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Abstract

This paper is devoted to nonlinear propagation phenomena in general unbounded
domains of RY, for reaction-diffusion equations with Kolmogorov-Petrovsky-Piskunov
(KPP) type nonlinearities. This article is the second in a series of two and it is the
follow-up of the paper [7] which dealt which the case of periodic domains. This paper
is concerned with general domains and we give various definitions of the spreading
speeds at large times for solutions with compactly supported initial data. We study
the relationships between these new notions and analyze their dependence on the
geometry of the domain and on the initial condition. Some a priori bounds are
proved for large classes of domains. The case of exterior domains is also discussed
in detail. Lastly, some domains which are very thin at infinity and for which the
spreading speeds are infinite are exhibited ; the construction is based on some new
heat kernel estimates in such domains.
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1 Introduction and main results

1.1 Setting of the problem

This paper is concerned with nonlinear spreading and propagation phenomena for reaction-
diffusion equations in general unbounded domains. We consider reaction terms of the
Fisher or KPP (for Kolmogorov, Petrovsky, Piskunov) type. Propagation phenomena in a
homogeneous framework are well understood and we will recall below the main results. This
article is the second in a series of two and it is the follow-up of the article [7] (part I). Both
papers deal with heterogeneous problems. Part I was concerned with equations with pe-
riodic coefficients in domains having periodic structures. The present paper (part II) deals
with reaction-diffusion equations with constant coefficients, but in very general domains
which are not periodic. We define and analyze various notions of asymptotic spreading
speeds for solutions with compactly supported initial data. Before introducing the main
notions and stating the main results, let us recall some basic features of the homogeneous
framework in R and let us shortly recall some of the results in the periodic framework.

Consider first the Fisher-KPP equation :
uy — Au = f(u) in RY. (1.1)

It has been introduced in the celebrated papers of Fisher (1937, [12]) and KPP (1937, [29])
originally motivated by models in biology (in these models, u stands for the concentration
of a species). The main assumption is that f is say a C'(R,) function satisfying

f(0O)=f(1)=0, f(1)<0, f(0)>0, f>0in (0,1), f<0in (1,4+00), (1.2)
f(s) < f(0)s for all s €[0,1]. '



Archetypes of such nonlinearities are f(s) = s(1 —s) or f(s) = s(1 — s?).

Two fundamental features of this equation account for its success in representing pro-
pagation (or invasion) and spreading. First, this equation has a family of planar travelling
fronts. These are solutions of the form u(t,x) = U(x - e — ct) where e is a fixed vector of
unit norm which is the direction of propagation, and ¢ > 0 is the speed of the front. Here
U : R~ R is given by

—U"—cU' = f(U) mR, U(—o0)=1, U(+o)=0.

In the original paper of Kolmogorov, Petrovsky and Piskunov, it was proved that, under
the above assumptions, there is a threshold value ¢* = 2,/f/(0) > 0 for the speed c.
Namely, no fronts exist for ¢ < ¢*, and, for each ¢ > ¢*, there is a unique front U of the
previous type. Uniqueness is up to shift in space or time variables.

Another fundamental property of this equation was established mathematically by
Aronson and Weinberger (1978, [1]). It deals with the asymptotic speed of spreading.
Namely, if ug is a nonnegative continuous function in RY with compact support and 1y # 0,
then the solution u(t,z) of (1.1) with initial condition ug at time ¢ = 0 spreads with the
speed ¢* in all directions for large times : as t — 400,

‘nTax |u(t,z) — 1| — 0 for each ¢ € [0,¢"), and |nTax u(t,z) — 0 for each ¢ > ¢".
z|<ct x| >ct

In Part I [7] and in an earlier paper [4], we introduced a general heterogeneous periodic
framework extending (1.1). The types of equations which were considered there were :

u — V- (A(x)Vu) + q(z) - Vu = f(z,u) in Q, v-AVu=0 on 09, (1.3)

where v denotes the outward unit normal on 0f2. Both the coefficients of the equation,
namely the diffusion matrix A(z), the drift ¢(x) and the reaction term f(x,s), as well as
the geometry of the underlying connected open set €2 were assumed to be periodic. More
precisely, there are d € {1,..., N} and d positive real numbers L, ..., Ly such that

Vk € LWZx - x LgZx {0}V Q+k=Q (1.4)
HCZOaV$:(xi>1§iSN€Q7 ’xd+1|+".+’x]\f|§07 .
and the functions A, ¢ and f are periodic with periods L1, ..., Ly in the variables x4, .. ., z4.

Given a unit direction e € R? x {0}V =4 a pulsating travelling front in the direction e is a
solution u(t, x) of the type u(t,x) = U(z - e — ct,x), where U = U(s, ) is periodic in the
variables x1, ..., x4 (with periods Lq,..., L) and U(s,z) — 1 as s — —o0o, U(s,z) — 0
as s — -+oo, uniformly with respect to z € Q (assuming that f(z,0) = f(z,1) = 0).
Under some natural assumptions on f (generalizing the hypothesis (1.2)) and on A and
q, existence and uniqueness (for each speed) of pulsating fronts for, and only for, speeds
¢ > c*(e) were proved in [4, 7, 20, 21]. A variational formula for the minimal speed ¢*(e), in
terms of some periodic eigenvalue problems) was also derived in [7]. These results extended
some earlier results in dimension 1 (see e.g. [25, 38]) and in straight infinite cylinders with
shear flows [8]. Let us mention here that other types of nonlinearities (combustion type,
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bistable type, other nonlinearities arising in population dynamics...) were also dealt with
in the literature (see [4, 11, 19, 24, 35, 39, 41] and the references therein for some existence,
uniqueness and stability results on fronts in homogeneous or periodic media and formulae
for the speeds of propagation).

Furthermore, the same type of spreading properties holds in the periodic framework
as in the homogeneous one. Namely, for problem (1.3) under the assumption that 0 <
f(z,s) < fi(x,0)s for all s € (0,1) and = € Q, Freidlin and Gértner [14] and Freidlin [13]
in the case of RV, and then Weinberger [40] in the general periodic framework described
above, proved the existence of an asymptotic spreading speed (or ray speed) w*(e) > 0
such that if u(t, z) solves (1.3) with a nonnegative, continuous and compactly supported
initial condition ug # 0, then,

max u(t,x +se) —1] — 0 if 0<c<w(e)
zeK, 0<s<ct, x+se € Q
max u(t,x+se) — 0 if ¢>w*(e),
zeK, s>ct, x+se € Q

as t — +oo, (1.5)

for any large enough compact set K so that the sets in which the maxima are taken are not
empty. Moreover, w*(e) is given in terms of the minimal speeds of pulsating fronts by the
geometrical formula w*(e) = mingcgayoyn—a, c.eso € (£)/(e-§) ([40], see also [1, 11, 26, 27]
for other results with other types of nonlinearities in the homogeneous case, and [34, 36|
for equations with shear flows in straight infinite cylinders ; other results, including some
with more general time-space scalings, were also obtained in [33]). The dependence of ¢*(e)
and w*(e) on the coefficients of (1.3) (monotonicity, bounds, asymptotics) is analyzed in
Part I [7] (see also [2, 3, 6, 9, 22, 23, 28, 37, 42]).

We also studied in [7] the influence of the geometry of the periodic domain 2 (under
assumption (1.4)) on the propagation speeds, for the equation

=Au+ f(u) inQ, v-Vu=0 on df)

under assumption (1.2) for f. More precisely, one of the results was that

w'(e) < ¢*(e) < 2/F(0)

and w*(e) = f/(0) if and only if ©Q is invariant in the direction e (straight cylinder
in the dlrectlon e, with bounded or unbounded section). Notice that this geometrical
condition is also necessary for the equality c*(e) = 24/ f’ ) to hold (see [7]). In other
words, the presence of holes or of an undulatmg boundary always hinder the progression
or the spreading. Moreover, we proved in [7] that the speeds c*(e) are not in general
monotone with respect to the size of the perforations. The inequality w*(e) < ¢*(e) always
works. The equality w*(e) = ¢*(e) (= 24/ f/(0)) holds in the homogeneous framework (1.1)
in RV, but the inequality w*(e) < ¢*(e) may be strict in general (see Remark 1.12 in [7]).



1.2 Spreading speeds in general domains

Let us now come back to the general non periodic case and deal with the Cauchy problem
for the Fisher-KPP equation

u = Au+ f(u) inQ, t>0,
v-Vu = 0 on 09, t >0, (1.6)
u(0,2) = wup(x) in Q.

Throughout the paper, ) denotes a domain (open connected subset) of RN locally C?,
with outward unit normal v. The initial condition wug is continuous, nonnegative, uy % 0
in Q and ug is compactly supported in Q. One calls £ the set of such functions ug. The
C! function f : R, — R is assumed to satisfy (1.2). This assumption on f is made
from now on throughout the paper. The function u(t,z) is defined as the nondecreasing
limit, as n — 400, of the functions u"(¢,x) which are weak solutions of the equation
up = Au™ + f(u") in QN B, for t > 0, with boundary condition v - Vu™ = 0 on 02N B,
u" = 0 on QN AB, and initial condition u™(0,-) = Uojgnp,- Here, B, denotes the open
euclidean ball of RY with centre 0 and radius » > 0. Notice that u is a classical solution
of (1.6) for all t > 0 and that 0 < u(t, z) < max(maxg ug, 1), for all t > 0 and z € Q, from
the maximum principle.

Traveling or pulsating fronts do not exist anymore in this general non periodic frame-
work, even if the notion of fronts can be extended to arbitrary geometries (see [5]). But
the purpose of this paper is rather, first, to understand how we can extend the notions of
asymptotic spreading speeds for the solutions of the Cauchy problem (1.6) with a com-
pactly supported initial condition uy € £. Different definitions can be given, which are
coherent with the periodic case. We then analyze the relationships between these gene-
ral new definitions. Some other fundamental questions will then be asked : how do the
spreading speeds depend on the initial condition ? Can they be compared to the spreading
speed 24/ f(0) of the whole space RY ? We will especially see that the answer to this last
question is positive for a large class of domains, but is negative in some domains for which
the spreading speed is infinite. We also analyze in detail the case of exterior domains.

