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|. Introduction

In 1921, Timoshenko gave the following system of coupled hyperbolic
equations
pus = (K(ux — @))x (1)
lope = (Elg,)x + K(ux — @)
in (0, L) x (0,400) where

@ t denotes the time
variable
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|. Introduction

In 1921, Timoshenko gave the following system of coupled hyperbolic
equations
pus = (K(ux — @))x (1)
lope = (Elg,)x + K(ux — @)
in (0, L) x (0,400) where

@ ¢ is the rotation angle of

o t denotes the time the filament of the beam.

variable @ The coefficients p, ,, are
the density and the polar
moment of inertia of a
cross section,

@ x is the space variable
along a beam of length L,
in its equilibrium
configuration @ £,/ and K are

respectively ;Young's

modulus, the moment of
inertia, and the shear

@ u is the transverse
displacement of the beam
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An important issue of research is to look for a minimum dissipation by
which solutions of system (1) decay uniformly to the stable state as time
goes to infinity. In this regards, several types of dissipative mechanisms
have been introduced

@ Frictional damping u; or ¢, or both.
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An important issue of research is to look for a minimum dissipation by
which solutions of system (1) decay uniformly to the stable state as time
goes to infinity. In this regards, several types of dissipative mechanisms
have been introduced

@ Frictional damping u; or ¢, or both.
@ Boundary damping

° memory damping fotg(t —s)¢,, (s)ds or history damping
fO q)xx S, )dS
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Kim and Renardy considered (1) together with two boundary
control of the form

Ju ou

Ke(L, t) —K—aX(L, t) = lx—at(L, t), Vt>0
¢ 0
_r — _R_L >
EIaX(L, t) ‘Bat(L' t), Vt>0

and used the multiplier techniques to establish an exponential decay
result for the natural functional energy of (1).
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e Kim and Renardy considered (1) together with two boundary
control of the form

Kq)(L, t) — K—aX(Lv t) = (Xiat (L, t), YVt >0
aq; _ i >
E/—aX(L, t) = ‘Bat (L, t), vVt >0

and used the multiplier techniques to establish an exponential decay
result for the natural functional energy of (1).

e Raposo , Ferreira , Santos , and Castro, studied (1) with
homogeneous Dirichlet boundary conditions and two linear frictional
dampings. Precisely, they looked into the following system

P Utt — K(UX — qD)X +u = 0,
0294 = b + K(ux —9) + ¢, =0, ()
u(0,L) =u(L,t) =¢(0,t) = ¢(L, t) =0,
in (0, L) x (0,400), and proved that the energy associated with (2)
decays exponentially.
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Soufyane and Wehbe showed that it is possible to stabilize uniformly (1)
by using a unique locally distributed feedback. So, they considered

pure = (K(ux — @))x,
bo®ye = (Elp,)x + K(ux — @) — b, (3)
u(0,t) = u(L,t) = @(0,t) = @(L, t) =0,

in (0,L) x (0, 4+00) where b is a positive and continuous function, which

satisfies
b(X) > by > 0, Vx € [30,31] C [0, L].

In fact, they proved that the uniform stability of (3) holds if and only if
the wave speeds are equal
G-%)
Y lo

otherwise only the asymptotic stability has been proved.
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Ammar-Khodja., Benabdallah , Muiioz Rivera . and Racke ,
considered a linear Timoshenko-type system with memory of the form

P19 — Klgy + ¢)x =0
P — b + [o g(t—s)p, (s)ds + K(p, + 1) =0

in (0, L) x (0, +00), together with homogeneous boundary conditions.
They used the multiplier techniques and proved that the system is
uniformly stable if and only if the wave speeds are equal

P P
and g decays uniformly. Precisely, they proved an exponential decay if g
decays in an exponential rate and polynomially if g decays in a

polynomial rate. They also required some extra technical conditions on
both g’ and g”’ to obtain their result.

