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Our Achievements

Global Uniqueness by DN map
on arbitrary subboundary



Introduction
Q) Cc R": bounded domain

{ div(yVu)

ulyo

0in Q
f

A, :feH?(0Q) — yZ)n € H 2 (0Q)
Electrical Impedance Tomography:

~Iind y from A,

oroposed by Tikhonov, Calderon




Reduction to potential

determination
Electrical Impedance Tomography:

div(yVu) = 0
—
Determination of potential in
A
Aw + qw = 0, q———‘/_ w = \/_u

\ 24



Uniqueness: whole Cauchy data

spatial dimension n > 3:

e J. Sylvester - G. Uhlmann (1987): y € C?

e R. Brown - R. Torres (2003): less regular y
(3/2 derivatives in L?, p > 2n)

e L. Paivarinta - A. Panchenko - G. Uhlmann
(2003): Lipschitz y



Unigueness: whole Cauchy data

n=2:

A. Nachman (1996): y € C3

R. Brown - G. Uhlmann (1997): less regular y
K. Astala - L. Paivarinta (2006): y € L*

A. Bukhgeim (2008): L*-potential determination



determination of multiple
coefficients Iin scalar equation

e J. Cheng - M. Yamamoto (2004):
Au + a101u + a,dru =0
e H. Kang - G. Uhlmann (2004)



Partial Cauchy data

{ div(yVu)

ulyo

0in Q
f

I, T c dQ: subboundary
A, {f € H%(aﬂ)lsuppf cI} — Vazlr



unigueness by partial Cauchy data

I': input subboundary, T: output subboundary

n = 3.

e V.Isakov (2006): I[,T C plane or sphere

e A. Bukhgeim - G. Uhlmann (2002):
I =0Q, T 5> half of 9Q, y € 2

e K. Knusden (2006): y € C"‘*g, a>0

e H. Heck - J.-N. Wang (2006): stabllity

e C.Dos Santos Ferreira - C.Kenig - J.Sjostrand -
G. Uhlmann (2007): magnetic Schrodinger



e C. Kenig - J. Sjostrand - G. Uhlmann (2007):
I D halfof dQ, T 22 9Q\T



Open Problem

No Published Results
for arbitrary input boundary and
output boundary

Our Result = One Answer



Main Result |

Q c R%, T ¢ 9Q: arbitrary, j=1,2
q; € C'**(Q) with & > 0, complex-valued

Cy; = {( |rr = |r) ‘(A +g;))u=01InQ, ul,7 =0,

u € Hl(Q)}

(If 0 Is eigenvalue, C,; contains the graph)
heorem1:C,, =C;, = g1 = 92




Main Result ||

Theorem 2 a
Assume: y; > 0,€ C°**(Q), j = 1,2 with & > 0,
Y1 = Y2 0N 0Q.

Ayu=A,u onT for all u € Hz(I), suppu C T.

— Y1 = 72-



Corollary |

I': arbitrary subboundary of dQ such that
I DJ0Q\T.

—

Cy; = A{(lr, dvulr,); (A+g)u =0, ulpor = 0}

—

Then: C,; = qu implies g; = g, In Q.



Remark
e C. Kenig, J. Sjostrand and G. Uhlmann, Ann. of
Math. (2007): in dimension > 3
I': larger than the half of 9Q
e For Conductivitly equation: Same unigueness



Corollary Il: iIn domain with hole

Q, D € R?: smooth boundary domain such that
Dc Q.

V C dQ: open set.

Letg; € C'**(Q \ D) forsome & > 0, j = 1, 2.

—~—~

Cy; = {uly, dyulv); (A + g)u=0in Q\ D,

supp f € V, u € H(Q \ D)}

Then E,,h = qu = q1 = q>.



Remark

For Conductivitly equation: Same uniqueness



Anisotropic conductivity
0 = {0ij}1<i j<2: POSitive definite symmetric matrix

2

o ou
—(0;;—) =0 In Q, u = .
) ox; " ox, o =8

i,j=1
Dirichlet-to-Neumann map:

2
u
As(g) = Z GijV1—|aQ

i,i=1 0X;



Theorem 3 ¢}, = {agf’}ls,-,,-sz e C3**(Q) fork = 1,2
with some constant a > 0.
I' € 0Q: arbitrary relatively open subset.

Ao, (9Ir = Ay, (9r for all g € H2(99Q), supp g  T.

Then IF : Q — Q: diffeomorphism, Fl,q = I,
F € C***(Q), F.0q = 0>.