Let us now make more precise the definitions of spreading speeds in unbounded di-
rections of 2. In all what follows, one calls B(z,r) the open euclidean ball of centre z
and radius 7 in RY. In the following, we also take the convention that, for a function
v : FECR™ — R, supyv = +00.

Definition 1.1 We say that a connected open set @ C RN is strongly unbounded in a
direction e € SN~ if there exist Ry > 0 and sy € R such that B(se, Ry) N # (0 for all

s > so. With a slight abuse of notation, we set B(y,0) = {y} for all y € RY. We then
define R(e) > 0 as

R(e)=inf { R>0, 3scR, Vs >s DB(se, R)NQAD }.

As an example, a periodic domain €2, satisfying (1.4), is strongly unbounded in any
unit direction e € R? x {0}V 4.



Since problem (1.6) is well-understood when N = 1 (in which case strong unbound-
edness in the direction £1 means that Q O +[a,+00) for some a € R, since €2 is always
assumed to be connected), one can assume that N > 2 in the sequel.

Definition 1.2 Let e be a direction in which € is strongly unbounded and let R(e) > 0 be
as in Definition 1.1. Let u be the solution of (1.6) with initial condition ug € £.
We define the spreading speed of u in the direction e as

t—+o00 s>ct, x€B(se,A)NQ

w* (e, up) = inf {c >0, VA> R(e), limsup sup u(t,x)] = 0} .

We set w*(e, ug) = +oo if there is no ¢ > 0 such that sup,, ,cpEeana Ut,z) — 0 as
t — 400 for all A > R(e).

The nonnegative real number w*(e,ug), if finite, can be viewed as the asymptotic
speed of the leading edge of the solution w uniformly with respect to all cylinders along
the direction e.

Another related notion, which is more precise in some sense, is that of spreading speed
along a half-line.

Definition 1.3 Under the same assumptions as in Definition 1.2, we define the spreading
speed of u along the half-line z +Rye, for z € RV, as

t—+00 s>ct, v€B(z+se,A)NQ

w*(e, z,ug) = inf {c >0, 3A>0, limsup sup u(t,m)] = O} )

We set w*(e, z,ug) = 400 if for all ¢ > 0 and A >0, sup,, +€BTee A0 u(t,x) 4 0 as
t — +o00.

The nonnegative real number w*(e, z, ug), if finite, is the asymptotic spreading speed
of u locally along the line z + R, e. Notice also that w*(e, z,up) = w*(e, z + ge, ug) for all
oecR.

Remark 1.4 Under the above notations, call
R(e,z)=inf { R>0, 3s€R, Vs >s Blz+se,RNQ#AD}.
Notice that R(e,0) = R(e) and that R(e) —|z— (z-e)e] < R(e,z) < R(e)+ |z — (z-e)e] for

all z € RY. If R(e,z) > 0 and if there exists s € R such that B(z + s'e, R(e,2)) N Q # 0
for all s > s,! then the definition of w*(e, z, up) is equivalent to the following one :

:0}.

'Notice that the existence of such a real number s is not guaranteed in general, as the following example
shows : in R?, call 7;, = (k%,0) for k € N and set 2 = R? \ UB(:L’k, 14+1/k). For e = (1,0) and z = (0,0),
keN
one has R(e) = R(e, z) = 1 but there is no s € R such that B(z + s’e, 1) N Q # () for all s’ > s.

sup u(t, )

w*(e, z,up) = inf < ¢ >0, limsup
t—+oo s>ct, z€B(z+se,R(e,z))NY




In the case where R(e,z) = 0 or if there is no s € R such that B(z + s’e, R(e, 2)) N Q # ()
for all s’ > s, then the definition of w*(e, z, ug) is equivalent to the following one :

w*(e, z,ug) =1inf < ¢ >0, 3 A > R(e,z), limsup sup u(t,z)| =0 .
t—+o0 s>ct, v€B(z+se,A)NQ
Furthermore, it immediately follows from the above definitions that

Vv >w(e,ug), VA> R(e), max  u(t,z) — 0ast— +oo

z€B(yte,A)NQ2

and that

Vv >w(e, z,up), 3A>0, max  u(t,z) — 0 ast — +oo.
z€B(z+vte,A)NQ

If Q is a periodic domain satisfying (1.4), then these new notions of asymptotic sprea-
ding speeds are coherent with the previous one w*(e) characterized by (1.5), namely

w* (e, z,up) = w*(e,uy) = w*(e)

for all ug € &, for all z € RY and for all unit direction e € R? x {0}¥~4.

1.3 Dependence on the point 2

In general non periodic domains, it is clear that the inequality
w*(e, z,ug) < w*(e,up)

holds for all z € RY. However, the inequality may be strict, as the following proposition
shows. We can furthermore make more precise the relationship between w*(e, ug) and the
w*(e, z,up) when z varies.

Proposition 1.5 Let N > 2 and e € SV~! be given. For each locally C? domain Q which
is strongly unbounded in the direction e and for each initial condition ug € £, one has

sup w*(e, z,ug) = w*(e, ug). (1.7)
2€RN

Furthermore, given z € RY, there are some locally C* domains Q which are strongly
unbounded in the direction e and such that w*(e, z,ug) < w*(e,ug) for all ug € £.

The proof of the second assertion relies on some precise heat kernel estimates as well
as on some lower bounds of w*(e,ug) for some domains containing “quarter of spaces”
(see Proposition 1.11 and Corollary 1.12 below). We actually prove more than what is
stated here : namely, up to translation and rotation, we exhibit some domains {2 for which

w*(e,up) = 24/ f/(0) for all uy € € and w*(e, z,up) = 0 for all uy € £ and for all z € RY



such that z - ¢/ > h (here, ¢’ € S¥~! is any given direction which is orthogonal to e, and h
is any given real number).

In the following result, we give a sufficient condition for the spreading speed w*(e, z, ug)
not to depend on z. Let us first introduce the notation H, . and the definition of global
C?“ smoothness of  :

Hypothesis H, .. Let Q be strongly unbounded in a direction e € S¥~1. We say that y and
z € RN are asymptotically connected in the direction e within Q (or that Hypothesis H, .
is satisfied) if there exist R, > R(e,y) and R, > R(e, z) such that

lim sup sup do(y',2'") < 400,
s—too y CBTae R0
2/ €B(z+se,Rz)NQ

where dg denotes the geodesic distance in €. This condition is a type of relative connected-
ness assumption in the direction e. A typical counter-example is what we call Luckhaus’
comb.? Notice that Hypothesis H, , is satisfied for any y,z € RY if Q is a periodic do-
main of the type (1.4). Lastly, if Hypothesis H,, , is satisfied, then so is Hy 44 4. for any
(o, B) € R? (see Remark 2.1 for the details).

Global C%* smoothness of Q. Call BY~! the closed Euclidean ball of RV~ with center 0
and radius s > 0. In all the paper, if O C R¥ is a non-empty connected open subset of R
and if o is a positive real number, we say that Q is globally of class C** if there exist r > 0
and M > 0 such that, for all z € 9, there is a linear isometric map 7, : RN — R and
there is a C*® map ¢, : By ' — R such that ¢.(0) = 0, H(Z)ZHCZ,Q(Béqu) < M and

an B(Za T)Z [Z + Tz({y € RN’ (?/1, s 7yN—1) € BQNr_la gbz(yh s ayN—l) < yN})] N B(Z,?").
Notice in particular that R¥ is globally of class C*¢ for all a > 0.

Theorem 1.6 (Dependence on z) Let N > 2 and e € SN be given. Assume that Q is
strongly unbounded in the direction e, that Q is globally of class C*® for some a > 0, and
that Hypothesis H, . is satisfied for some y and z in RY. Then

Vug €&, w(ey,up)=w"(e z,up).

As a consequence, if Q satisfies Hypothesis H, . for all points y and z in RY, then
w*(e, z,u0) = w*(e,ug) for all z € RY and uy € £.

1.4 Dependence on the initial condition

Some other fundamental questions concern the possible a priori dependence of w*(e,ug)
or w*(e, z,up) on the initial condition ug € £, as well as some bounds for the spreading

2Luckhaus’ comb is the example we use in the second part of Proposition 1.5 above (see Section 4.1 for
the definition).



speeds. For periodic domains satisfying (1.4), one recalls that the spreading speeds do not
depend on vy (or on z) and are bounded from above by 24/ f/(0).

The following theorem provides a general sufficient condition on € for the spreading
speeds w*(e, ug) and w*(e, z, ug) not to depend on .

Theorem 1.7 (Dependence on ug) Let Q be a connected open subset of RN and assume
that € is globally of class C*“ for some o > 0. Assume also that for all r > 0,

sup do(z,y) < +o0. (1.8)

=2
(z,y)eQ”, |z—yl<r

Let u? denote the Lebesque measure of QN B(z,r), for each 2 € RY and r > 0. Assume
that there exists Ry > 0 such that pz > 0 for all z € RY and r > Ry, and that pZ, ., /pz — 1
as r — +oo, uniformly in z € RY.

Let u be the solution of (1.6) with a given initial condition ug € E. Then u(t,z) — 1
uniformly locally in x € Q as t — +oo. Furthermore, Q is strongly unbounded in any
direction e € SN and w*(e, up) and w*(e, z,uy) do not depend on the initial condition uy,
provided that ug < 1.

Note that the hypothesis (1.8) is a type of strong connectedness assumption for the
domain 2. Once again, a typical counter-example is Luckhaus’ comb (see Section 4.1).

1.5 Comparison with the homogeneous case

As far as bounds for the spreading speeds are concerned, the speed 24/ f’(0), which is the
spreading speed if @ = RY, bounds from above the spreading speed if € is a periodic
domain satisfying (1.4). Furthermore, we prove here that the same property turns out
to be true for the large class of domains satisfying the extension property. This class of
domain is defined now : quoting Davies [10], a non-empty open subset Q of RY is said to
have the extension property if, for all 1 < p < 400, there exists a bounded linear map F
from W1P(Q) into WHP(RY) such that E(f) is an extension of f from € to RY for all
f € W'P(Q). This property is equivalent to the existence of € > 0, k € N, M > 0 and of
a countable sequence of open sets (Uy,),en such that :

(i) if x € 012, then the ball with centre x and radius ¢ is contained in U, for some n,

(ii) no point in RY is contained in more than k distinct sets U,,

(iii) for each n, there exists an isometry T, : RY — RY and a Lipschitz-continuous
function ¢, : RY~! — R whose Lipschitz norm is bounded by M. Moreover, U, N Q) =
U, "T,8,, where

Qn = {(,217 oo ,ZN) c RN’ ¢n(217 e 7ZN71) < ZN}-

Any smooth bounded or exterior domain satisfies the extension property. So does any
smooth periodic domain.



