0,T ),

y = 0 on Γ× (0,T ),

y(0) = y0.
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Nonhomogeneous elliptic problems

Previous work (Imanuvilov-Puel, IMRN 2003) on nonhomogeneous
elliptic problems.

−∆y = f0 +
N∑

i=0

∂fi
∂xi

in Ω,

y = g on Γ,

with f0, fi ∈ L2(Ω), and g ∈ H
1
2 (Γ).

We take ω a non empty open subset of Ω and weights ψ and β
such that

ψ ∈ C 2(Ω̄), ψ > 0 in Ω, ψ = 0 on Γ.

|∇ψ| ≥ c0 > 0 in Ω \ ω̄.

β = eλψ.
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We obtain the following estimate

Theorem

There exists s0 > 0, λ0 > 0 and a constant C such that for every
s ≥ s0 for every λ ≥ λ0∫

Ω
e2sβ|∇y |2dx + s2λ2

∫
Ω
β2e2sβ|y |2dx ≤

C (s
1
2 e2s ||g ||2

H
1
2 (Γ)

+
1

sλ2

∫
Ω

e2sβ

β
|f0|2dx +

N∑
i=1

s

∫
Ω
βe2sβ|fi |2dx

+s2λ2

∫
ω
β2e2sβ|y |2dx).
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Result for parabolic equations

Now we consider a general parabolic equation

Ly =
∂y

∂t
−∆y + (l.o.t.) = f0 +

N∑
j=1

∂fj
∂xj

in Q = Ω× (0,T ),

y = g on Γ× (0,T ),

y0 = y0

where f0, fj ∈ L2(Ω× (0,T )) and

g ∈ H
1
4
, 1

2 (Γ× (0,T )) = H
1
4
, 1

2 (Σ). (y0 is not important).
In order to give the result we need to define the correct weights. If
l(t) = t(T − t) we define for k ≥ 2

ϕ(x , t) =
eλψ(x)

lk(t)

and

α(x , t) =
eλψ(x) − e2λ|ψ|∞

lk(t)
.
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Theorem

There exists λ̂ such that for every λ ≥ λ̂, there exists C > 0 and
there exists s0(λ) such that for every s ≥ s0(λ), if
y ∈ L2(0,T ; H1(Ω)) with ∂y

∂t ∈ L2(0,T ; H−1(Ω)) is solution of the
parabolic problem, we have

1

s

∫
Q

1

ϕ
e2sα|∇y |2dxdt + s

∫
Q
ϕe2sα|y |2dxdt ≤

C (s−
1
2 ||ϕ−

1
4 esαg ||2

H
1
4 ,

1
2 (Σ)

+ s−
1
2 |ϕ−

1
4

+ 1
k esαg |2L2(Σ)

+
1

s2

∫
Q

e2sα

ϕ2
|f0|2dxdt +

N∑
j=1

∫
Q

e2sα|fj |2dxdt

+s

∫
Qω

ϕe2sα|y |2dxdt),

where Qω = ω × (0,T ).
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Stokes system written in vorticity velocity

Usual functional spaces for the Stokes system

H = {v ∈ (L2(Ω))N ,div v = 0, (v .ν)/Γ = 0}

V = {v ∈ (H1
0 (Ω))N , div v = 0}.

For f ∈ L2(0,T ; (L2(Ω))N) and y0 ∈ V let y be the solution of the
Stokes system

∂y

∂t
−∆y +∇p = f in Ω× (0,T ),

div y = 0 in Ω× (0,T ),

y = 0 on Γ× (0,T ),

y(0) = y0.

Then y ∈ L2(0,T ; (H2(Ω))N ∩ V , ∂y
∂t ∈ L2(0,T ; (L2(Ω))N) and

p ∈ L2(0,T ; H1(Ω)).
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Defining w = curl y , we have as div y = 0

∂w

∂t
−∆w = curl f in Ω× (0,T ),

∆y(t) = curl w(t) in Ω, a.e. in t ∈ (0,T ),

y(t) = 0 on Γ, a.e. in t ∈ (0,T ).

Apply successively the parabolic estimate for w with parameter s,
then the elliptic estimate for y with parameter s

lk (t)
. We notice

that

β = eλψ, ϕ =
β

lk(t)
,

α =
β − e2λ|ψ|L∞

lk(t)
=

β

lk(t)
− C (t).
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Parabolic estimate :

1

s

∫
Q

e2sα

ϕ
|∇w |2dxdt + s

∫
Q
ϕe2sα|w |2dxdt ≤

C (s−
1
2 ||ϕ−

1
4 esαw ||2

H
1
4 ,

1
2 (Σ)

+ s−
1
2 |ϕ−

1
4

+ 1
k esαw |2L2(Σ)

+

∫
Q

e2sα|f |2dxdt + s

∫
Qω

ϕe2sα|w |2dxdt).