(4)
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For Timenshinko systems in classical thermoelasticity, Rivera and Racke
considered
P19 — (@, P)x =0
p21ibtt_ bll”xx—’_k(qpx—}_lp)—’_r)/gx =0 (5)
P30t — kO + 7P, =0

in (0,00) x (0, L) where ¢, ¢,and 6 are functions of (x, t) which
model the transverse displacement of the beam, the rotation angle of the
filament, and the difference temperature respectively. Under appropriate
conditions of 0, p;, b, k, 7y, they proved several exponential decay results
for the linearized system and non exponential stability result for the case of
different wave speeds.
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Recently, Rivera and Fernandez Sare , concedered Timoshenko type
system with past history acting only in one equation. More precisely they
looked into the following problem

plgott_K(q)x+¢02X:0 - (6)
p2ll)tt - bll)xx + fo g<t)lpxx<t -5 )dS + K(QDX + lP) =0

They showed that the dissipation given by the history term is strong
enough to stabilize the system exponentially if and only if the wave speeds
are equal. They also, proved that the solution decays polynomially for the
case of different wave speeds.
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In the system

P10 — (@ P)x =0
p21‘l)tt - blpxx+k(¢x+lp) +,)/9X =0
p39t — kO + VP =0

in (0,00) x (0, L) the heat flux is given by Fourier’s law. As a result, this
theory predicts an infinite speed of heat propagation. That is any thermal
disturbance at one point has an instantaneous effect elsewhere in the body.
Experiments showed that heat conduction in some dielectric crystals at low
temperatures is free of this paradox and disturbances, which are almost
entirely thermal, propagate in a finite speed.

This phenomenon in dielectric crystals is called second sound. To
overcome this physical paradox, many theories have merged such as
thermoelastcity of second sound or thermoelasticity type IlI.
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@ We recall here that the type Ill thermoelasticity characterized by
the following constitutive equations for the heat flux

qg=—«k"1T, — K0,

where 6 denotes the temperature, T is the thermal displacement
which satisfies T; = 6, and x*, K are positives constants.

P19 — K (o, + lfo)x =0
P — b — Jo H(S)Pp(x t —s)ds+ K (g, +¢) +B0x=0 . (7)
p39tt — 00xx + ,yl/)ttx — kb =0

in (0,00) x (0,1).
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@ We recall here that the type Ill thermoelasticity characterized by
the following constitutive equations for the heat flux
qg=—«k"1T, — K0,

where 6 denotes the temperature, T is the thermal displacement
which satisfies T; = 6, and x*, K are positives constants.
@ In the present work we are concerned with the following system

P19 — K (o, + lgo)x =0
P — b — Jo H(S)Pp(x t —s)ds+ K (g, +¢) +B0x=0 . (7)
p39tt — 00xx + ,yl/)ttx — kb =0

in (0,00) x (0,1).
@ with the following initial and boundary conditions
9.0 = @5 ¢.(0) =, P(t.0) =¢g $,(-.0) =9y,
6(.,0) = 6p, 0:(.,0) =04 (8)
¢0,t) =¢(Lt) =9 (0. t)=¢(1,t)=60(0,t)=60(1,t). (9)
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the first energy decays exponentially (respectively polynomially) if
g decays exponentially (respectively polynomially).
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the first energy decays exponentially (respectively polynomially) if
g decays exponentially (respectively polynomially).

@ In the case of different wave speeds,

(5.7 7)

we show that the decay is of polynomial type
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@ We introduce the new variable

' (x,s) =¥ (x,t)—p(x,t—s), s>0. (10)
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' (x,s) =¥ (x,t)—p(x,t—s), s>0. (10)

e and setting g (s) = —p (s).
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@ We introduce the new variable
1 (x,s) =¥ (x,t)—P(x,t—s), s >0. (10)

e and setting g (s) = —p (s).
@ Consequently we have the following initial and boundary conditions

7' (x,0) = 0, Vt>0 (11)
7' (0,s) = 75°(1,s)=0, Vs, t >0 (12)
1’ (x,s) = 1y(s), Vs >0. (13)
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@ We introduce the new variable
1 (x,s) =¥ (x,t)—P(x,t—s), s >0. (10)

e and setting g (s) = —p (s).
@ Consequently we have the following initial and boundary conditions

7t (x,0) = 0, Vt>0 (11)
7' (0,s) = 75'(L,s)=0, Vs,t >0 (12)
1’ (x,s) = 1y(s), Vs >0. (13)
o Clearly, (10) gives us
7t (x,s)+nk(x,s) =9, (x, t). (14)

Said-Houari (Institute) Timoshenko Type IlI



@ Concerning the kernel g, we assume the following hypothesis

g(t) >0:g (t) < —kog(t)?, Vt >0, (15)

B:b—/ g(s)ds=b—gp > 0. (16)
0

for a positive constant kg and for 1 < p < 3/2.