Theorem 1.8 (General upper bound) Let Q be a locally C* connected open subset of RY
satisfying the extension property. Assume that € is strongly unbounded in a direction e.
Let u be the solution of (1.6) with a given initial condition ug € £. Then

w*(e,up) < 24/f7(0) (1.9)

and

Ve >24/1(0), max _ u(t,x) -0 as t — +o0. (1.10)

|z|>ct, z€Q
Under the assumptions of Theorem 1.8, inequality (1.9) yields in particular
w*(e, z,up) < 24/ f'(0)

for all z € RY. Notice that property (1.10) is actually stronger than (1.9). Theorem 1.8
means that, for the large class of domains satisfying the extension property, the minimal
speed of planar fronts, 2,/f’(0), turns out to be an upper bound for the asymptotic
spreading speeds in any direction e in which  is strongly unbounded, as for periodic
domains.

Furthermore, as already underlined, for a periodic domain  satisfying (1.4), for any
unit vector e € RY x {0}V=¢ and for any uo € &, inequality (1.9) is an equality if and only
if Q2 is a cylinder in direction e. However, this property is not true for general domains, as
the following section shows.

1.6 Exterior domains

A domain Q C RY is called exterior if 2 is a non-empty connected open subset of RY such
that RV\Q is compact. The simplest example of exterior domain is the whole space RY.

Theorem 1.9 (Exterior domain) Let Q be an exterior domain of class C*. Then,
Ve € SNH V2 e RY, Vug € €, w*(e, z,up) = w*(e,up) = 2+/ f(0).

Furthermore, if u solves (1.6) with ug € £, one has

VO0<c<2y/f(0), max |u(t,z)—1] —0

|z|<ct, z€Q

Ve >24/f(0), max _ u(t,z) — 0

|z|>ct, €Q

as t — +oo. (1.11)

Remark 1.10 The second property is clearly stronger than the first one. Theorem 1.9
actually extends the classical result of Aronson and Weinberger [1] abovementioned which
was concerned with the case of the whole space RY.
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1.7 Domains containing large half-cylinders

The arguments which are used in the proof of Theorem 1.9 imply that if €2 contains a semi-
infinite cylinder in the direction e with large enough section, then w*(e, ug) is bounded from
below by a constant close to 24/ f/(0). Here, Q always denotes a non-empty connected open
subset of RY of class C? (locally). More precisely, one has the following :

Proposition 1.11 (Lower bounds for domains containing large semi-infinite cylinders)
Given € > 0, there exists Ry = Ro(e) > 0 such that if

QD Coswyr = {eRY, z-e>A, |(x—120) — ((x—x0) - €)e| < R}
= (UB(x0+se,R)> N {x-e> A} (1.12)

for somee € SN, Ac R, 2o € RY and R > Ry, then

w*(e,up) > 24/ f(0) —e and w*(e, z,up) > 2+/f(0) — ¢ (1.13)

for all ug € € and z € RY such that |z — 2o — ((z — 1) - €)e| < R.

Thus, if € contains a sequence of semi-infinite cylinders of the type (Ce A, w0 Rn)neN
with A, € R, 29, € RY and R, — +00 as n — +oo, then w*(e,up) > 2+/f'(0) for all
Ug € £.

Notice that assumption (1.12) implies automatically that € is strongly unbounded in
the direction e. Furthermore, the property of containing a sequence of such semi-infinite
cylinders holds especially if €2 contains a “quarter of space” :

Corollary 1.12 If Q satisfies
Q> {reRY z-e>A z-¢ > B} (1.14)

for some (A,B) € R? and e, ¢ € SN7! with € - e = 0, then w*(e,up) > 24/ f'(0) and
w*(e, z,ug) > 2+/f(0) for all ug € € and z € RY such that z - ¢’ > B.

Exterior domains are typical examples of domains satisfying (1.14). Notice from the
above corollary and Theorem 1.8 that if ) is a locally C? connected open subset of RY
satisfying (1.14) and the extension property, then w*(e,ug) = 24/ f(0) for all ug € £.

1.8 Further examples

As already underlined, any periodic domain €2 satisfying (1.4) is such that 0 < w*(e, ug) <
2,/ f'(0) for all unit vector e € R? x {0}¥~¢ and for all vy € £. Furthermore, the upper
bound holds for a large class of domains (see Theorem 1.8). However, the following theorem
asserts that the spreading speeds w*(e,ug) and w*(e, z,up) may be zero or infinite for
some domains €. For the sake of clarity, we remind that only open connected sets ) are
considered.
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Theorem 1.13 (Domains with zero or infinite spreading speeds) a) There are some lo-
cally C? domains of R? which satisfy the extension property and are strongly unbounded in
every direction e € S', and such that w*(e, z,uy) = w*(e,up) = 0 for all e € S, z € R?
and ug € £.

b) For every N > 2 and e € SN71, there are some locally C* domains of RY, which
do not satisfy the extension property, and such that w*(e, z,ug) = w*(e,ug) = +oo for all
z e RN anduy € E.

Therefore, even in the class of domains satisfying the extension property, there are do-
mains for which the asymptotic speeds w*(e, z, ug) and w*(e, ug) are zero in any direction e
(such a phenomenon does not happen under the periodicity condition (1.4). In the proof
of Theorem 1.13, we construct domains which have the shape of a spiral and for which the
asymptotic spreading speeds are zero in all directions.

Furthermore, there is no universal upper bound without the extension property. Some
domains with an infinite cusp have infinite spreading speeds (see the proof of Theorem 1.13,
part b). For such domains, we prove some new specific lower bounds for the heat kernel
(see Lemma 4.2 in Section 4.3 below).

1.9 Other related notions

Here, we would like to mention some other notions of spreading speeds. We compare them
to the notions introduced in Definitions 1.2 and 1.3 and state their main properties.

First, given a non-empty connected locally C? open subset Q of RV, given e € S¥~! and
up € &£, we can define the asymptotic spreading speed of the leading edge of the solution
u of (1.6) in the direction e, uniformly with respect to the directions which are orthogonal
to e, as

w** (e, up) = inf {c > 0, limsup sup u(t,z) = 0} ’

t—=+00  g.e>ct, 2€Q

provided that €2 satisfies
3seR, Vs >s, {zeRY z.-e>s1NQ#D. (1.15)

Notice that if 2 is strongly unbounded in the direction e in the sense of Definition 1.1,
then assumption (1.15) is immediately satisfied. This notion of asymptotic spreading speed
w** (e, up) is rougher than the previous ones w*(e, uy) or w*(e, z, up), and it does not give a
precise description of where or in which precise direction the leading edge of the solution u
moves. However, we can compare it to the previous notions w*(e, ug) and w*(e, z, ug) and
we can derive some properties of w** (e, ug) from the above results.

It is immediate to check that if © satisfies (1.15) and if it is strongly unbounded in a
direction €/ € SN¥~! such that €’ - e > 0, then

Vug €&, VzeRY  w™(e,ug) > w (e, ug) x (¢'-e) (> w*(€,z,up) x (¢-¢e)).

It may then happen that w**(e,ug) > w*(e,ug) for all uy € €. For instance, in R?, call
H = {zx € R* x5 — 21 > 0}, let (a,)nen+ be a sequence of negative numbers such that

12



an/n — —oo as n — +oo, let

P=J (2n.2n+1]x {0} U 2n+1,2n+2] x {1} U {20+ 1,20+ 2} X [a,41,0] )

neN

and let ) be a globally smooth open connected domain satisfying the extension property
and such that
HUT c Q c {zeR? dx HUT)<1/3},

where d(z, F') denotes the euclidean distance of a point z to a set E. With e = (1,0) and
¢ = (1/v/2,1/v/2), one can check that w*(e,uy) = 0 for all uy € £ (by using the same
arguments as in the proofs of Theorem 1.8 or Theorem 1.13, part a)), while w*(e’,ug) =

24/ f/(0) for all uy € € (because of Theorem 1.8 and Corollary 1.12). Thus,
Yug €&, w(e,up) > V2\/f(0) >0 =w(e,up).

Furthermore, with the same arguments as in the proofs of Theorems 1.7, 1.8, 1.9
and 1.13, the following properties hold :

1) if € satisfies the general assumptions of Theorem 1.7, then assumption (1.15) is
satisfied for all e € S¥~1 and w**(e, ug) does not depend on ug € &, provided that uy < 1 ;

2) if Q satisfies the assumptions of Theorem 1.8 (extension property), then —because
of (1.10)~ w**(e,up) < 24/f(0) for all uy € € and for any direction e € SV~! such
that (1.15) holds ;

3) if Q satisfies the assumptions of Theorem 1.9 (exterior domain), then —because
of (1.11)— w**(e,up) = 24/ f/(0) for all e € S¥~! and for all uy € £ ;

4) with the same examples as in Theorem 1.13, there are some domains of R? satis-
fying (1.15) for all e € S! and such that w**(e,up) = 0 for all e € S! and for all uy € € ;

5) given e € SV7! there are some domains of RY satisfying (1.15) and such that
w** (e, up) = +oo for all ug € £.

In the previous definitions, we chose to consider the leading edge of the region where the
reaction starts. It is also of interest to consider the location of the region behind which the
reaction is completed. Thus we also introduce the notions of asymptotic spreading speeds,
locally uniformly in the direction e or locally along a line z + R e, of the expanding region
where u converges to 1.