On the boundary, as y = 0 we have

|w | ∼ |∂y

∂ν
|.
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Elliptic estimate : for a.e. t ∈ (0,T ) ,

s2

l2k(t)
λ2

∫
Ω
β2e2sα|y |2dx ≤

C (
s

lk(t)

∫
Ω
βe2sα|w |2dx +

s2

l2k(t)
λ2

∫
ω
ϕ2e2sα|y |2dx .

Now we fix λ and integrate in time to obtain

s2

∫
Q
ϕ2e2sα|y |2dxdt ≤

C (s

∫
Q
ϕe2sα|w |2dxdt + s2

∫
Qω

ϕ2e2sα|y |2dxdt).
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Combining the estimates on w and on y we obtain

1

s

∫
Q

e2sα

ϕ
|∇w |2dxdt + s

∫
Q
ϕe2sα|w |2dxdt + s2

∫
Q
ϕ2e2sα|y |2dxdt

≤ C (s−
1
2 ||ϕ−

1
4 esα∂y

∂ν
||2

H
1
4 ,

1
2 (Σ)

+ s−
1
2 |ϕ−

1
4

+ 1
k esα∂y

∂ν
|2L2(Σ)

+

∫
Q

e2sα|f |2dxdt + s

∫
Qω

ϕe2sα|w |2dxdt + s2

∫
Qω

ϕ2e2sα|y |2dxdt).

We need to estimate the first two terms in the right hand side by a
regularity argument.

α̂(t) = α(t)/Γ =
1− e2λ|ψ|∞

lk(t)
.
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Define
(u, q) = l(t)(yesα̂(t), pesα̂(t)).

We have

∂u

∂t
−∆u +∇q = l(t)esα̂(t)f + sα̂′(t)u + l ′(t)esα̂(t)y in Q,

div u = 0 in Q,

u = 0 on Σ,

u(0) = 0 in Ω.

By regularity on Stokes equation we have

||u||2H1,2(Q) ≤ C (|l(t)esα̂(t)f |2L2(Q)+s2| l ′(t)

lk+1(t)
u|2L2(Q)+|l ′(t)esα̂(t)y |2L2(Q)).
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As l ′(t) is bounded, ϕ ∼ 1
lk (t)

and α̂ ≤ α, we obtain

||u||2H1,2(Q) ≤ C (|esαf |2L2(Q) + s2|ϕesαy |2L2(Q)).

On the other we can show that

||∂u

∂ν
||2

H
1
4 ,

1
2 (Σ)
≤ C ||u||2H1,2(Q)

so that, as
∂u

∂ν
= l(t)esα̂(t)∂y

∂ν
∼ ϕ−

1
k esα̂∂y

∂ν
,

we have

s−
1
2 ||ϕ−

1
k esα̂∂y

∂ν
||2

H
1
4 ,

1
2 (Σ)
≤ C (s−

1
2 |esαf |2L2(Q) + s

3
2 |ϕesαy |2L2(Q)).
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Now we have, taking
k = 8

s−
1
2 ||ϕ−

1
4 esα∂y

∂ν
||2

H
1
4 ,

1
2 (Σ)

+ s−
1
2 |ϕ−

1
4

+ 1
k esα∂y

∂ν
|2L2(Σ) ≤

Cs−
1
2 ||ϕ−

1
8 esα̂∂y

∂ν
||2

H
1
4 ,

1
2 (Σ)
≤

C (s−
1
2 |esαf |2L2(Q) + s

3
2 |ϕesαy |2L2(Q)).
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Result for the Stokes system

Combining all these estimates, we obtain a Carleman estimate for
the Stokes system.

Theorem

Let T be positive and ω be a non empty open subset of Ω. There
exists s0 > 0 and a constant C > 0 such that if y is the solution of
the Stokes system with right hand side f ∈ L2(0,T ; L2(Ω)) and if
we write w = curl y, then we have

1

s

∫
Q

e2sα

ϕ
|∇w |2dxdt + s

∫
Q
ϕe2sα|w |2dxdt

+s2

∫
Q
ϕ2e2sα|y |2dxdt ≤ C (

∫
Q

e2sα|f |2dxdt)

+C (s2

∫
Qω

ϕ2e2sα|y |2dxdt + s

∫
Qω

ϕe2sα|w |2dxdt).
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Localization in space

Covering of Ω :

Ω ⊂ Ω0

I⋃
i=1

B(x̃ i , δ),

Ω0 ⊂ Ω, ω ⊂ Ω0, x̃ i ∈ Γ, B(x̃ i , δ) ∩ ω = ∅.

