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Introduction. Statement of the results Stokes system Elliptic case Parabolic case

Stokes system

The main goal is to obtain in a more direct way a global Carleman
estmate for the Stokes system

%—Ay+Vp:finQ><(0,T),
divy =0in Q x (0, T),
y=0onT x(0,T),

¥(0) = yo.
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Introduction. Statement of the results Stokes system Elliptic case Parabolic case

Nonhomogeneous elliptic problems

Previous work (Imanuvilov-Puel, IMRN 2003) on nonhomogeneous
elliptic problems.

N of
_Ay:fo—I—Zoax'iin Q,
y=gonl,

with fy, £ € [2(Q), and g € H2(T).
We take w a non empty open subset of Q and weights ¢ and 3
such that

0 e C?Q),¢Y>0inQ ¢=0o0nT.
o |[V¢|>co>0in Q\w.
o B=¢e.
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Introduction. Statement of the results Stokes system Elliptic case Parabolic case

We obtain the following estimate

Theorem

There exists s > 0, A\g > 0 and a constant C such that for every
s > sy for every X > Ao

/e2sﬂ|Vy|2dx+52A2/ﬁ2e2sﬁ|y|2dxg
Q Q

st gl o+ oz [ rm2dx+z | seifiax

+52)\2 / 3228y |2dx).

v
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Introduction. Statement of the results Stokes system Elliptic case Parabolic case

Result for parabolic equations

Now we consider a general parabolic equation

dy
Ly = iy — Ay + (lo.t.) —fo—l—Z—an Qx (0, T),

y=8on rX(OaT)a
Yo = Yo
where fy, f; € L?( x (0, T)) and

g€ H%’%(I_ x(0,T)) = H%%(Z) (yo is not important).
In order to give the result we need to define the correct weights. If
I(t) = t(T — t) we define for k > 2

()
1(t)
() _ @22[$loo

1%(¢)
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o(x,t) =
and

a(x, t) =




Introduction. Statement of the results Stokes system Elliptic case Parabolic case

Theorem

There exists \ such that for every A > \, there exists C > 0 and
there exists so(\) such that for every s > sp(A), if

y € L2(0, T; HY(Q)) with % € L2(0, T; H=X(Q)) is solution of the
parabolic problem, we have

1 1
/ e25°‘|Vy\2dxdt+s/ S0e2soz,|y|2dxdt§
sJQ ¥ Q
C(s2llp4e g2y 5 gy + 2l Re™gl]

¥ g Hhi(s) 2 &l2(x)

+1 / e2Sa|f|2d dt+i/ e2sa|f|2d dt
— |- dx i< dx
2 /o @ ~Jq J

+s / pe?*|y[?dxdt),
Qu

where Q, = w x (0, T).
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Application to the Stol Formulation vorticity-velocity Result for the Stokes system

Stokes system written in vorticity velocity

Usual functional spaces for the Stokes system
H={ve (2(Q)", divy =0, (v.v)r =0}

V ={ve(HQ)", divv =0}

For f € L2(0, T; (L2(Q))V) and yp € V let y be the solution of the
Stokes system

%—ijLVp:fian(O,T),

divy =0in Q x (0, T),

y=0onT x(0,T),

y(0) = yo.
Then y € L2(0, T; (HA(Q)VN NV, ¥ € L2(0, T; (L3(R))V) and
p € L2(0, T; HY(Q)).
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Application to the Stol Formulation vorticity-velocity Result for the Stokes system

Defining w = curl y, we have as divy =0

%V:_Aw:curlfin Qx(0,T),

Ay(t) = curlw(t) in Q, a.e. int e (0,T),
y(t)=0onT, ae. inte(0,T).

Apply successively the parabolic estimate for w with parameter s,

then the elliptic estimate for y with parameter Wst) We notice

that 5
/8 € Y SO lk(t)’
ﬂ = ezMQMLOO /ﬁ

=Ty R W
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Application to the Stol

Formulation vorticity-velocity Result for the Stokes system

Parabolic estimate :

1 eZsa
/ |VW\2dth—|—s/ 0e®¥|w|?dxdt <
sJe ¥ Q

ClsHllptewll,y )

+/ e2sayf|2dxdt+s/ 0e®%|w|?dxdt).
Q Qu

On the boundary, as y = 0 we have

1 1,1
— 5, —a % oS, (2
+ s 2|§0 4T ke W|L2(Z)

wl~ 15>

ov'
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Application to the Stol Formulation vorticity-velocity Result for the Stokes system

Elliptic estimate : for a.e. t € (0, T),

2
s s
C 2sa 2d )\2/ 2 _2sa 2d )
(Ik(t)/Qﬁe |W‘ X+I2k(t) w@e |y| X
Now we fix A and integrate in time to obtain
52/ <p2e25°‘|y\2dxdt <
Q

C(s/ g0e2salw|2dxdt—|—s2/ ©?e®%|y|?dxdt).
Q

w
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Formulation vorticity-velocity Result for the Stokes system