Namely, let 2 be strongly unbounded in a direction e € S¥~! and let u solve (1.6) with
a given initial condition ug € £. We assume here that u(t,z) — 1 as ¢ — +oo locally
uniformly in z € Q. We then define, under the same notations as above,

wy(e,up) =sup ¢ ¢>0, VA>R(e), limsup sup  |u(t,z) —1|| =0
(7,t)—(400,+00) T<s<ct
T<ct z€B(se,A)NQ

and, for z € RV,

w, (e, z,up) =sup ¢ ¢>0, 3A >0, limsup sup Ju(t,z) —1|| =0
(7,t)—= (400,+00) r<s<ct
T<ct 2E€B(z+se,A)NQY
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By convention, we set w.(e,up) = 0 if u(t,z) — 1 as t — oo locally uniformly in
z € Q but if there is no ¢ > 0 such that, for all A > R(e), imsup, . (toot+o0), r<ct
SUD, < <t weBraeara Wt ) — 1] = 0. We set w.(e, z,up) = 0 if u(t,z) — 1 as t — +o0

locally uniformly in z € Q and

lim sup sup lu(t,z) —1|| #0,
(rt)=(tootoo) | r<eset
T<ct 2€B(z+se,A)NQ

for all ¢ > 0 and A > 0.
It follows immediately from the above definitions that

wy(e,ug) < wile, z,up) < w*(e, z,up) < w*(e,ug) (1.16)

for all z € RN and ug € &.

If © is a periodic domain satisfying (1.4), then, because of (1.5), the inequalities (1.16)
are all equalities for all e € R? x {0}V=7 2 € RN and ug € €. If Q is an exterior domain,
all quantities in (1.16) are equal to 24/ f/(0), see Theorem 1.9 and item 5) below. However,
it is an important open problem to determine under which condition on the domain €2 the
equality w,(e, z,u9) = w*(e, z,up) holds. This question is left open.

Furthermore, with the same arguments as the ones used in the next sections, one can
prove the following properties :

1) if © is locally C? and strongly unbounded in a direction e € S¥~1, then

Vug €&, wile,ug) = inf wy(e, z,up) ;
2€RN

2) if Q is strongly unbounded in a direction e € S¥~! and locally uniformly of class C%

with a > 0, if Hypothesis H, , is satisfied for some points y and z in RY, and if uy € € is
less than 1, then w, (e, y, ug) = wy(e, z,up) ;

3) if 2 satisfies the general assumptions of Theorem 1.7, then w, (e, uy) and w. (e, 2, ug)
are nonnegative and do not depend on ug € &, provided that ug < 1 ;

4) if € satisfies the assumptions of Theorem 1.8 (extension property), then —because
of (1.10)— w.(e,ug) < wi(e, z,up) < 24/ f(0) for all ug € €, z € RY and for any direction
e € S¥~!in which Q is strongly unbounded ;

5) if Q satisfies the assumptions of Theorem 1.8 (exterior domain), then —because
of (1.11)— w,(e,up) = w.(e, z,up) = 21/ f(0) for all e € SV, for all z € RY and for all
Ug € E >

6) given e € SV, there are some domains of RY which are strongly unbounded in the
direction e and such that w, (e, ug) = w.(e, z,ug) = 400 for all uy € £ and z € RY.

Outline of the paper. The paper is organized as follows : Section 2 is devoted to the
proof of the general properties (formula (1.7) in Proposition 1.5, Theorems 1.6, 1.7, 1.8).
Section 3 is concerned with exterior domains (Theorem 1.9) and with the case of domains
containing half-cylinders (Proposition 1.11). Section 4 deals with the construction of some
domains for which the spreading speeds w*(e, z, ug) really depend on z (second assertion
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of Proposition 1.5). We also exhibit in Section 4 some domains with zero or infinite speeds
of propagation (Theorem 1.13).

Acknowledgements.The authors are thankful to the referees for a careful reading, and to
Stephan Luckhaus for the conversations about this work and in particular for his suggestion
of the example given in the proof of the second part of Proposition 1.5.

2 General properties : dependence on z, on uy, and
general upper bound

This section is devoted to the proofs of formula (1.7) and Theorems 1.6, 1.7 and 1.8. More
precisely, we prove in Section 2.1 the relationship between the spreading speeds w*(e, ug)
and w*(e, z,up). In Section 2.2, we study the dependence on wuy. Lastly, in Section 2.3,
we prove the general upper bound for the spreading speeds in the large class of domains
satisfying the extension property.

2.1 Relationship between w*(e, z,uy) and w*(e, ug)

We first prove here the general formula (1.7) in Proposition 1.5.> We then prove Theo-
rem 1.6 under the asymptotic connectedness assumption H,, ..

Proof of formula (1.7) in Proposition 1.5. Let Q C RY be strongly unbounded in a
given direction e € S¥! and let uy € € be given. Call R = R(e) the real number defined
in Definition 1.1.

As already emphasized, the inequality

0 <w'(e, z,up) < w*(e,ug)

follows from Definitions 1.2 and 1.3, for all 2 € RY. Notice also that formula (1.7) is
immediate in the case where w*(e, up) = 0. One can then assume here that w*(e, ug) > 0.
Fix any ¢ € (0, w*(e,up)) and set

v =w*(e,up) — €.
There exists A > R such that

sup u(t,z) /0 as t — 4o0.

s>7t, t€B(se,A)NQ

Therefore, there exist some sequences (t,)nen — 400, (Sn)nen such that s, > ~t,, and
some points (z,)uen in Ba such that x,, + s,e € Q and

liminf w(t,, z, + s,e) > 0. (2.1)

n—-4o00

3The proof of the second assertion in Proposition 1.5 shall be given in Section 4.
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Up to extraction of some subsequence, one can assume that z, — 2z € By.
We now claim that
w*(e, z,ug) > 7.

Assume not. Then, owing to Definition 1.3, there is A’ > 0 such that

sup u(t,xr 4+ z+se) - 0 as t — +oo.
s>vt, x€EB 41, T+z+se € Q

For n large egough7 *, — 2 € By. On the other hand, s, > ~t, and (xn — 2)+ 2+ spe =
Ty + spe € . Thus, u(t,,z, + s,e) — 0 as n — +oo. This contradicts (2.1).
Therefore, the claim w*(e, z,ug) > v is proved. Hence,

w*(e, z,up) > w*(e,up) — ¢

for all € > 0 and formula (1.7) follows. d

Proof of Theorem 1.6. Assume that € is strongly unbounded in the direction e, globally
of class C** for some o > 0, and that Hypothesis H, . is satisfied for some points y and
z in RY. Under the notation of Hypothesis H, ., there exist R, > R(e,y), R, > R(e, 2),
A >0 and sg > 0 such that

YV s> s, sup do(y',2") < A.
yIEB(y-&-se,Ry)ﬂﬁ
2/ €B(z+se,Rz)NQ

Notice that this means in particular that
Vs> so, B(y+se, R,)NQ#Dand B(z + se, R,)NQ #0.

Fix any up in € and let u solve (1.6). If both spreading speeds w*(e,y,uq) and
w*(e, z,up) are infinite, then the desired conclusion w*(e,y,ug) = w*(e, z,ug) follows. As-
sume now that at least one of the spreading speeds, say w*(e, z,up), is finite. Fix any
¢ > w*(e, z,up). From the above asymptotic connectedness property and from the global
smoothness of ), Harnack inequality applied in Q (see [17, 30, 31]) yields the existence of
n > 0 such that

Vi>1, Vs> s, max u(t,y') <n min u(t+1,2"). (2.2)

y'€B(y+se,Ry)NQ z'€B(z+se,R;)NQ

On the other hand, owing to Definition 1.3, there exist ¢’ € (w*(e, 2, ug), ¢) and R > 0 such
that
sup u(t',2') — 0 as t’ — 4o0,
s'>ct, 2’€B(z+s'e,R)NQ
As already underlined in Remark 1.4, one can assume, even if it means decreasing R, that
R<R,.
Let € be any positive real number. There exists then ¢y > 1 such that

Vit >ty Vs >t max u(t', ') <e.
2'€B(z+s'e,R)NQ
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One can assume without loss of generality that ¢, is large enough so that cty > sg and
Vit>tg, ct > (t+1).

This is indeed possible since ¢ > ¢/. Choose now any t > to and s > ct. Observe that
t+1 2 to and
s>ct>d(t+1),

whence

max u(t+1,2") <e. (2.3)
2'€B(z+se,R)NQ

Since t >ty > 1 and s > ¢t > cty > so, and since R < R, it follows from (2.2) and (2.3)
that

max u(t,y') <n min u(t+1,2") <ne.
y' €B(y+se,Ry)NQ 2'€B(z+se,R)NQ

Since this is true for all t > ¢ty and s > ¢t and since 7 is independent of €, one gets that

sup u(t,y’) — 0 as t — 4o0.
s>ct, y'€B(y+se,Ry)NQ

Therefore, w*(e,y,up) is finite and w*(e,y,uy) < c¢. Since this inequality holds for all
c > w*(e, z,up), one gets that w*(e,y,up) < w*(e, 2, up).

By changing the role of y and z, one then concludes that w*(e, y, ug) = w*(e, z,up) and
the proof of Theorem 1.6 is complete. U

Remark 2.1 We prove here that, if € is strongly unbounded in a direction e € S¥~! and
if Hypothesis H,, , is satisfied for some y, z € R, then so is H,{qae.+ge for any (a, 3) € R2
Assume H,, and let («, 3) € R? be given. There exist then A > 0, sop > 0 and some radii
R, > R, > R(e,y) and R, > R, > R(e, z) such that
B(y+ se,R,) N QD By + se, R,) NQ £ 0,
YV s> s, B(z+se,R.)NQD B(z+se, R)NQ #0,
Vy €By+se,R,)NQ, V2 eB(+se,R)NQ, do(y,?) < A

As a consequence,
Vs>so, Vy.,y" € Bly+ se, Ry) NQ, do(y,y") < 2A. (2.4)

Let n € N\{0} be such that ¢ = «a/n satisfies [¢|] < R, — R,. It follows that, for all
k=0,...,n—1and for all s > sq+ |a|, there holds

B(y + se + kee, R,) N B(y + se + (k4 1)ee, Ry) N Q D B(y + se + kee, R,) N Q # 0.

Therefore, for any s > so + |a|, ¥’ € B(y + se, R,) N Q and ¢’ € B(y + se + ae, R,) N,
there is a sequence of points (yx)o<k<n—1 such that

Vk=0,...,n—1, wy € B(y+se+kee,R,)NB(y+ se+ (k+1)ee, R,) N,
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whence

da(y',y") < da(y',y0) + da(yo, y1) + - + do(Yn-2,Yn-1) + da(Yn-1,y") < 24(n + 1)
from (2.4). As a consequence,

lim sup sup do(y',y") < +o0.
s§——+00 y' €B(y+se,Ry)NQ
y”EB(y+se+ae,Ry)ﬁ§

The same conclusion holds with (z, R, 3) instead of (y, R,, ). As a conclusion,

lim sup sup do(y', 2') < +o0,
s§——+00 y’EB(y+se+ae,Ry)ﬂﬁ
2/ €B(zFsetfe, Rz)NQ

that is Hypothesis Hy e . is satisfied.