Corresponding partition of unity : (ei )
I
i=0.

yi = y .ei : solution of similar problem with compact support in
space in Ω0 or in B(x̃ i , δ).
Case i = 0 : Already done in Imanuvilov-Yamamoto.
Case i = 1, ..., I : We drop the index i . In B(x̃ , δ), we have
|∇ψ| 6= 0 and we can suppose | ∂ψ∂xN

| 6= 0.
New coordinates :

x̂N = ψ(x1, · · · , xN), x̂i = xi − x̃i , i = 1, · · · ,N − 1,

ŷ(t, x̂1, · · · , x̂N) = y(t, x1, · · · , xN).
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We now have with unambiguous notations (B ′ is a ball in RN−1) :

ϕ̂(x̂) = eλx̂N (new weight),

L̂ŷ =
∂ŷ

∂t
− ∂2ŷ

∂x̂2
N

−
N−1∑
j=1

aNj
∂2ŷ

∂x̂N∂x̂j
− Âŷ + l .o.t. = f̂0 +

N∑
j=1

∂ f̂j
∂x̂j

,

ŷ(t, x̂ ′, 0) = ĝ(t, x̂ ′, 0),

Suppŷ ⊂ (0,T )× B ′(0, δ)× [0, δ[,

Âŷ =
N−1∑
i ,j=1

âi ,j
∂2ŷ

∂x̂i∂x̂j
.

We drop the .̂ notation. We still have an ellipticity condition

∀ξ ∈ RN , ξ2
N +

N−1∑
j=1

aNjξNξj +
N∑

j ,k=1

ajkξjξk ≥ γ|ξ|2.
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Localization in time

Take ψ̃ ∈ C∞0 (] 1
2 , 2[) such that ∀s,

∑+∞
j=−∞ ψ̃(2−js) = 1. Define

µj(t) = ψ̃(
2−j

lk(t)
),

wj = µjw = µje
sαy .

Notice that on Supp(µj), we have 2−j−1 < lk(t) < 2−j+1. We
then write

L(t, x ,Dt ,Dx + is∇xα)wj = esαL(µj(t)y)

so that

L(t, x ,Dt ,Dx + is∇xα)wj =
∂µj

∂t
w + F in Supp(µj)× B ′(0, δ)×]0, δ[,

wj(t, x
′, 0) = µj(t)esαg ,

Supp(wj) ⊂ G = Supp(µj)× B ′(0, δ)× [0, δ[,

F = esαf0 −
N∑

j=1

s
∂α

∂xj
esαfj − s

∂α

∂t
w +

N∑
j=1

∂(esαfj)

∂xj
.
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Take tj ∈ Supp(µj) so that lk(tj) ∼ 2−j and define

β = αlk(tj), τ =
s

lk(tj)
.

We have

L(t, x ,Dt ,Dx +iτ∇xβ)wj =
∂µj

∂t
w+F in Supp(µj)×B ′(0, δ)×]0, δ[,

and it is enough to prove the following estimate : For τ ≥ τ0,

1

τ
|∇wj |2L2(G) + τ |wj |2L2(G) ≤ C (τ−

1
2 ||esαg ||2

H
1
4 ,

1
2 (Σ)

+τ−
1
2

+ 1
k |esαg |2L2(Σ) +

1

τ2
|
∂µj

∂t
w + esαf0|2L2(G) +

N∑
j=1

|esαfj |2L2(G)).

We drop the index j .
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Principal symbol of L :

L2(t, x , ξ, τ) = iξ0+(ξN+i
∂β

∂xN
)2+

N−1∑
j=1

aNj(ξN+i
∂β

∂xN
)ζj+

N−1∑
j ,k=1

ak,jζjζk

where
ζ = ξ + i∇xβ.

Roots in ξN :

ξN = −iτ
∂β

∂xN
−1

2

N−1∑
j=1

aNjζj±

√√√√√√√
1

4
(
N−1∑
j=1

aNjζj)
2 − (iξ0 +

N−1∑
j ,k=1

ajkζjζk)︸ ︷︷ ︸
Z

.
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Parabolic normalization

M(ξ′, τ) = (ξ2
0 +

N−1∑
j=1

ξ4
j + τ4)

1
4 .

-Regularization of the square root near M = 0
-Separation in two regions with corresponding partition of unity
χ0, χ1:

Region 0 : Neighborhood of {M = 1, Z ∈ R+}. Because of
ellipticity, near the boundary we must have τ ∼ 1 and
ξj ∼ 0, j = 0, · · · ,N − 1.