Application to the Stol

Combining the estimates on w and on y we obtain

1 2sc
/ e|VW\2dxdt+s/ g0e25a|w|2dxdt+s2/ ©?e®%|y |2 dxdt
Q Q

s ¥
11,0y o “1 141 0y
< C(s72le 495&@ Hh i) s 2fpTaTke? |L2(Z)

—I-/ ezsalf|2dxdt+s/ <pe2sa|w|2dxdt—|—s2/ ©%e®|y|?dxdt).
Q Qu

w

We need to estimate the first two terms in the right hand side by a
regularity argument.
1 — e2MYloo
At =a(t))p= ————————
() = a(®)r = s
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Application to the Stol Formulation vorticity-velocity Result for the Stokes system

Define
(u, q) = I(t)(ye* ¥, pest(t)),
We have
Ou 58(2) N 1 o\ aSBA(E) -
E_vaq_l() f+s&(t)u+1'(t)e* Py in Q,
divu=0in Q,
u=0onX,
u(0) =0in Q.

By regularity on Stokes equation we have

s t s
lullfiagq) < CUII(t)e t)f|L2(Q)+52|Ik+(1() )U\L2(Q +HI'(£)e* Oy [T o).
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Application to the Stol Formulation vorticity-velocity Result for the Stokes system

As I'(t) is bounded, o ~ ﬁ and & < a, we obtain

||UHH12(Q) < C(‘esafhz Q) + s%|pe’ Y|L2(Q))

On the other we can show that

2 2
HiH %%(Z)S CHUHHL?(Q)
so that, as - ; 5
b a(t) OY _1 50y
2 (D)est 2L xS
Ov (e v ¥ € o’
we have
sl et P L < (5 H e g+ stlpey aggy).
HE» z(z) - [2(Q)
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Application to the Stol

Now we have, taking

sa y 2 ==
s72|jp7e HH”(Z) s 2|y
_1 _1 sa D)
CHlp et R,y <
C(s72[e™ fIf g + 52 le™y 22 g)):
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Formulation vorticity-velocity Result for the Stokes system

1 1 a
T eS¢ Y2

5,2 <



Application to the Stol Formulation vorticity-velocity Result for the Stokes system

Result for the Stokes system

Combining all these estimates, we obtain a Carleman estimate for
the Stokes system.

Theorem

Let T be positive and w be a non empty open subset of ). There
exists sp > 0 and a constant C > 0 such that if y is the solution of
the Stokes system with right hand side f € L?(0, T; L?(Q)) and if
we write w = curl y, then we have

1 e2sa
/ ]VW\zdxdt—i—s/ e |w|?dxdt
sJQ ¥ Q

+s2/ cp2e2s°‘]y\2dxdt < C(/ ezsa|f\2dxdt)
Q Q

+C(52/ <p2e2sa]y\2dxdt—|—s/ 0e®%|w|?dxdt).
Qu

w
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Localization in space Localization in time Main problem

Localization in space

Covering of €2 :
I
Qc Q| B(%,0),

il
QWCQ wcQ, ¥el, B(,8)Nw=0.

Corresponding partition of unity : (e,-),{:o.

y; = y.€; : solution of similar problem with compact support in
space in Qg or in B(X, ).

Case i = 0 : Already done in Imanuvilov-Yamamoto.

Case i =1,...,/ : We drop the index i. In B(%, ), we have
V1| # 0 and we can suppose |g71€’v| #0.

New coordinates :

x>

w(x].u”'7XN)7 )?I':Xf_)?l'a i:]-a"'aN_l)

N:
(t7)?17"' 7)?N) :y(taxla”' 7XN)'

<>
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Localization in space Localization in time Main problem

We now have with unambiguous notations (B’ is a ball in RV=1) :

(%) = eMV (new weight),
N—-1
A oy 0% 0%y
Ly = — — — Ay +lot. =k
TR T) Z_ N oRnax; T °+Z

y(t7%/70) = g( 7)?/70)7
Suppy C (0, T) x B'(0,4) x [0, 4],

N—1
An . 0%
A7 =D diiggar
ij=1 =

We drop the ~ notation. We still have an ellipticity condition

N—1 N
Ve e RN, &+ aneng + D augibk >l

Jj=1 Jj,k=1
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Localization in space Localization in time Main problem

Localization in time

Take ¢ € C§°(]3,2[) such that Vs, > +(277s) = 1. Define

j=—00
. 2=
pj(t) = 1/1(”7“))7
wj = pujw = pje*ty.
Notice that on Supp(u;), we have 271 < [K(t) < 277+ We
then write
L(£,, D, Dy + isVxa)w; = eL(1i(2)y)
so that
B
L(t,x, D¢, Dy + isVya)wj = v+ Fin Supp(u;) x B'(0,0)x]0,8

ot
Wj(t’X,a 0) = Mj(t)esagv
Supp(w;j) C G = Supp(u;) x B'(0,6) x [0,(5[,

N

N
s O saf 304
Feerhm) sh s +Z

5 a
axf
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Localization in space Localization in time Main problem