2.2 Dependence on the initial datum

The proof of Theorem 1.7 is based on some auxiliary results. Let us first introduce a few
notations. If D is an open subset of R such that QN D # (), we call

| v
Ap = inf 90D (2.5)

YeCl(QnD), ¢#0 >
QND

where C}(Q N D) denotes the set of functions which are of class C' in 2 N D and have
a support which is compactly included in @ N D. It follows immediately that the map
D +— Ap is nonincreasing with the respect to the inclusion (in the class of open sets D
such that QN D # ().

Note that the definition of \p heuristically corresponds to the principal eigenvalue
problem with mixed boundary conditions

—AyY = Apy¥ inQND,
v = 0 on 0D N, (2.6)
v-Vy = 0 on 00N D.

However, since no regularity on QN D is assumed, the meaning of (2.6) is somewhat delicate.
Hence, this is only formal. Therefore, we prefer to deal directly with the definition (2.5)
of A\p rather than with the eigenvalue problem (2.6).

Under the assumptions of Theorem 1.7, for all r > Ry and z € RY, we call

)\j = )\B(z,r) )

where we recall that B(z,r) denotes the open euclidean ball of radius r and centre z.
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Lemma 2.2 Under the assumptions of Theorem 1.7,
N — 0 as r — 400 uniformly in z € RY,

Proof. Fix a family (¢,),>g, of C°°(RY) functions such that, for each r > Ry, the support
of ¢, is included in B(0,r7 + 1) and ¢, = 1 in B(0,7). One can choose the functions ¢, so
that

||CT||Cl(B(0,T+1)) = ||C7"||oo + ||VC7"||00 S C?
where C'is a positive constant which is independent of r > Rj.
Let r > Ry and z be any point in RY. Call ¢? the function defined by (?(x) = (.(x — 2)
for all z € RY. One has

V&I . .
/mB<zm+1> 220 (B2, + I\B(=, 1))| _ abtis —

0< AN, < <C
o a2 2N B(z,r)| &
(¢7)
QNB(z,r+1)
where |E| denotes the Lebesgue-measure of £ C RY. Since pZ ,/pZ — 1 uniformly in
2z € RN as r — 400, the conclusion of Lemma 2.2 follows. O

Since the proof of Theorem 1.7 is somewhat involved, we start with a simpler case
which is of independent interest. Even though it can be seen to be a consequence of
Theorem 1.7, we include here the proof as the ideas will be clearer in the elliptic case than
in the parabolic case which involves several technical difficulties.

Theorem 2.3 Let Q) be a domain satisfying the assumptions of Theorem 1.7. Let g :
[0,+00) — R be a C function such that g(0) = g(1) =0, ¢’(0) > 0, g > 0 in (0,1) and
g <01in (1,400). Let u be a classical bounded solution of

Au+g(u) =0 in Q,
>0 in Q, (2.7)
v-Vu=0 on 0.

Thenu=0 oru=1.

Proof. Assume that u # 0, then u > 0 in Q from the strong maximum principle and Hopf

lemma. We first prove that

m = infu > 0. (2.8)
Q

Assume not. Under the notation of Theorem 1.7, Lemma 2.2 yields the existence of R > Ry
such that ,
9'(0)

2

Then there exists a sequence of points (z, )nen in Q such that u(z,) — 0 as n — +oo. From
the connectedness assumption (1.8) and the global smoothness of €, Harnack inequality
applied in €2 implies that

VzeRY, N <

max  u(z) — 0 as n — +o0.
|z—2zn|<R, z€Q
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Therefore, there is M € N such that

/ _— J—
0> Au+ 2 ;0>u in Bz, R) N 1L (2.9)

Since A3 < ¢'(0)/2, there is a function w € C1(Q N B(zy, R)) such that w # 0 and

[Vwl?
/S;QB(Z]M,R) g/<0)

<
o™
QQB(ZN[,R)

Multiply (2.9) by w?/u > 0 and integrate by parts over Q N B(zy, R). One can think of
w in (2.10) as an approximation of an eigenfunction of (2.6). Since v - Vu = 0 on 99 and
w € CH(Q N B(zy, R)), one gets

/ 0 2
0 > ()/ uﬂ—/ Vu-V(w—>
2 QNB(z,R) QNB(zu,R) u

’(0)/ 5 / wVu - Vw / w?|Vul?
QNB(zp,R) QNB(zu,R) u QNB(zp,R) U

(0
( ) / w? — |Vw]2.
2 QOB(ZA/[,R) QOB(ZI\/LR)

(2.10)

Q

Q

Q
[\

>

The last inequality contradicts property (2.10).
Hence, the claim (2.8) holds. Choose now &, such that

0 < & < min(m,1),

and let £(t) be the solution of £(t) = g(&(t)) with £(0) = &. Since g > 0 on (0,1) and
g(1) = 0, one gets that £(t) > 0 for all ¢ > 0 and &(4-00) = 1. On the other hand, since u
solves (2.7), the parabolic maximum principle implies that u(z) > £(¢) for all z € Q and
t > 0. Thus, m > 1.

Similarly, using the fact that ¢ < 0 in (1,400), one gets that supgu < 1. As a
conclusion, u = 1, and the proof of Theorem 2.3 is complete. O

Remark 2.4 It can be seen (in the case = RY without the boundary conditions)
that the conclusion of Theorem 2.3 is not true without the boundedness assumption. For
instance, let g be any C''([0, +00)) function such that g(s) =1 — s for all s > 1. Then, for
any unit vector o € RY, the function w = 14 e*? is a nonnegative unbounded solution of
Aw + g(w) =0 in RY.

Proof of Theorem 1.7. Let u be a solution of (1.6) with a given initial condition uy € £.
We shall prove here that u(t,z) — 1 uniformly locally in € Q as t — +oc. The proof is
much more delicate than the elliptic analogue. The reason is that the time at which the
solution u will be above a suitably chosen positive number in any given compact set does
depend on the compact set.
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As above, since ug is bounded, there is M > 1 such that uy < M in Q, whence

u(t,x) < ((t)

for all £ > 0 and = € Q, where ¢ solves ((t) = f(¢(t)) with ¢(0) = M. Since f is negative
in (1,400) and vanishes at 1, one has that 1 < ((i) < M for all t > 0 and ((t) — 1 as
t — +o0. Hence u(t,z) < M for all t > 0 and z € 2, and

lim sup (sup u(t,m)) <1. (2.11)

t—+o00 z€Q
Let us now prove a lower estimate. To do so, choose R > R such that

!/
VzeRY, M\ < %O)
This is possible thanks to Lemma 2.2. Owing to the choices of R and R, one knows that
QN B(z,R) # 0 for all z € RY. Furthermore, since €2 is globally smooth and satisfies (1.8),
Harnack inequality applied in Q yields the existence of a constant C' > 0 such that, for
any solution v of (1.6) with an initial condition vy € & satisfying vy < 1, the following
inequality holds

Vit>1,VzeRY min o(t+1,-)>C max v(t,-). (2.12)
QNB(z,R) QNB(z,R)

Notice that all such solutions v satisfy 0 < v(¢,z) < 1 for all ¢ > 0 and x € Q.
Let also sy € (0,1) be such that

f'(0)
2

S.

Vs €l0,s0], f(s)>

Since u(1,-) is a positive continuous function in €2, there exists vy € £ such that
supp(vg) € QN B(0, R) and vo(x) < min(1, Csp, u(1,z)) in Q,

where supp(vy) denotes the support of vy. Notice that 0 < v(t,z) <1< M for all t > 0
and x € (2 from the strong parabolic maximum principle.
We now claim that

V2o €RY, 3t > 2, vty ) > Csoin QN B(z, R). (2.13)
Assume that this is not the case for some point zy € RY. From (2.12), it then follows that

Vt>1, max o(t,-) < so. (2.14)
QNB(z0,R)

In view of the choice of sy, we know that

Vt>1,VaeQnB(z,R), vi(t,z) > Av(t,x) +

/ /éo) o(t, 7). (2.15)
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Since A% < f/(0)/2, there is a function w € C}(Q N B(zg, R)) such that w # 0 and

/
/ |Vw]? < /1) X/ w?.
QNB(20,R) 2 QNB(20,R)

For each fixed t > 1, set

Ot) = / w?(x) Inv(t, r)dz.
QNB(z0,R)

Multiply (2.15) by w?/v(t,) > 0 and integrate by parts over Q N B(zy, R). The same
calculations as in Theorem 2.3 then give

!
Vix>1, €'() > J10) X / w? —/ Vwl?. (2.16)
2 QNB(z0,R) QNB(z0,R)

From the choice of w, the right-hand of (2.16) is a positive number which is independent
of t. Therefore, ©(t) — +o00 as t — +o00. But

O(t) < (Insg) x / w?(x)dz
QﬂB(ZQ,R)
for all £ > 1, thanks to (2.14). One has then reached a contradiction.
Therefore, the claim (2.13) has been proved. Now, from Harnack inequality applied to
v in €, there exists a constant C’ > 0 such that

min min__ o(s,-) | > C" max  v(t,-) (2.17)
t+1<s<t+l+to \ ONB(z0,R) QNB(zo0,R)

for all ¢ > 2 and z; € RY. On the other hand, from the choice of vy and from (2.13)
applied at zg = 0, it follows that

v(to,+) > v in Q.

Hence v(t + to, ) > v(t,z) for all t > 0 and 2 € Q from the parabolic maximum principle.
As a consequence, from (2.13), we infer that

max  v(t,, + kto,-) >  min v(t,, + kto,-) > Csp

QNB(z0,R) QNB(20,R)

for all k € N and for all 2y € RY. Together with (2.17), one gets that

min__ v(t,-) > C'Csg
QNB(z0,R)

for all t > t., + 1 and for all z, € RY. B
Lastly, u(t +1,z) > v(t,z) for all ¢ > 0 and = € € from the choice of v,. Therefore,

V€ RY V>t +2 min  ut,-)>C'Csy>0, (2.18)
QNB(z,R)
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where we recall that the positive constants C', C' and sy do not depend on the point z.
Pick now any sequence (t,),en of positive real numbers such that ¢, — 400 as n — +oc.
Remember that 0 < u(t,z) < M for all t > 0 and € Q. From standard parabolic
estimates, up to extraction of a subsequence, the functions

Up(t, ) = u(t + t,, x)
converge locally uniformly in (t,2) € R x Q to a classical nonnegative solution U of

U = AU+ f(U) inQ, teR,
v-VU = 0 on 0f), t € R.

