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Problem formulation

Let Ω ⊂ R3 be a bounded domain with C 2 boundary, ν the
unit-outer normal to ∂Ω, Γ a smooth open subset of the boundary
∂Ω and Γc denotes ∂Ω \ Γ.

The trace space H̃
1
2 (Γ) =

{
f ∈ H

1
2 (∂Ω), f ≡ 0 on Γc

}
Ω contains a finite number of inhomogeneities zj + αBj and
Bα = ∪m

j=1(zj + αBj)

zj ∈ Ω, j = 1, . . . ,m satisfy:

|zj − zl | ≥ c0 > 0,∀ j 6= l and dist(zj , ∂Ω) ≥ c0 > 0,∀ j
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Problem formulation

The perturbed refractive index

nα(x) =

{
n(x), x ∈ Ω \ B̄α,
nj(x), x ∈ zj + αBj , j = 1 . . .m.

(1)

Consider the acoustic equation, at fixed frequency, in the presence
of the inhomogeneities Bα

(∆ + ω2nα)uα = 0 in Ω

uα|∂Ω = f ∈ H̃
1
2 (Γ),

Define the local Dirichlet to Neumann map associated to nα

Λnα(f ) =
∂uα

∂ν
|Γ,∀f ∈ H̃

1
2 (Γ)

Christian DAVEAU, Abdessatar KHELIFI, Anton SUSHCHENKO An inverse problem of identifying locations of small volume perturbations of the refractive index for the acoustic equation at fixed frequency



Identification procedure

Let n0 ∈ L∞(Ω) be a known function. Assume that n = n0 almost
everywhere in a neighborhood of ∂Ω. Suppose

Λn : H̃
1
2 (∂Ω) → H− 1

2 (Γ) is known, then for any u, v ∈ H1(Ω)
satisfying:

( 1
ω2 ∆ + n)u = 0 in Ω, ( 1

ω2 ∆ + n0)v = 0 in Ω
u|Γc = v |Γc = 0

we obtain ∫
Ω
(n− n0)uv dx =

∫
Γ
u(Λn − Λn0)v ds,

where Λn0 denotes the local Dirichlet to Neumann map associated
to the refractive index n0.
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Identification procedure

Let n0 ∈ L∞(Ω) be known and n = n0 almost everywhere in a
neighborhood of ∂Ω and uρ is the solution of

∆uρ = 0 in R3 \ Ω,
( 1

ω2 ∆ + n)uρ = 0 in Ω,

Then uρ|Γ solves

Λn(uρ|Γ)+
∮

Γ

∂2gD
ρ

∂ν(x)∂ν(y)
(x , y)uρ|Γ(y) ds(y) = ρ·ν(x)ex ·ρ, ∀ x ∈ Γ

(2)
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Identification procedure

Define the double layer potential

Nρ(f ) =

∮
Γ

∂2gD
ρ

∂ν(x)∂ν(y)
(x , y)f |Γ(y) ds(y), ∀ f ∈ H̃

1
2 (Γ),

and set
ρ1 = η

2 + i(k+l
2 )

ρ2 = −η
2 + i(k−l

2 )

where η, k, l ∈ R3 such that η · k = η · l = k · l = 0, and
|η|2 = |k|2 + |l |2

Lemma 1 Assume that 0 is not a Dirichlet eigenvalue of ( 1
ω2 ∆+n)

in Ω. Then, there is a unique solution uρ|Γ ∈ H̃
1
2 (Γ) of (2)

uρ|Γ = (Λn + Nρ)
−1(ρ1 · ν(x)ex ·ρ1 |Γ)
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Identification procedure

Proposition 1 Let n0 ∈ L∞(Ω) be a given function. Assume that
0 is not a Dirichlet eigenvalue of ( 1

ω2 ∆ + n) in Ω and n = n0

almost everywhere in a neighborhood of ∂Ω. Then

F(n− n0)(−k) =
1

ω2
lim

|l |→+∞

∫
Γ
(Λn + Nρ1)

−1(ρ1 · ν(x)ex ·ρ1 |Γ)(Λn−

Λn0)(Λn0 + Nρ2)
−1(ρ2 · ν(x)ex ·ρ2 |Γ) ds(x)

Lemma 2 Let ρ1 and ρ2 be given, then the following asymptotic
behavior holds :

Nρi = |l |Li + O(
1

|l |
) as |l | → +∞,

where, for i ∈ {1, 2}, Li is a well defined integral operator on

H̃
1
2 (Γ).
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Identification procedure

The kernel of the operator Nρ1 is
∂2gD

ρ1
∂ν(x)∂ν(y)(x , y) where

gD
ρ1

(x , y) = ex ·ρ1GD
ρ1

(x , y) and GD
ρ1

(x , y) is a solution of the
following first kind integral equation :

−Gρ1(x) =

∫
∂Ω

Gρ1(x , y)
∂GD

ρ1

∂ν(y)
(x , y) ds(y)

And Gρ1 is given by

Gρ1(x) =

∫
R3

e ix ·ξ

ξ2 + 2iρ1 · ξ
dξ.