Here F.o = ‘DF"l"d“DF’T'F_l, DE: the differential of F.
etDF]|




Traditional key idea for proof

e 11, = u4(7): parameter 7 - depending solution to
Aui + giup = 0, ullag\‘f =

o uy : Aup, + qouy =0, uzoo = u1loo
DN maps are equal = Vu; = Vi, on T

u=u —uy =>Au+ qu = —(q1 — 92)uq
u

ulaﬂ — Or _If —

v
e v = v(7). parameter T-depending solution to
Av+q,0=0, vlo7=0



0= f v(Au + gou)dx = — f(ql — g2)ourdx
Q Q

= [,@1 = 12)@v(0) Wy (1) (x)dx = 0 for all T > 0
= 1 = 427

How to choose u4(7), v(1)? &

complex geometrical optics solutions —

which choices?



Key to proof

complex geometric optics solution by
Carleman estimate with suitable weight

e A. Bukhgeim - G. Uhlmann (2002)
e C. Kenig - J. Sjostrand - G. Uhlmann (2007)
e O. Imanuvilov - G. Uhlmann - M. Yamamoto

(2008)



Proof: Preliminaries
1= ‘/TI z=x1+1x, 2 © x = (x1,x7),
0: = 2(9y, — i0y,), 0z = 1(3y, + i0y,),

D(z) = @p(2) +iY(z) € C2(Q): holomorphic in €,
Im (I)Iag\f =0
(= Vo :-v=00ndQ\T)

H ={z € EIBZCD(Z) = 0}

Assume: H NJQ =0, °P(z) # 0 (z € H)
(= H = {x1, .., X¢})



First Step: Carleman estimate

Proposition 1
u € H;(Q): real valued. Then for all large T > 0:

ou
tllue™ >,  + [lue™||? —e'?
L2(Q) H1(Q) oV 12(9Q\T)
oD 2
+ T2 ue™®
82 L2(Q)
S 2 au 2 2T
C{llAwe ™|, +7 | [—| e™do




application of Carleman estimate

Carleman estimate — existence of r-depending
solutions to Schrodinger equation with bounds:

Au+qu=finQ, uljnz=g

Proposition 2

Let 0Q \f = {x € dQ; (v- V@) = 0}. There exists
To > 0 such that for all |z] > 1, there exists a
solution such that

— ~1/2 — —
lue ™[Iz < CATI™ 2l fe ™ N2 +HlIge™ Il 200\5)



Second Step: construction of novel
complex geometrical optics
solutions

(&1, &) -
Ilg() = — = f %) eds, o7gi= o'

z T Ja &1 +1é —z

T((D(z)—CD(z)))

1(g€

7
9
= |
oQ

I

er((I)(z)—CD(z)) a:
z

eT(CI)(z)—(I)(z)) az— T((D(Z)—(D(Z)))

l(ge

7
5
ﬂ
CQ

I



Definition of complex geometrical
optics solutions

Au1 + g1 = 0 InQ

”1|ag\f =0
— Find

1, (x) = e™PP(az) + ay(2)/7) + PP (a(2) + a.(z) /1)

+ e"Puq + e Puqy



Let polynomials M;(z) and M;3;(z) satisfy

/(0 " (aq) - M1(2)) =0, z€H,j=0,1,2

907 (ag)(x) —M;(z) =0, zeH, j=0,1,2

e1,6; € C°(Q): e; +e, =10n 5 e, vanishes in a
neighborhood of H, e; vanishes in a neighborhood
of 0Q2.

SetdD = @ + iy



Choice of a, ay, a;:

a,ag, a1 € Cz(a), aza = 8;&10 = azal =0

(0-'(aqy) — M;1(2))
40, D

(a0(2) + a1(2))|yo\F =

(0= a(2)g1) — M5(2))

+

40,D



Choice of uqq:

1 . ~
U = —ZB’T"’R@,T(m(a;(aqﬂ — M;(z2)))

1 _, p
- Ze'”’/’Rq),_T(el(8;1(11(2)6]1) — M;(2)))

oiTY e2(0-"(ag1) — M;(2))

T 40, D
o=t €297 (a(z)gqq) — M;(2))
T

40,D



Apply Proposition 2.
We have to veriry

(Vo -1v)=0 onoQ\T

& Im® =00ndQ\T and C-R equations
Therefore T can be arbitrary!