One knows that U(t, ) < 1 for all (¢,z) € R x Q from (2.11). Furthermore,
U(t,z) > C'Csy >0 for all (t,7) € R x Q

from (2.18). Notice that this implies in particular that 0 < CC’sy < 1. Call now w(t)
the solution of w(t) = f(w(t)) for all ¢ > 0 with w(0) = CC’sg. Since f > 0in (0,1) and
f(1) =0, one hasw(t) — last — +oo. Foranyt € Rand T > 0, since U(t—T,-) > CC’sg

in 2, the maximum principle implies that U(t,-) > w(7T) in Q. Since this holds for all t € R
and 7' > 0, one concludes that U(t,z) > 1 for all (t,z) € R x Q. Eventually,

U=1inRxQ
and by uniqueness of the limit, it follows that
u(t,z) — 1

locally uniformly in = € Q as t — +o0o0.

Let now uy and vy be two continuous, nonnegative and nonzero functions which are
compactly supported in €. Assume that u, and vy are less than 1. Let e be a unit vector
in RY. Notice that the assumptions in Theorem 1.7 readily imply that Q is strongly
unbounded in the direction e. Since maxg vy < 1 and v, is compactly supported, it follows
from the first part of the proof of Theorem 1.7 that

u(to, x) > vo(x)

for all z € Q, for some ty > 0. Therefore, u(t + to, ) > v(t,x) for all t > 0 and z € Q,
whence w*(e, ug) > w*(e, vp).

Changing the roles of u and v leads to the inequality w*(e,vy) > w*(e, ug). Therefore,
w* (e, up) = w*(e,vp).

The same arguments also imply that

w* (e, z,up) = w*(e, z,vp)

for all e € SV, 2z € RN and (ug, vg) € £ with ug, vy < 1in Q. The proof of Theorem 1.7
is thus complete. O
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2.3 Upper bound for domains with the extension property

This section is devoted to the proof of Theorem 1.8. To do so, we first state a general
upper bound for the heat kernel in domains satisfying the extension property. This upper
bound follows from general results of Davies [10] and Grigor’yan [16].

Proposition 2.5 Let Q be a locally C? non-empty connected open subset of RN satisfying
the extension property. Call p(t,-, ) the heat kernel in Q with Neumann boundary condition
on 0X2. Then for any Cy > 4, there exist two positive constants C' and & such that

2
V>0,V (z,2) € QxQ, pt,zx)<Cx (14 (6t)N?) x exp {—dQ(CZ—’tx)}, (2.19)
0

where dg denotes the geodesic distance in €.

Proof. Let Cy > 4 be given. Since (2 satisfies the extension property, it follows from
Theorem 2.4.4 by Davies [10] that there exists C; > 0 such that 0 < p(t, z,z) < Cy#~/2 for
all0 <t <1 and for all (z,2) € Q x Q. The maximum principle then yields p(t, z, z) < C}
for all £ > 1 and (z,2) € Q x Q. In particular,

1
V>0, Vze, ptzrr) <—,
g(t)
where g(t) = (C1t~? + Cy)~L.
The function g is “regular” in the sense of [16] and since Cy > 4, it follows from the
Gaussian upper bounds by Grigor'yan [16] that there exist two positive constants § and
C5, which only depends on Cj and ¢, such that

= = CQ dQ(Z, 1’)2
vVt A QxQ t < — e
>0, V(z,2) €eQxQ, ptzz)< 2001) exp { ot
The conclusion of Proposition 2.5 follows with C' = C, (5. ]

Proof of Theorem 1.8. As already underlined, it is sufficient to prove property (1.10).
Fix a speed ¢ > 2,/f'(0) and up € €. Let then Ry > 0 be such that Bpg, contains the
support of uy and let Cy > 4, € > 0 and £y > 0 be such that

|z — af?

Vt>ty, Vze Bg, Vl|x|l>ct,
Z o Ro ||— Cgt

> (f'(0) +e)t. (2.20)
Call v(t,z) the solution of
{ v, = Av
v-Vv = 0 on 00
with initial condition ug. Since f(s) < f’(0)s for all s > 0, the maximum principle yields
0 < ult, ) < v(t, z) x exp(f/(0)1)
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for all t > 0 and = € Q.
The function v can be written as

o(t,z) = /Q plt, 2, )ug(2)dz = /B ) plt, 2, 2 )uo(2)dz.

From Proposition 2.5, there exist two positive constants C' and § such that

0lt,) < Clluole x (1+(5)) x Cot

Br,

exp [—

for all t > 0 and = € Q. Therefore,

0 < ult,a) < Cexp(f/(0))fuoll x (14 (56) %) x [

Brp,

2
exp {_|ZC’01€$‘ ] dz

for all + > 0 and z € Q. One concludes from (2.20) that
0 < u(t,x) < Cllugllo x (1 + (5) %) x | Bg,| exp(—et)

for all t > ¢y and |z| > ct, * € Q (remember that |Bg,| denotes the Lebesgue measure of
the ball Bg,. The estimate (1.10) follows, whence

'LU*(B, 2 uO) < w*(e7u0) <2 fl(o)

for all z € RN and u, € &. O

3 Exterior domains and domains containing large
half-cylinders

This section is devoted to the proofs of Theorem 1.9 and Proposition 1.11. We first deal
with the case of exterior domains.

Lemma 3.1 Let Q be an exterior domain of RN of class C?, let ug # 0 be nonnegative,
continuous, bounded in 2 and let u(t,z) be the solution of (1.6) with initial condition uy.

Assume that f: R, — R is C, and such that f(0) = f(1) =0, f'(0) >0, f >0 on (0,1)

and f <0 on (1,400). Then u(t,x) — 1 locally uniformly in x € 2 as t — +o00.

If Q were smoother (of class C*®), then Lemma 3.1 would follow from Theorem 1.7.
The proof of Lemma 3.1 is actually simpler than that of the first part of Theorem 1.7.

Proof of Lemma 3.1. First of all, as in the proof of Theorem 1.7, it follows from the
boundedness of uy and from the profile of f that

lim sup (sup u(t,x)) <1 (3.1)

t—+o00 z€Q
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Choose R > 0 large enough so that A\g < f’(0), where (Ag,%g) is the pair of first
eigenvalue and first eigenfunction of problem

—AvYr = AgY¥r in Bp,
¢R > 0 in BR,
Yvr = 0 on 0Bg, (3.2)
[YrlleBr = 1

This is indeed possible since A\, — 0 as p — +o00.
Then fix Ry > 0 such that
RY\Q C Bp,.

From the strong parabolic maximum principle, one has u(t,z) > 0 for all ¢t > 0 and = € Q.
Therefore, by continuity, there exists € € (0, 1) such that

u(l,z) > ¢ for all z such that Ry < |z| < Ry + 2R.

Even if it means decreasing € > 0, one can assume from the choice of R that

A(EQ/JR) + f(f:“@[ﬁg) = —6)\R@ZJR + f(€¢R) Z 0 in BR.
Since _
u(l,z) > e > epp(x — xp) for all x € B(zy, R)
and for all zo € RY such that |zg| = Ry + R, it follows that

u(1+t,2) > v(t,x) for all t > 0 and for all z € Q,

where v is the solution of (1.6) with initial condition vo(x) = max|g.|=re+r Vo, () defined
by

0 if v € Q\ B, R).
The function vy is a subsolution for the associated elliptic equation and v(¢,r) is then
nondecreasing with respect to t. Moreover, vg < 1 in €2, whence v(t,x) < 1 for all t > 0
and z € . Hence, standard parabolic estimates imply that v(t,x) converges locally
uniformly in x € ) as t — 400 to a classical solution v, of

Avg + f(vo) = 0 in Q
v-Vie = 0 on 0f).

vosy (5) = { er(z —x0) if 2 € B(xo, R),

Furthermore, vg Z 0 and 0 < vy < 1. Thus, 0 < vy < v5 < 1 and even v, > 0, V5 > Vg
in  from the strong elliptic maximum principle.
Take any point zo € RY such that |zg| = Ry + R. By continuity, there exists 1y > 1
such that
Voo(T) > er(x — nzy) for all x € B(nxg, R)

and for all n € [1,7]. Notice that B(nzo, R) C Q for all n > 1. Call

n* =sup {n > 1, ve(x) > cbr(x — n'xg) for all x € B(n'xo, R) and for all 5" € [1,7]}.
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One has n* > 79 > 1 and one shall prove that n* = +00. Assume on the contrary that n*
is finite. By continuity,

Voo(T) > er(x — n*xg) for all z € B(n*xo, R)

and there exists a point z* € B(n*xy, R) such that v (z*) = eg(x* — n*xo). From the
strong elliptic maximum principle, it follows that

Voo(T) = er(x — n*xy) for all x € B(n*xg, R).

But v () > 0 = epr(z — n*wp) for all ¥ € OB(n*x, R) (C Q) and one has then reached a
contradiction. Thus, n* = 400 and, since this is true for each z such that |zo| = Ry + R,
one infers that

Voo(2) > € (0) for all z € RY such that || > Ry + R.