Go = / g(s)t%ds < 0, G, = / g(s)?>Pds < o0, 1< p<3/2.
0 0
(17)

Said-Houari (Institute) Timoshenko Type IlI



@ Concerning the kernel g, we assume the following hypothesis

g(t) >0:g (t) < —kog(t)?, Vt >0, (15)

B:b—/ g(s)ds=b—gp > 0. (16)
0
for a positive constant kg and for 1 < p < 3/2.

@ Under the above conditions , it is easy to verify that

Go = / g(s)t%ds < 0, G, = / g(s)?>Pds < o0, 1< p<3/2.
0 0
(17)
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Uniform decay for

b — P2
K — b

@ Now, we are concerned with the following new problem

P19 — K (o +9), =0
p2lptt - blpxx - fooog (S) T xx (X' 5) ds+ K (q)x + lp) + ﬁex =0
p39tt — 00, + ’)/wttx — kOix =0
e (x,8) +15(x,8) =9, (x,£) =0
(18)
in (0,1), for any t > 0 and any s > 0. This system is subjected to
the initial and boundary conditions (8) — (9) and (11) — (13).
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@ In order to exhibit the dissipative nature of system (19) we introduce
the new variables ¢ = ¢, , ¥ = ¢,, and j* =7],. Thus we are
concerned with the following problem

P19, — K(p,+¥), = 0

0¥ et — B — [57 8 ()T (x,5) ds + K (9, +F) + Pl = 0
P30tt - (56><x + ’)’IFtX ketxx =0

He+7e— ¥ =0

(19)

where x € (0,1),t>0and s >0
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@ In order to exhibit the dissipative nature of system (19) we introduce
the new variables ¢ = ¢, , ¥ = ¢,, and j* =7],. Thus we are
concerned with the following problem

P19, — K(p,+¥), = 0

0¥ et — B — [57 8 ()T (x,5) ds + K (9, +F) + Pl = 0
P30tt - (56><x + ’)’IFtX ketxx =0

He+7e— ¥ =0

(19)

where x € (0,1),t>0and s >0

@ We consider the following initial and boundary conditions

§(.0) = 9o ¢, (,0) =gy, ¥(£.0) =", ¥ (,0) =¥,
0(.,0) = 0o 6:(.0) =6 (20)
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@ In order to use the Poincaré inequality for 0, let us introduce

_ 1 1
9:9(x,t)—t/ 91(x)dx—/ 8o (x) dx
0 0
Then by (19), we have

for all t > 0,
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@ In order to use the Poincaré inequality for 0, let us introduce
_ 1 1
9:9(x,t)—t/ 91(x)dx—/ 8o (x) dx

0 0
Then by (19), we have

/019(x, t)dx =0

for all t > 0,
@ in this case the Poincaré inequality for 8 is applicable.
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@ In order to use the Poincaré inequality for 0, let us introduce
_ 1 1
9:9(x,t)—t/ 91(x)dx—/ 8o (x) dx

0 0
Then by (19), we have

/019(x, t)dx =0

for all t > 0,

@ in this case the Poincaré inequality for  is applicable.

@ In the sequel we shall work with 8 but for simplicity we write @
instead of 6. Then the associated energy of first order is defined by

1 o~
E(t) = %/0 <P1‘P§ +P2T% + K |, +\F|2 + blfi) dx

1 1 poo
8 [ o0 o+ T [ [ g s) 7 () dso
(21)
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Theorem 2.1

Suppose that
bt (22)

and
¢o. Yo, 00,75 € Hy (0,1), 75 € L2 (RY; Hy (0,1)), ¢, %1, 61 € L*(0,1).
Then there exist two positive constants C and ¢ such that
E(t) < Ce %, Vt>0,p=1 (23)
E(t) <
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Let (¢,Y,0,7°) be a solution of (19). Then we have

dE (t) _ Lo Y[t ~t 2
, _—ﬁk/o Gtxdx+§/0 /0 g (s) |7t (s)Pdsax  (25)