Proposition 2 = Find u4, such that

Aupe™®) + grupe™ = —quupie™ + hie™  in Q,

1 — ~
U = —U11 — ;((1() + (11) on 0Q \ I

1
||u12||L2(Q) — 0(;), T — 00



Here:

—1 _
By = eTillJA(BZ(aZ (a(z)q1) M1(Z))]

470, D

| [ez(aj(Tz)ql) = M3(z))}
+ e TPA

4710, D




Similarly:
Av+q0=0 InQ, vos=0

Construct solution v of the form

0(x) = e (a(2) + by(2)/7) + e~ ®?(a(z2) + by(2)/7)

+ B_T(PT)H + e'T‘Pvu

U1 = —%e'”"’ﬁqa,_r(el(8;(61201(2)) — M(2)))



— ieiﬂ'[)ch,T (eq (8;1 (5]2@) - M, (E)))

o—iTY 32(8:1(015]2) — M>(z2))

+
T 40,D
oI ez(c?;l(%qz) — My(2))
+
t 40, D
Here

/0 " (aq) - Mx(2) =0, z€H, j=0,1,2,

0 (07 (ag.)(z) —My(z)) =0, zeH, j=0,1,2



by, b1. holomorphic functions such that

(0~'(aq,) — M, (2))
40, D

(by + El)lag\f = -

(0 a(2)g2) — My (2))

40, D



v1>. Solution to

A(vpe” ") +qo012e" ™ = —grv1167 P —hye™™%  In Q,

1 —
7112|ag\‘f — —1711|ag\‘f - ;(bo + bq)

1
||Ulz||L2(Q) =% (—) .
T



—1 _
h, = e'Ti’/’A(BZ(aZ (a(z)q) Mz(Z))]

4710, D

| {ez(agl(ﬁqz) - M@)]
+ e"YA

4710, D

boﬂz ity b_llh
e —
T T

elTl[}




Third Step: Stationary Phase

Key Theorem: Assume: F € C°(IR?),

{y € supp F| VF(x) = 0} = {y4, ..., Y¢},
det (6’18,<p)(yk) =

= e'""YF(y)dy
R2

'] iT(P(yk)F( )
e i
1 Yk % oZSON @;0;9p(y;)




ere.

sgn A :=" [positive eigenvalues of A]
— *[negative eigenvalues of A]



Result by stationary phase

Proposition 3 : Let {x4,...,x;} be the set of critical
points of the function Imd. Then for any potentials
g1, q> € C1+"‘(§), a > 0 with the same
Dirichlet-to-Neumann maps and for any
holomorphic function a, we have

¢ 2N 2itlMd ()
1i((g1 — g2)|al?)(x)Ree ke
2)’ o +R=0 T>0

= I(det Im®*)(%7)|2

Here R Is Independent of t:



R = [ (g1 — g2)(alaq + b) + a(a; + by)dx

o1 (aq2)—M>(2) 8‘1( — -
1 z —d_ " (q2a)—My(2)
+Z ng(ql — 1/12) (a 9, D + a dx

d, D

0~ (ag1)-M1(2)) - _
1 z — (0 " (aq1)—M3(2))
T4 Ll(ql - 5]2) (a 9, D + a dx

d, D



Sketch of Proof of Proposition 3

e Take geometric optics solution u; to
Au1 + qi1u1 = 0, ullag\f =0

o uy : Aup, + qouy =0, uzloo = uiloo
DN maps are equal = Vu; = Vu, on T

U=—u —u —>Au + qoU = —(611 - l]z)ul
u
uIBQ — O/ —kF=0
ov
e Take geometric optics solution v to

Av+q,0=0, vlo7=0



0= f v(Au + gu)dx = — f(ql — g2)ouqdx :
Q Q

Stationary phase + estimates for u, =

Zi n((q1 — g2)|al>) (xx)Re g2t M)
=1

|(det Im(D")(xk)l 2
+R_0(1) as T = oo

[left side] = almost periodic function in T
Bohr’s theorem implies [left side] = 0 for all T



Hint to Completion of Theorem 1

We can choose d such that

Im®@(x;) # IMD(x)), j # k

Let a(xy) #0
Then Proposition 3 implies

6]1(5C7c) = 6]2(5C7c)



Further Topics

Unigueness : pointwise unigueness by choice of d

—
e Stabllity
e Reconstruction

¢ C, = {(ulr, 21) (A + Qu = 0in Q, uloyr =0,

u € Hl(Q)}: I,T: arbitrary without 0Q \ T C T