Region 1 : Outside this neighborhood with still M = 1.

Then extend χk as a C∞ function for M < 1 and for M > 1 by :

χk(ξ′, τ) = χk(
ξ0

M2
,
ξ1

M
, · · · , ξN−1

M
,
τ

M
)

wk = χk(D ′, τ)w .
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Factorization

We concentrate on w1 and drop the index 1.

r+ = τ
∂β

∂xN
− 1

2

N−1∑
j=1

aNjζj + i

√√√√1

4
(
N−1∑
j=1

aNjζj)2 − (iξ0 +
N−1∑
j ,k=1

ajkζjζk)

r− = τ
∂β

∂xN
−1

2

N−1∑
j=1

aNjζj−i

√√√√1

4
(
N−1∑
j=1

aNjζj)2 − (iξ0 +
N−1∑
j ,k=1

ajkζjζk).

We have
Re(r−) ≥ C .M, −Re(r+) ≥ C .M.

Corresponding operators : R+ and R−.

L+ =
∂

∂xN
− R+, L− =

∂

∂xN
− R−

Q =
1

2
(L+ + L+∗) = Q∗, P =

1

2
(L+ − L+∗) = −P∗.
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Lw = L−.L+ + Kw .

We write

L+w = z ,

L−z = F − Kw ,

z(t, x ′, δ) = 0.

L− is a“good” backward (in xN) operator. If

||y ||2
H

1
2 ,1,τ

= ||y ||2
H

1
2 ,1

+ τ2|y |2L2

and
H−

1
2
,−1,τ = (H

1
2
,1,τ )′

we have the first estimate (standard)

|z |2L2 ≤ C (||F ||2
H−

1
2 ,−1,τ

+ ||Kw ||2
H−

1
2 ,−1,τ

).
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Second estimate :

L+w = Qw + Pw = z

so that
|Qw |2L2 + |Pw |2L2 + 2Re(Qw ,Pw)L2 = |z |2L2

|Qw |2L2 +|Pw |2L2 +([Q,P]w ,w)L2−2Re(Q(t, x ′, 0)h, h)L2(RN) = |z |2L2

where h = w(t, x ′, 0) = esαg .
We have Re({Q,P} ≥ C .M if Q = 0 so that

|Qw |2L2 + |Pw |2L2 + ([Q,P]w ,w)L2 ≥ C ||w ||2
H

1
4 ,

1
2 ,τ
− C |w |2L2

-First case : Re(Q(t, x ′, 0)h, h)L2(RN) ≤ 0.
We see immediately that here we have

||w ||2
H

1
4 ,

1
2 ,τ
≤ |z |2L2 ≤ C (||F ||2

H−
1
2 ,−1,τ

+ ||Kw ||2
H−

1
2 ,−1,τ

).
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-Second case : Re(Q(t, x ′, 0)h, h)L2(RN) ≥ 0. We then have

(1 + τ)|h|2L2(RN ≤ C ||h||2
H

1
4 ,

1
2 (RN)

Then we can show that there exists a pair (p, v) satisfying

L+∗p = (1 + τ)w + v
√

1 + τ

∫
(|p|2 + m2

τ |v |2)dxdt +

∫
m2
τ |p(t, x ′, 0)|2dtdx ′ ≤

C (1 + τ)
3
2

∫
|w |2dtdx

where

mτ = 1 in Suppw , mτ =
1

(1 + τ)
outside.

This estimate is non standard but similar to what is done in the
elliptic case (Imanuvilov-Puel).
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Taking the scalar product with w we obtain (essentially)

(1 + τ)|w |2L2 = (w , L+∗p − v)L2 =

(L+w , p)L2 − (w , v)L2 + (h, p(0))L2(RN) =

(z , p)L2 − (w , v)L2 + (h, p(0))L2(RN) ≤

|z |L2 |p|L2 + |h|L2(RN)(1 + τ)
3
4 |w |L2 + |mτv |L2 |w |L2 ≤

C
√

(1 + τ)|w |L2(|z |L2 +
1

(1 + τ)
1
4

||h||
H

1
4 ,

1
2 (RN)

+ |w |L2)

so that√
(1 + τ)|w |L2 ≤ C (

1

(1 + τ)
1
4

||h||
H

1
4 ,

1
2 (RN)

+ ||F ||2
H−

1
2 ,−1,τ

+ |w |L2).

We end up with energy estimates for the problem in w and we have
to put together all the estimates we have in different regions to
obtain the desired Carleman estimate for the complete function w .
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