Multiplying equation (19), by y¢,, (19), by ¥ and (19), by B6:,
integrating over (0, 1) and summing up we obtain (25) . O
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o Let (¢,¥,0,7°) be a solution of (19). Then we have for
1<p<3/2

(/01 /Ooog(s) ‘ﬁi (S)}2 dsdx)z_p < G /ol /Ooog(s)p ‘ﬁi (s)}2dsdx

(26)
for a constant Cy > 0.
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o Let (¢,¥,0,7°) be a solution of (19). Then we have for
1<p<3/2

(/01 /Ooog(s) ‘ﬁi (S)}2 dsdx)z_p < G /ol /Ooog(s)p ‘ﬁi (S)}2dsdx

(26)
for a constant Cy > 0.
@ Forl < p < 3/2, we have

/01 (/Ooog(s)ﬁi(s)dS)zdxg Gp/ol/ooog(s)p‘ﬁi(s)fdsdx_
(27)
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o Let .
h ::/0 (0¥ Y + o9, w0) dx. (28)

where w is the solution of

—wy =%, w(0)=w(l)=0, (29)

Lemma
Let (¢, ¥,6,7") be a solution of (19). Then we have, for any Ay > 0

dh (t) b o b 1 /1 P2
< _ —_
. < 2+A1>/() "dex—l—slpl/o ¢prdx + (o, + e ) o ¢

+'B—2/1 02 dx—i-&/1 /Oog(s)p‘ﬁt (s)|2dsdx. (30)
2bJo T T 4Ar Jo Jo x ]

S
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@ Next, let us define the following functional

b=p, [ ¥ext) [C5(5)7 (5)ds (31)
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@ Next, let us define the following functional

b=p, [ e(et) [C8 ()i (5)ds (31)

Lemma
Let (¢,¥,0,7") be a solution of (19). Then we have

d 1 ol
Th() < —pﬂ/ ‘ffdx+82b2/ 92 g
dt 2 Jo 0

veok® [ (¢X+‘P)2dx+52/19%x
+Gp(1+41 ¢ 4€2>//
bk

where C* s the Poincaré constant.

7N 5)2) dsdx

"t (5)2‘ dsdx (32)

v
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Let us define

1 b /1
J(t) :p2/0 ‘i’t(¢x+‘f)dx+p17/0 ¥, dx

L [0, (0) [T g (907 () dsce (33)
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Lemma

Let (¢,¥,0,7) be a solution of (19) . Assume that

01 [
P — i 34
K b+ go (34)

Then we have

de(tt) B [ (bqr +/ () 7% (x, s))}:

(4> +y)? dx+p2/ 92 gy

2

+s3/ ¢tdx+2K/ 62 dx

+C(e)e [ [ g ) |7 ()] dsde
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Lemma

Let (¢,¥,0,7) be a solution of (19). Then we have, for any €3 > 0

oo (e [[some)]

—e3 d ! 20, €3
7&/ P19P:P, dX+3€3/ P dx + l /(Pt

x)¥: | bY¥« s)d

483 dt/ qu ! ( +/ S)

e B B /‘{’2dx+ /92dx
&3 8/\3 2 483/\3

g; <4+ o +2/\3> / / 7t (s)|Pdsdx  (35)

p2 (2b+£)/ ¥24x + )‘3/ (¢, +¥)? dx

—p,8 (0) C (&3 // s)‘ dsdx.
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where g (x) =2 —4x.

@ Let's introduce the functional

1 1
Kﬁ%:—m[;@WM—@[;%TW.