Take t; € Supp(u;) so that /X(t;) ~ 27/ and define

— A 1k(+. __S
B = al“(t), T_lk(tj)'

We have

8;@

L(t,x, D¢, Dy+iTV3)w; e

w+F in Supp(u;) = B'(0,6)x]0, 4],

and it is enough to prove the following estimate : For 7 > 7y,

1
|VWJ\L2 )+ 7l < €77 2||eso‘g||211
1 1
+T7§+F|esag‘%2( ’7W + esafbﬁz Z saf|L2

We drop the index j.
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Localization in space Localization in time Main problem

Principal symbol of L :

9B 12

La(t,x,€,7) = iGoH(Entig. ) +Z an §N+/ )<J+ Z 3k ik
Jj,k=1
where
Roots in &y :
98 1 N—1 g Nt N—1
Env = —iTM—E > aniGE Z(Z ani¢j)> — (igo+ Y awGice)-
j=1 j=1 k=1

V4
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Localization in space Localization in time Main problem

Parabolic normalization

N—1
1
M(E ) =(G+ > &+
j=1
-Regularization of the square root near M = 0
-Separation in two regions with corresponding partition of unity
X0, X1:

@ Region 0 : Neighborhood of {M =1, Z € Ry }. Because of
ellipticity, near the boundary we must have 7 ~ 1 and
§~0,j=0,--- ,N—1.

@ Region 1 : Outside this neighborhood with still M = 1.

Then extend xx as a C* function for M < 1 and for M > 1 by :

B & T
Xk(g,T)_Xk(szM’ M 7M)
wi = xk(D', T)w.
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Localization in space Localization in time Main problem

Factorization

We concentrate on wy and drop the index 1.

N—1
o 1 .
rt = Toxe 2 > anGti (Z an;¢j)? — (i + Z ajkGiCk)
4) =1 =l
o5 172 = N—1
rr=Ta > > ani¢i—i Z(Z ai)? — (iGo+ Y auGice)-
N2 j=1 jik=1
We have

Re(r7) > C.M, —Re(rt)> C.M.

Corresponding operators : R™ and R™.

0 0
[tT=— —RY, I”T=——R"
OXxN oxn
1 1
QZE(L++L+*): Q" PZE(L+—L+*):—P*
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Localization in space Localization in time Main problem

Lw=L".L" + Kw.
We write
LTw =z,
L~ z=F — Kw,
z(t,x',d8) = 0.

L~ is a“good” backward (in xp) operator. If
Iy g0, = lIVIEy o+ 72lyIE2

and ) .
H—E,—l,T _ (Hi’l’T)/

we have the first estimate (standard)

|27 < CUIFIE 3y, + 1Kl

-3 y— 1,7 72,717)'

Jean-Pierre Puel Carleman Estimates for Nonhomogeneous Parabolic Problems



Localization in space Localization in time Main problem

Second estimate :
LTw=Qw+ Pw =z
so that
’QW|%2 o |Pw|i2 + 2Re(Qw, Pw) ;2 = |z|i2
‘QW‘%2+‘PW|%2+([07 P]W7 W)L2_2Re(Q(t7X/70)h7 h)L2(RN) = ‘Z’%Q
where h = w(t, x’,0) = e*g.

We have Re({Q, P} > C.M if Q@ =0 so that

|QwlL + [Pw[fz + ([Q, Plw, w)i2 > Cllwl[2y 4 = ClwlE

-First case : Re(Q(t,x’,0)h, h)2gny < 0.
We see immediately that here we have

i

3957

< lzlie < CAUIFIE 3 o, + IKWIE 4 ).
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Localization in space Localization in time Main problem

-Second case : Re(Q(t,x’,0)h, h);2gny > 0. We then have

(1+7)lhlZzgw < CIIAII

H#:3 (RW)

Then we can show that there exists a pair (p, v) satisfying
LTp=(1+7)w+v
\/m/(|p]2 + m3|v]2)dxdt+/mf]p(t,x’,O)zdtdx' <

3 2
C(1+7)2 [ |w|dtdx

where

: 1 .
m; =1 in Suppw, m, = ——— outside.

(1+7)

This estimate is non standard but similar to what is done in the
elliptic case (Imanuvilov-Puel).
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Localization in space Localization in time Main problem

Taking the scalar product with w we obtain (essentially)

(I+7)|wlie = (w,LT*p—v)2 =
(L*w, p)i2 — (w, v) 2 + (h, p(0)) 2Ny =
(z,p)i2 — (w, v)2 + (h, p(0)) 2(rYy <

3
|2|12]ple2 + Al 2Ry (1 + T)“\W\B + [mrv|p2|wlp2 <

Cv (1 +71)|wlp2(|z]2 + a

)%th by T 1W122)

so that
1
V(L +7)|wlpe < C(mllhll 11 RN)+HF|IZ,%,,1,+IW\Lz)-

We end up with energy estimates for the problem in w and we have
to put together all the estimates we have in different regions to
obtain the desired Carleman estimate for the complete function w.
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