Hence
inf vy > 0.
RM\BRg+r

Since v4 is continuous and positive in €, it follows that

m = inf v, > 0.
Q

If m is reached at some point z € Q, the strong elliptic maximum principle and Hopf
lemma yield m > 1, since f > 0 in (0,1). Then vy = 1 (remember that v, < 1in ).
If m is not attained, there exists a sequence of points (2, )nen in Q such that |x,| — 400
and v (2,) — m as n — 4o00. The functions w,(r) = v (z + x,) then converge locally
uniformly in RY, up to extraction of some subsequence, to a classical solution ws of
Ao + f(weo) = 0 in RY with m = w4 (0) < we < 1in RY. One concludes as above that
m = 1.
Therefore, vo, = 1 in Q. Since u(1 +t,2) > v(t,z) for all t > 1 and = € Q, it follows

that

liminf min w(t,x) > 1,

t—+oo zeK
for all compact subset K C Q. Together with (3.1), this completes the proof of Lemma 3.1.
O

Lemma 3.2 Let u(t,z) be a solution of (1.6) with Q = RY and with an initial condition
up Z 0 which is nonnegative, continuous and bounded. Let g : R, — R be of class C1, and
such that g(0) = g(1) =0, ¢'(0) >0, g >0 on (0,1) and g < 0 on (1,+00). Then, for all
0 <c<2y/g(0) and for all e € RN with |e| = 1,

u(t,x +cte) — 1

locally uniformly in x € RY ast — +oo.
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This lemma could actually follow from a result by Aronson and Weinberger [1], which
was based on the construction of subsolutions involving planar travelling fronts, for the
parabolic problem. We present a simpler proof here, which is mainly based on elliptic
arguments.

Notice also that the case ¢ = 0 is included in Lemma 3.1.

Proof of Lemma 3.2. As in Lemma 3.1, one knows that

lim sup (sup u(t,x)) <1.

t—+o00 zERN

Let e € RY be fixed such that |e| = 1 and let 0 < ¢ < 24/¢/(0). Let R > 0 be large
enough so that Az + ¢*/4 < ¢'(0), where (Ag,vg) is the pair of first eigenvalue and first
eigenfunction of problem (3.2) in the ball Bg. Since u is continuous and u(t, z) > 0 for all
t >0 and z € R, one can choose £ > 0 small enough so that

V€ Bg, u(l,z+ce)>ece " ipp(z) = wy(x).

Decreasing € > 0 if need be, one can assume that wy < 1 in B and

2

Awg + ce - Vwy + g(wy) = — ()\R + CZ) wo + g(we) >0 in Bpg.

Since the function (¢,x) — v(t,z) := u(t, z + ct e) satisfies the equation
vy = Av+ce- Vo + g(v),

it follows then that v(1 +¢,2) > w(t,z) for all t > 0 and z € RY, where w satisfies the
same equation as v with initial condition w(0,z) = wy(z) if x € Bg and w(0,x) = 0 if
|z| > R.

Furthermore, from the choice of ¢, w(t,z) is nondecreasing in ¢ for all x € RY and
converges as t — +oo locally uniformly in x € R to a classical solution we, of

Awgo + ce - Vs + g(weg) = 0 in RY

such that 0 < wy, < 1 in RY and wy, > wp in Bg. It follows from Proposition 1.14 in [7]
that w, = 1.

Therefore, liminf; .|, mingex u(t,z+cte) > 1 for all compact subset K C RY. The
proof of Lemma 3.2 is thus complete. O

Proof of Theorem 1.9. As already underlined, one only has to prove formula (1.11).
Let u solve (1.6) with an initial condition ug € £. Under the assumptions of Theorem 1.9,
the exterior domain ) satisfies the extension property, whence

max _ u(t,z) — 0 ast — +o0,
|z|>ct, zeQ

as soon as ¢ > 24/ f(0).
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On the other hand, one easily gets as usual that

limsup sup wu(t,z) < 1.
t—+00  ze

Therefore, one only has to prove that liminf, o ming, <, ,eq u(t,z) >1if0<c<
24/ 1(0).

Let ¢ be fixed such that 0 < ¢ < 24/f/(0) and let £ € (0,1) be fixed. It follows from
Lemma 3.1 that there exists ty > 0 such that

Vi>ty, Veed, wult,z)>1-—c.

Let now g be a C! function such that ¢ < f in [0,+00), g(0) = g(1 —¢) =0, g >
0in (0,1 —¢€), g < 0in (1 —e,+00) and ¢'(0) = f'(0). Let vy be a continuous and
compactly supported function defined in RY, such that 0 < vy < 1 — ¢ and vy # 0.
Assume furthermore that vy is radially symmetric, nonincreasing with respect to r = |z|
and that u(tg,z) > vo(z) for all x € Q. Lastly, let v(t, ) be the solution of (1.6) in R¥,
with nonlinearity ¢ instead of f, and initial condition vy.

It follows by construction of g that v(t,2) < 1—¢ for all t > 0 and x € RY. Therefore,
u(t +tg,x) > 1 —¢e > w(t,z) for all t > 0 and = € 9. The above assumptions on g and
vp then yield that

V>0, Vo e, ult+tyx)>vt ).

Thus,
liminf  min _ w(t,z) > liminf min _ v(t,z) > liminf min v(t, x).
t—=too  |z|<ct, 2€Q t—=+00 |z|<ct4cty, EQ t—+oo |z|<ct+cty, zERN

On the other hand, v stays radially symmetric in R" and nonincreasing with respect
to r = |z| for all time ¢ > 0. Therefore,

liminf  min _ w(¢,z) > liminf v(¢, c(t + to)e)
t—=+oo |z|<ct, z€Q t—+oo

for any given direction e € SV~!. But,

liminf v(t,c(t +to)e) =1 —¢,

t—+00

by applying the conclusion of Lemma 3.2 to the function g (remember that 0 < ¢ <

24/ f'(0) = 24/¢'(0) from the choice of g).

Since € € (0,1) was arbitrary, one concludes that

liminf min  w(t,z) > 1.
l=+oo |z|<ct, z€Q

Then, we may conclude that

lim  max |u(t,z) —1] =0
t=+00 |z|<ct, z€Q

29



for all ¢ € [0,24//7(0)) and the proof of Theorem 1.9 is complete. O

The same type of arguments as above gives a lower bound for the spreading speeds
w* (e, up) and w*(e, z,up) in a domain €2 containing a semi-infinite cylinder in the direction
e, with large enough section. Namely, let us turn to the

Proof of Proposition 1.11. Fix ¢ € (0,21/f(0)] and Ry > 0 large enough so that

(2y/f'(0) —)*
1

VY R>Ry, Mg+ < f(0),

where (Ag,¥g) is the pair of first eigenvalue and first eigenfunction of problem (3.2) in the
ball Bg. Assume now that € satisfies (1.12) for some A € R, 2o € RY and R > Ry. Fix
any R’ such that Ry < R’ < R and set

20 =20 — (zg-e)e+ (A+ 1+ R)e.
The assumption (1.12) implies that
Vs>0, Q DO B(z+seR).
As in the proof of Lemma 3.2, there exists n > 0 small enough so that
Vx € Bp, u(l,r+z)> ne—(2m—5)6~x/2¢R/(x) =: wy(x)
and wy < 1 in Bp. From the choice of Ry, the function wy is a subsolution of
Aw + (24/f(0) — e)e - Vwy + f(wg) >0 in Bp.

The function v(t,z) = u (t + 1,24 20+ (24/f'(0) — 5)156) satisfies

v =Av+ (24/f(0) —e)e- Vo + f(v),

in particular for all + > 0 and € Bg. Furthermore, v(t,2) > 0 for all z € 0Bp. It
follows from the maximum principle that

v(t,z) > w(t,z) for all t >0 and for all ¥ € By,

where w solves the same equation as v in Bg/, with initial condition w(0,z) = wo(x)
in Bp and boundary condition w(t,z) = 0 for all ¢ > 0 and z € JBg. Furthermore,
0 <w(t,r) <1forallt>0andz € Bg, and w is nondecreasing in ¢ for all z € Bp:.
Standard parabolic estimates imply that w(t,z) — weo(z) as © — 400, where w,, satisfies
the corresponding elliptic equation and we,(z) > wy(z) for all x € Bp.

As a consequence,

V © € By, ltierinf u <t+ Lz + 2o+ (24/f(0) — 6)256) > wWoo(x) > 0.
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Thus, w*(e, z,ug) > 24/ f'(0)—e for all ug € € and z € RY such that [z—2z0—((2—20)-€)e| <
R’. Since this is true for all R’ € [Ry, R), one concludes that

w* (e, z,ug) > 24/ f'(0) — e

for all uy € € and z € RY such that |z — 20 — ((z — 20) - €)e| < R.
Together with formula (1.7) of Proposition 1.5, this completes the proof of (1.13). O

Remark 3.3 The above arguments imply that if

QD {reRY z-e>A x-¢ > B}
for some (A, B) € R? and ¢/ € S~ with ¢’ - ¢ = 0, then, for all £ > 0, there exists Ry > 0
such that w*(e, z,ug) > 24/f"(0) — ¢ for all uy € £ and

z € U B(zo, R).

R>Rg, 20€RN, z9-¢/>B+R

Therefore, w*(e, z,up) > 24/ f'(0) for all uy € £ and z such that z - ¢ > B. This result
corresponds to Corollary 1.12.

4 Domains with zero or infinite spreading speeds, or
spreading speeds depending on 2z

This section is devoted to the construction of some particular domains for which the sprea-
ding speeds may be zero, infinite, or may depend on the position z. All these constructions
rely on estimates on the linear heat equation (see formula (2.19) in Proposition 2.5).

4.1 Domains for which w*(e, z,uy) depends on z

End of the proof of Proposition 1.5. Up to translation and rotation, one can assume,
say, that e = (1,0,...,0) and z = (0,2,0,...,0).
Let (ay)nen be a sequence of positive real numbers such that

ap
— — +00 as n — +o0o.
n

Let I" be the subset of R? defined by

D={(z1,0), 21 >0} U |J {n}x[0,a,].

neN*

Let Q be any open subset of R? such that

r ¢ Q c {xeR2, d(x,F)<%}
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and such that €y := RQ\Q is connected, locally C?, and satisfies the extension property
defined in Section 1. Here, d(y, E') denotes the euclidean distance of a point y € R™ to a
subset £ C R™.

We then set Q = Q, if N = 2 (see Figure below) and Q = Qy x R¥N=2if N > 3. The
open set € is clearly strongly unbounded in the direction e.* But such a domain does
not satisfy the assumptions of Theorem 1.6 (more precisely, €2 does not satisfy Hypothesis

H, s, for any y and 3’ such that yo, > 1/3 > —1/3 > v).