∂2gD
ρ1

∂ν(x)∂ν(y)
(x , y) = exp(x · ρ1)

[
(ρ1 · ν(x))

∂GD
ρ1

∂ν(y)
+

∂2GD
ρ1

∂ν(x)∂ν(y)

]
ρ1 · ξ = i

|l |
2

[
|ξ| cos(l̂ , ξ)− (−k · ξ + iη · ξ)

|l |

]
ρ1 · ν(x) =

|l |√
2

cos(η̂, ν(x)) + O(
1

|l |
)
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Identification procedure

Theorem 1 Let n0 ∈ L∞(Ω) be a given function. Assume that 0 is
not a Dirichlet eigenvalue of ( 1

ω2 ∆ + n) in Ω and n = n0 almost
everywhere in a neighborhood of ∂Ω. Then

F(n− n0)(−k) = −
√

2

ω2

∫
Γ

1

|η|2
(
η · ν(x)|Γ

)3
e ik·x ds(x),

where η, k ∈ R3 such that η · k = 0

Ideas of the proof:

Nρi = |l |Li + O(
1

|l |
) as |l | → +∞

(Λn + Nρ1)
−1 = (Λn + |l |L1 + O(

1

|l |
))−1 =

L−1
1

|l |
+ O(

1

|l |
)

(Λn0 + Nρ2)
−1 = (Λn0 + |l |L2 + O(

1

|l |
))−1 =

L−1
2

|l |
+ O(

1

|l |
)
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Identification procedure

F(n− n0)(−k) =
1

ω2
lim

|l |→+∞

∫
Γ

1

|l |2
(L−1

1 (ρ1 · ν(x)ex ·ρ1 |Γ)(Λn−

Λn0)(L
−1
2 (ρ2 · ν(x)ex ·ρ2 |Γ) ds(x)

Then using the estimations:

ρ1 · ν(x) = |l |√
2
cos(η̂, ν(x)) + O( 1

|l |)

ρ2 · ν(x) = −|l |√
2

cos(η̂, ν(x)) + O( 1
|l |)

we obtain

F(n− n0)(−k) = −
√

2

ω2

∫
Γ

1

|η|2
(
η · ν(x)|Γ

)3
e ik·x ds(x),
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Identification procedure

Theorem 2 Assume that 0 is not a Dirichlet eigenvalue of
( 1

ω2 ∆ + nα) in Ω and nα = n almost everywhere in a neighborhood
of ∂Ω (for α sufficiently small).Then, the following identification
holds:

F(nα−n)(−k) =
1

ω2
lim

|l |→+∞

∫
Γ
(Λnα+Nρ1)

−1(ρ1·ν(x)ex ·ρ1 |Γ)(Λnα−

Λn)(Λn + Nρ2)
−1(ρ2 · ν(x)ex ·ρ2 |Γ) ds(x) =

α3

ω2

m∑
j=1

(n(zj)− nj(zj))|Bj |e ik·zj + o(α3)
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Identification procedure

Corollary 1 Suppose that we have the hypothesis of Theorem 2.
Then, the following identification holds:

−
√

2

∫
Γ

1

|η|2
(
η · ν(x)|Γ

)3
e ik·x ds(x) =

α3
m∑

j=1

(n(zj)− nj(zj))|Bj |e ik·zj + o(α3),

where η, k ∈ R3 such that η · k = 0.
The locations {zj}m

j=1 could be obtained as the supports of the
inverse Fourier transform of

−
√

2

∫
Γ

1

|η|2
(
η · ν(x)|Γ

)3
e ik·x ds(x)
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Conclusion

Conclusion and Perspectives:

The explicit formulation for F(nα − n)(−k) was obtained.

The theoretical base for the precision reconstruction method
of the refractive index has been developed.

The method could be easily adopted for the different
geometry of the inhomogeneities.

The numerical algorithms based on our reconstruction method
could be useful for the industrial applications.
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