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Consider the linear infinite-dimensional system :
{ 2(t) = Az(t), te(0,7) Gt e (0.7)

where

e A= —A*:D(A) — X generates a C° group of isometries T
on a Hilbert space X

e C € L(X,Y) is a bounded observation operator.
If the pair (A, C) is exactly observable in time Tops, then

V. :xeXr— :C']TtXELz(O,T)

has a bounded left-inverse for 7 > 7,ps.

Problem

Find a practical and efficient way to compute the initial state x
from the observation y € RanV ., i.e. how to solve : V. x = y?




A theoretical answer
Use the observability Gramian : Q; =V V¥, = / T;C*CT,dt :
Jo
Q:x=Vly.
Since (A, C) is exactly observable, @, > 0 for 7 > 74ps.

ill-conditioned (regularization) + computationally costly

Kalman observers based methods
e D. AUROUX & J. BLUM : Data assimilation (2005-2008).
e K. PHUNG & X. ZHANG : Kirchhoff plates (SIAP, 2008).
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@ A one-shot solution

© An iterative algorithm

© Numerical illustrations

© Concluding comments



@ A one-shot solution
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v(0) =0.

v(t) = Av(t) — c*[cv(t) - y(t)],

Estimate the final state z(7) from the partial observation y(7).
Introduce the Kalman state observer
Then the error e = v — z satisfies

t € (0,7)
&(t) = Av(t) = C*[Cv(t) — Cz(1)] — Az(t) = (A~ C*C)e(t).

Since (A, C) is exactly observable, (A — C*C) generates an
exponentially stable C° semi-group on X :

Iv(7) = 2(7)[| < Me™7[|z(0)|| — O
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Main Assumptions
@ A*=—A, Ce€ L(X,Y) and (A, C) is exactly observable.

@ There exists a time reversal operator . € L (LQ([O,T]; X))
associated with the pair (A, C) i.e. satisfying

a2 =,

1A v)(O)]| = [Iv(7)ll, Vv e C([0,7]: X)
C*C(A,v) =A,(C*Cv), vv € C([0,7]; X)
i(ﬂ;ﬂ‘tzo) = —ﬂTitho, Vzg € X

dt dt

AR, T,z) = —A,(AT:z), Vzg € X
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Example 1 :
The wave equation with distributed observation on O C Q2

A l_g\o é] . Ag=-A+B.C. C [2] =20
| z(r—1)
(A,2)(1) = [;(T _ t)]

The above conditions are obviously satisfied. For instance

AR, Tez0) = A [ alr 1) ] - - [ 27~ 1) ] ,

—22(7' — t) A()Zl(T — t)

7(t) (T — t)
A (ATez) = A, l-AZZQ(t)] = [Aozzl(f - t)] '



A= iAoy

Cz=2zp

(A-2)(t) = z(T — t).
A(A;Tizp) = iAoz(T — t),

ﬂT(ATtZO) = HT(iAoz(t)) = —iAoz(T — t)
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A time reversed Kalman observer

Let

and set
e(t) = v(t) - (A,2)(t).

Then, thanks to the properties of 11, we easily get that
é(t) = (A— C*C)e(t).
Since (A, C) is exactly observable, we have
1)) = lle()| < Me=" (0}l
or equivalently
|(A-v)(0) — x| < Me™®"||x|| — O as T — 0.
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{ w(t) + Agw(t) + xow(t) + xow(r —t) =0,  te(0,7)
w(0) = w(0) = 0,

«O> «F>r «=)r « =) = o>
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‘The Schrédinger equation with distributed observation |
{ V(t) = iAov(t) — xov(t) + xov(r — 1),
v(0) =0,

X =

[ im v(T).

t € (0,7)

«0O> «Fr « =
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© An iterative algorithm
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Idea

Solve the equation
(q)TwT)X = q)’ry

where ¢, € L <L2([O,T]; Y),X) is chosen such that ¢,V € L(X)
is invertible.

For all £ € L2([0,7]; Y), let

v

{ V() = Av(t) + C*[Cv(t) = (:0)(1)],  te(0,7)
v(0) =0.

and set
o = (A:v)(0).

The one-shot method shows that

1= &V ][fx) < Me™™ — 0, as 7 — 00.
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Given T > Tops, there exists 0 < § < 1 such that
- ¢TWT||L(X) < é.
Moreover, if we define the sequence (sp)

{ S0 = q)‘ry?
then

Snt+1 = Sp — O, V. s, Vn > 0.
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Proof
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v O
xeX —— =CTx —— (A:v)(0) e X
where
{ v(t) = Av(t) - C*[Cv(t) = (R)(1)],  t€(0,7)
v(0) =0,

Setting e(t) = v(t) — (A, Tex)(t), we have once again
é(t) = (A— C*C)e(t).