Figure 1: An infinite comb

Furthermore,
Vuy €&, we,ug) <24/ f(0)
from Theorem 1.8. On the other hand, since 2 D {z € RY, z, < —1/3}, Corollary 1.12
implies that w*(e,ug) > 2+/f/(0) and w*(e, 2’,up) > 24/ f(0) for all ug € € and 2’ € RN
such that 2z, < —1/3. Hence,

w* (e, up) = w*(e, 2, ug) = 24/ f/(0) for all ug € € and 2’ € R such that 2, < —1/3.

Remember that z = (0,2,0,...,0). Let v > 0 be any fixed positive real number and
let ug be in £. From the construction of €2, one has that

Vs>0, B(z+se1)NQ#D0.

Let Cy > 4 be given. From Proposition 2.5 and arguing as in the proof of Theorem 1.8,
there are some positive constants C' and ¢ such that

0 < ulta) < O uoleco |

2
C(1+ (6t)M?) exp [_—dg(y,m) ] dy
Supp(uo)

Cot

4This domain was suggested to us by S. Luckhaus. Its complement, R\, has the shape of an infinite
comb with larger and larger teeth.
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forall¢ > 0 and = € Q. Remember that supp(ug) denotes the support of ug. Since supp(ug)
is compact, it follows from the construction of 2 (especially the fact that a,/n — +oo as
n — +o00) that

d
inf 7M—>+oo as t — +oo.

y € SUPP(uo), s>7t, x€B(z+se,1)NQ t
Thus, for all 5 > 0, there is ty > 0 such that
0 < ut,) < e O flugll ey CL+ (5) ) supp(ug)| x ¢

for all t > t, s > 4t and & € B(z + se, 1) N Q. Therefore,

lim sup u(t,z)| = 0.
t—+o00 =
s>~t, x€B(z+se,1)NQ

Since this is true for all v > 0, one concludes that
w* (e, z,ug) = 0.
Actually, the same type of arguments imply that
w*(e, 2’ up) =0

for all uy € £ and 2’ € RY such that 2}, > 1/2 (by changing the radius 1 to 1/2 + ¢ for
some small € = £(2') > 0). O

4.2 Domains with zero spreading speeds

Proof of Theorem 1.13, part a). Let us define the curve
['={(tcost,tsint), t > 0}

and let Q be a locally C? open connected subset of R? satisfying the extension property
and such that, say, Q\Ba, = {z, d(x,T) < 1}\Ba,. Such a domain € is like a spiral. It is
clear that Q is strongly unbounded in every unit direction e of R2,

Let ug # 0 be a nonnegative, continuous and compactly supported function in €. Let
Cy > 4, e € S' be given, and let R > 0 be such that Q N B(se, R) # () for all s > 0.
From Proposition 2.5 and arguing as in the proof of Theorem 1.8, there are some positive
constants C' and 4 such that

0 < u(ta) < Ol [

2
C(1+ (6t) ™) exp {—M} dy
Supp(uo)

Cot

forallt > 0and z € Q. Fix any v > 0 and A > R. For all s > 0 and for all £ > 0, one has

0< max wu(tz) < Cllugllreo)(l+ 5_1t_1)ef'(°)t/
z€B(se,A)NQ2

7;2
< exp [— y’s} dy,
Supp(uo)

Cot
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where
Fys= —min  dq(y,2).

z€B(se,A)NQ

But, owing to the definition of €2, there exist n > 0 and ¢y > 0 such that
Vit >ty Vs>t ¥y € supp(ug), Ty > 1t

Thus, for all t > t,

0= Sup u(t, z) < Cllug|poe(y (1 + 6711 el O supp(ug)| x e/ — 0
s>~t, z€B(se,A)NQ
as t — +o0.
Therefore, w*(e, z,ug) = w*(e,ug) = 0 for all e € S, z € RN and uy € &. O

4.3 Domains with infinite spreading speeds

The proof of part b) of Theorem 1.13 is based on the following Lemmas 4.1 and 4.2. In
the remaining part of this section, we fix N > 2 and we call (z,2’) the coordinates in RY,
where = z1 and @’ = (22, ,xn). Let usset ' = |2/| = /23 4+ -+ 2%. Let h : R - R
be the function defined for all s € R by

h(s) = e ",
Set )
Q={(z,2) eRY, 2> A 0<7v <h(2)},

where A > 0 is a positive real number to be chosen later, and let {2 be an open connected
and locally C? domain such that

Q c Q c QU{A-1<z<A 0<7 <1}

Such a domain € has the shape of an infinite cusp (see Figure below), and it obviously
does not satisfy the extension property defined in Section 1.

e
9

Q

Figure 2: An infinite cusp
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Lemma 4.1 Under the above notations, call ¢(z,2') = ¢(x,r') = cosr’ — e~ cos(v/2r")
for all (x,2") € RY. Then there exists A > 0 large enough such that

Ap+¢ < 0in
v-V¢ > 0ondQn{x> A}

and 1/2 < ¢ <1 in Q.

Proof. A straighforward calculation gives that the function ¢ is of class C? in RY and

that
N —

71/

Ap+ ¢ = 2 (—sinr’ +v2e®sin(v2r"))

if 7/ > 0. Therefore, A¢ + ¢ < 0 in Qfor A large enough.
On the other hand, for (z,2") € 02N {x > A}, one has v’ = h(z) and
v-Vo(z,2') = __ (—h'(x)e’x cos(V2h(x)) — sin h(z) + V2e* sin(ﬂh(w)))
VA (2)?2+1
h(z) - 2
= ———— (e "+ 0(h
\/m (e ( (x)))

> 0 for z large enough.

Lastly, the condition 1/2 < ¢ < 1 in Q immediately holds if A is large enough. This
completes the proof of Lemma 4.1. O

The following lemma provides some lower estimates for the heat kernel in such do-
mains €.

Lemma 4.2 Under the assumptions of Lemma 4.1, let p(t,w, z) denote the heat kernel
in @ with Neumann boundary conditions on 0. Then, there exists a time T' > 0 such
that, for all compact subset K C €2,

inf  p(t,y,z) > 0.
t>T, yeK, zeQ

Proof. Let us first fix T > 0 such that
e T < 1/4.

Let K be a compact subset of Q. From the strong maximum principle and by continuity,
there exists 7 > 0 such that, say,

VI<t<1+Ty, Vye K, Vz=(z,2) e Qn{z <A}, ptyz2) >n. (4.1)

Let n be as above, and let y be any given point in K. Let ¢ > 0 and § > 0 be
two arbitrary positive real numbers, and let u be the function defined for all ¢ > 0 and
z=(r,2') € Q by

u(t,z) = p(1+t,y,2) + e’
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One immediately checks that
- Aﬂ+ﬁ2ﬂz 52]9(1 +t,y,Z) >0
for all t > 0 and z € Q. Furthermore, for all z = (z,2') € QN {z > A}, one has

B eBeP*h/ (x) >0
R (x)2+1 "

Lastly, (t,-) > non dQN{x = A} for all 0 < t < Tp, because of (4.1).
Call now u the function defined for all t > 0 and z € Q2 by

u(t, z) = n = 2pg(2)e” I — e,
From Lemma 4.1, the function u satisfies
= Au+ fPu = 29(A¢ + @) T — gyt <0
for all z € 5 and ¢ > 0. Furthermore,
v-Vu=-2nv-Ve <0 ondQn{z> A}

from Lemma 4.1, and u(t,-) < nin Q for all ¢ > 0. Lastly, since ¢ > 1/2 in Q, one has
that

@(0,) > ¢ > 0> (0,

) i
The parabolic maximum principle yields u(¢, z) > u(t, z) for all 0 < ¢ < Tj and z € Q.
In other words,

VO<t<Ty, VzeQ, plttyz)+ee™ >n—2mp(z)e 1+ — g2
Since € > 0 and 3 > 0 were arbitrary, it follows that
VO<t<Ty Vz 66, p(1+ty,2z) >n—2np(z)e"
Since ¢ < 1in Q, one has ¢e~70 < =7 < 1/4 from the choice of T,. Therefore,
Vze 5, p(1+ Ty, y,z) > n/2.

From (4.1), one concludes that p(1 + Ty, vy, z) > n/2 for all z € Q. As a consequence,

p(t,y,2) >n/2

forallt > T := 1+T, and for all z € Q. Since y € K was arbitrary, the proof of Lemma 4.2
is complete (notice that T" does not depend on K). O

Let us now turn to the
Proof of Theorem 1.13, part b). Let Q be as above and such that the conclusion of
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Lemma 4.1 holds. Let e = e¢; = (1,0,---,0). It is clear that 2 is strongly unbounded
in the direction e. Let uy # 0 be a continuous, nonnegative and compactly supported
function in Q, and let u(t, z) be the solution of (1.6) with initial condition u.

Let us first observe that

Vt>0, Vo eQ, u(tz)>ota),

where v is the solution of (1.6) with initial condition vy = min(uo, 1). Since 0 < v(t,z) <1
for all t > 0 and = € Q, and since f > 0 in [0, 1], one gets that

Vt>0,VreQ, wvtax)>V(ta),
where V solves the heat equation V; = AV with Neumann boundary conditions on 02 and

initial condition vg.
Therefore, under the notations of Lemma 4.2, one has

Vi20,Veel ulta)> Vi) = / p(t, . )vo(y)dy.
supp(vo)

Since supp(vo)(= supp(ug)) is a compact subset of 2, Lemma 4.2 implies that there exist
T >0 and 0 > 0 such that

Vt>T, Vyesupp(u), Vee, p(tyx) >0

Hence,

u(t,z) >¢:

5/ vo(y)dy > 0
SUpp (uo)

for allt > T and x € Q.

As a consequence, u(t + T,x) > ((t) > 0 for all t > 0 and x € Q, where ( solves
¢ = f(¢) with ¢(0) = & > 0. Since ((t) — 1 as t — 400 (because of the profile of f), one
gets that

liminf inf w(t,z) > 1.
t—+00  z2eQ

On the other hand, u(t,z) < &(t) for all t > 0 and x € Q, where £ solves & = f(£) and
€(0) = maxgug € (0, +00). Since {(t) — 1 as t — 400, one gets as usual that

limsup sup wu(t,z) < 1.
t——4o0 zeQ

As a conclusion, u(t,z) — 1 as t — +oo uniformly with respect to z € Q.
Owing to Definitions 1.2 and 1.3, it follows that w*(e, z,uy) = w*(e, up) = +oo for all
z € RN and g € €. This completes the proof of Theorem 1.13, part b). O
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