It easily follows, by using the Poincaré’s inequality
[y ¥2dx < [ ¥dx

d ! 2 ! 2 i 3 ! 2
EK(t) < —pl/ ¢tdx—p2/ Yidx + b+5 /‘I’de
0

+K/¢dw% /ehn

/ / s) dsdx (36)
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Then,
Lo L w2
dt’c(t) < _Pl/o thdX_Pz/O Tidx

~ 3 1
+<b++£3>/ Y2 dx

+K/ $ldx+ / 62, dx (37)

+C (e3) / / | dsdx

O (t) := /0 <p39t9+29§+wxe> dx,

@ Next, let
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Let (¢,'Y,0,7) be a solution of (19). Then we have, for any &, > 0

9o <—5/192dx+ i /192dx+s/1‘1’2dx (38)
dt 0 X O3 4e, i t 2 0 X

@ Now we are able to define the Lyapunov functional £ as follows

ﬁ(t) : :NE( )+N1/1—|—N2/2—|—J / p1q4)¢ dx
e / P29 (x) <B‘Fx+ /0 g(s)7, () ds)
+ull (t) +0O(t). (39)
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@ Consequently we have the following result:

There exist C; and C, two positive constants such that

GE(t) < L(t) < GE(t). (40)
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@ Consequently we have the following result:

There exist C; and C, two positive constants such that

GE (t) < L(t) < GE(t). (40)

@ By using all the above Lemmas and the following two inequalities
1 1
/ 02dx < / 02 dx
0 0

1 1 1
/¢§dx§2/ (¢X+‘P)2dx+2/ 92 gy
0 0 0

and
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we find

1 1 1
%E(t) < —[/v/sk—cl]/ efxdx+A1/ \Fidx+A2/ ¢ dx
0 0 0

+A3 /1‘I’2dx+A4/1 (¢, +¥)% dx (41)

C2 // (s)? dsdx—o“/ 62 dx
—I—<P3+>/ eidx+63// g (s) [ (5)| dsax,
4e, 0 0 Jo

where (i, G, (3 are all positives constants.
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We choose the above constants carefully, and by using the inequality
g (t) < —kog(t)P, we obtain finally

1 1 1 1 1
iﬁ(t) < -0 /9?dx+/ 9§dx+/ 1Ifider/ ¢fdx+/ Y2 dx
dt 0 0 0 0 0
1 1 00
[@rviac [ 7 o)) oo

Here we have two cases:
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@ Case1l: p=1

the following inequality

SL(t)<—cL(r), Vi20 (42)

holds.
Consequently we obtain the exponential decay of £ (t) and since £ (t) and
E (t) are equivalent the exponential decay of the energy E (t) also holds.

e Case2: p>1
In this case we have the following inequality
d
dt

Then, a simple integration of the above inequality leads to

L(t) < —cE(t)*P ' < —cL(t)? .

Cc
£<t) < (t+1)1/(2P*2)-

By doing some calculations then the second part of Theorem 2.1 holds.
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Polynomial decay

P
R #
@ In this section, we show that in the case of different wave-speed
propagation

SINS

P1 P2
K 7 b
the solution energy E(t) decays at a polynomial rate even if the

relaxation function g decays exponentially provided that the initial
data are regular enough.
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Polynomial decay

P
R #
@ In this section, we show that in the case of different wave-speed
propagation

SINS

P1 P2
K 7 b
the solution energy E(t) decays at a polynomial rate even if the

relaxation function g decays exponentially provided that the initial
data are regular enough.

@ Let’s define the second-order energy by

E (t) = Ey (Ye, ¢,.0¢. 77 (5)) -

Then, we have
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Theorem 3.1

Suppose that
P1 = P2 (43)

and

¢y Yo. 60,7 € H>N(0,1), 75 € L3 (RT; H* N Hy (0,1)),
¢, ¥1, 01 € Hj(0,1).

Then there exists a positive constants C such that, for all t > 0, we have

E(t) < ¢t~/ (2p=1)
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some open problems

@ In the thermoelasticity of second sound, S.A. Messaoudi, M.
Pokojovy, and B. Said-Houari proved that for some kinds of
dissipations the hypothesis

Pr _ P2
K b

is unnecessary. Can we get the same result for thermoelasticity of
type 1?7
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some open problems

@ In the thermoelasticity of second sound, S.A. Messaoudi, M.
Pokojovy, and B. Said-Houari proved that for some kinds of
dissipations the hypothesis

P1_ P2
K b

is unnecessary. Can we get the same result for thermoelasticity of
type 1?7
@ Inspired by a recent works of N.Tatar and V. Pata , can we get the

stability results by assuming that our kernel function is not necessary
decaying?
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