Since (A, C) exactly observable in time 7,5, the semigroup S
generated by (A — C*C) satisfies ||S,|| < 1 for all 7 > 7yps.

1(A-e)(0)[| = lle(m)ll < dlle(0)l  (with 6 :=|[Sc]))
or equivalently

Ix — &, W x| <dllx|l,  VxeX.



The iterative algorithm follows from a Neumann series argument :
x =

(¢TUHJ_1(¢Ty)

1= =ov)] (@)
= Z Sn,
n=0

sn=(—o, V)" (d,y).
We also have the error estimate

N
[x =3 sal| < ™).

n=0
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If s, is known, the computation of 5,11 = s, — ®.V_s, requires to
solve successively 2 problems :

Conservative System

Vs, is obtained by solving on (0, 7) :

{ Zn(t) = Azn(1),

= V. s, = Cz, := yp,
zp(0) = s,

Damped System
e, V. s, = (A:v,)(0) is obtained by solving on (0, 7) :
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Obviously, the previous results still hold if we use a Kalman
observer with gain ~ :
{ v(t) = Av(t) — 7 C* [ Cv(t) - (31,7)(1)],
v(0) = 0.

t € (0,7),
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© Numerical illustrations
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0

Ol;servatilon 1
Region

w(x,t) — w’(x,t) =0,
)

x €(0,1), t €(0,7),
w(0, t

=w(l,t) =0, te(0,7),

) = WO(X)7 X € (07 1)7
w(x,0) = wy(x), x € (0,1),

y(x,t) =w(xt),  xe(1/3,2/3), t€(0,7).
We use a centered finite difference scheme with At/Ax = 0.5.
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01 02

03

04 05 08

07

wo(x) = x(1 — x) sin(57x)
Real and Estimated wy after 6 iterations, for 7 = 37,
Relative error less then 1.5%

(200 points of discretization)
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Real and Estimated w1
o

s
o 0.1

wi(x) = sin(37x)

Real and Estimated w; after 6 iterations, for 7 = 374
Relative error less then 1.5%

(200 points of discretization and At/h = 0.5)
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Real and Estimated w0

Influence of 7

Real Data
~ - - Estimated Data

Real and Estimated w1

—— Real Data
~ — - Estimated Data

Real and Estimated Initial Data after 100 iterations, for 7 = 7gps.
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Noisy Data (5% of noise)

Real Data
— — ~ Estimated Data

Real and Estimated w0

0.1 0.2 03 04 05 06 07 08 09

wo(x) = x(1 — x) sin(57x)
Real and Estimated wy after 6 iterations, for 7 = 37ps
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Noisy Data (5% of noise)

<
— Real Data

08 ~ — -~ Estimated Data

0.6

0.4

Real and Estimated w1
o

L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

wi (x) = sin(37x)
Real and Estimated w; after 6 iterations, for 7 = 37,ps.
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Non Smooth Data

Real Data
— — ~ Estimated Data
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X

Real and Estimated wq after 15 iterations, for 7 = 37ps
Relative error less then 2%
(200 points of discretization and At/h = 0.5)
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Influence of the gain coefficient
on the speed of convergence
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Observation
Region

w®(x) = 4x(1 — x)sin(57y)
wh(x) = 16x(1 — x)y(1 — y)

(O < Fr <=
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2D wave equation

Real 0 Estimated u0
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Real and Estimated wy after 9 iterations (7 = 37,0ps, 7 = 20).
Relative error less then 1%.
(50 points of discretization in x and y and At/h = 0.5)
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0 OI;servatilon 1
Region
z(x,t) 4+ i2"(x,t) =0, x €(0,1), t €(0,7),
z(0,t) = z(1,t) = 0, t € (0,7),
Z(X,O) = 70(x), X € (05 1)’

y(x,t) = z(x, t), x €(1/3,2/3), t € (0,7).
We use a Crank-Nicolson finite difference scheme.
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Real and Estimated data

Re(20)

Re(20)
~ -~ - Estimated Re(z0)

Reconstruction de Im(z0)

Real and Estimated data

—— Im(z0)
~ - ~ Estimated Im(z0)

01 02 03 0& 05 06 07 08 09 1

Real and Estimated zy after 1 iteration for 7 = 0.2, for v = 100.
Relative error less then 1%.
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Influence of the gain coefficient on the error

log10(Relative Error)
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© Concluding comments
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Concluding comments

@ ®_ can be seen as a preconditioner for V... The equation
&, W, x = &y can then be solved using a GMRES algorithm.

@ Our method can be extended to the more technical case of
unbounded observation operators C (boundary observation)
and/or non skew-adjoint generators A (work in progress with
M. TucsNAK AND G. WEISS).

@ The method can be coupled to a solver of Volterra equations
to solve inverse source problems (see ALVEZ, SILVESTRE,
TAKAHASHI AND TUcsNAK, SICON, 2009).
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