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Abstract

Let Q be a bounded C?® domain in R” (n > 1, 0 < a < 1), Q* be the open
Fuclidean ball centered at 0 having the same Lebesgue measure as €2, 7 > 0 and
v € L>®(Q,R") with [|v]|, < 7. If A(,7) denotes the principal eigenvalue of
the operator —A + v - V in Q with Dirichlet boundary condition, we establish that
A(Q,v) > A\ (Q*, Te,) where e.(x) = x/|z|. Moreover, equality holds only when, up
to translation, 2 = Q* and v = 7e,. This result can be viewed as an isoperimetric
inequality for the first eigenvalue of the Dirichlet Laplacian with drift. It generalizes
the celebrated Rayleigh-Faber-Krahn inequality for the first eigenvalue of the Dirichlet
Laplacian.

1 Introduction and main results

Throughout all the paper, n > 1 denotes an integer in N* = N\{0}. By “domain”, we
mean an open connected subset of R", and we denote by C the set of all bounded domains
of R™ which are of class C% for some 0 < o < 1. For any measurable subset A C R",
|A| stands for the standard n-dimensional Lebesgue measure of A. Throughout the paper,
B' denotes the open Euclidean ball of R" with center 0 and radius » > 0, and we set
an = |BY| = 7/2/T'(n/2 + 1). For Q € C, we define Q* as the ball B jay1/n having the
same measure as 2. Finally, if 2 € C and v : Q2 — R" is measurable, |v| will denote the
Euclidean norm of v, and we say that v € L*(Q,R") if |[v| € L*°, and write (somewhat
abusively) [|v]|, instead of || [v] || (q)-

If A1(2) denotes the first eigenvalue of the Laplace operator —A with Dirichlet boundary
condition (Dirichlet Laplacian), in an open bounded smooth set 2 C R", it is well-known
that A\1(©2) > A (Q*) and that the inequality is strict unless €2 is a ball. Since A (Q2*) can
be explicitly computed, this result provides the classical Rayleigh-Faber-Krahn inequality,
which states that

A (Q) = \9\72/"043/"]’3/271,17 (1.1)



where j,,,1 the first positive zero of the Bessel function .J,,. Moreover, equality in (1.1) is
attained if and only if €2 is a ball. This result was first conjectured by Rayleigh (1894/1896)
for n = 2 ([34] vol. I, pp. 339-345), and proved independently by Faber ([16], 1923) and
Krahn ([23], 1925) for n = 2, and by Krahn for all n in [24] (1926; see [25] for the English
translation).

Many other optimization results for the eigenvalues of the Dirichlet Laplacian have been
proved. For instance, the minimum of \5({2) among open bounded sets {2 C R" with given
Lebesgue measure is achieved by the union of two identical balls (this result is attributed
to Szegod, see [31]). Very few things seem to be known about optimization problems for the
other eigenvalues, see [14, 19, 31, 32, 39].

Various optimization results are known about functions of the eigenvalues. For instance,
the Payne-Pdlya-Weinberger conjecture (see [30]) on the ratio of the first two eigenvalues
was proved by Ashbaugh and Benguria ([2]), in any dimension n: namely, for any bounded
domain 2 C R™, A2(2)/A1(2) < A2(27)/A1(2%), and the equality is attained only when € is
a ball. The same result was also extended in [2] for elliptic operators in divergence form with
definite weight. We also refer to [3, 4, 6, 9, 15, 21, 22, 26, 27, 30, 32| for further bounds or
other optimization results for some eigenvalues or some functions of the eigenvalues in fixed
or varying domains.

Other boundary conditions may also be considered. For instance, if us(2) is the first
non-trivial eigenvalue of the Laplacian under Neumann boundary condition, uo(€2) < ua(€2*)
and the equality is attained only when €2 is a ball (see [36] in dimension n = 2, and [38] in
any dimension). Bounds or optimization results for other eigenvalues of the Laplacian under
Neumann boundary condition ([30, 32, 36, 38], see also [7] for inhomogeneous problems), for
Robin boundary condition ([12]) or for the Stekloff eigenvalue problem ([13]) have also been
established.

We also mention another Rayleigh conjecture for the lowest eigenvalue of the clamped
plate. If  is a smooth bounded open subset of R?, denote by A;(2) the lowest eigenvalue
of the operator A%, so that A%u; = A;(Q)uy in Q with vy = |[Vuy| = 0 on 9Q and u; > 0
in Q. The second author proved in [28] that A;(2) > A;(2*) and that equality holds only
when ( is a ball (disk, in dimension 2). The analogous result was also established in R? in
[5], whereas the problem is still open in higher dimensions.

Very nice and much more complete surveys of all these topics and additional results can
be found in [8, 19, 29] and the references therein.

All above problems concern self-adjoint operators. In the present paper, we focus on
optimization problems for the first eigenvalue of the non-self-adjoint Laplace operator with
a drift under Dirichlet boundary condition.

For any domain © € C, for any v € L>®(2,R"), we call \;(Q2,v) the first eigenvalue
of L = —A + v -V with Dirichlet boundary condition on Jf2, and ¢q, the corresponding
(unique) positive eigenfunction with L*-norm equal to 1. In the sequel, g, will be denoted
by ¢ when the context makes clear what {2 and v are. Recall that the maximum principle
holds for L, and, as a consequence, A\1(£2,v) > 0 (see [11]). One has

—Ap+v-Ve=X(Qv)pin Q,
(1.2)
¢ >0in €, ¢ =00n 0%, [[¢[pxq =1
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Moreover, by standard elliptic estimates (see [1, 18]), ¢ € W?P(Q) for all 1 < p < +o0,

whence, up to the choice of the continuous representant in the class of ¢, ¢ € C4(Q) for all

0 < 8 < 1. Recall also that if A is any eigenvalue for the operator L, then either A = A\ (€2, v)

or Re(A) > A\ (€, v), and that, if ¢ is any positive eigenfunction in €2 for L corresponding to

the eigenvalue A, then actually A = A\;(€2,v) and ¢ and ¢ are proportional (see [11] again).
For all = # 0, set

Our main result is the following one:

Theorem 1.1 For any dimension n > 1, any Q € C, any 7 > 0 and any v € L*(Q,R")
satisfying |[o]., < 7.
A(Q,0) > M (QF, Te,). (1.3)

Moreover, equality holds only when, up to translation, 2 = Q* and v = Te,, namely when
there ezists xy € R"™ such that (Q,v) = (xg + Q*, Te, (- — x0)).

Theorem 1.1 can then be viewed as a natural extension of the first Rayleigh conjecture
to the Dirichlet Laplacian with drift in any dimension n.

A rough parabolic interpretation of Theorem 1.1 can be the following one: consider the
evolution equation u; = Au — v - Vu in Q, for ¢ > 0, with Dirichlet boundary condition
on 0L, and with an initial datum at ¢ = 0. Roughly speaking, minimizing \; (€2, v) (with
given || and with ||v|l < 7 can be interpreted as looking for the slowest exponential
time-decay of the solution u. The best way to do that is to try to minimize the boundary
effects, namely to have the domain as round as possible, and it is not unreasonable to say
that the vector field —v should as much as possible point inwards the domain to avoid the
drift towards the boundary. Of course diffusion, boundary losses and transport phenomena
take place simultaneously, but these heuristic arguments tend to lead to the optimal couple
(Q, —v) = (%, —7e,) (up to translation).

As a corollary of Theorem 1.1, we obtain the following Faber-Krahn type inequality for the
Dirichlet Laplacian with drift, which extends the classical Rayleigh-Faber-Krahn inequality
for the Dirichlet Laplacian. Namely we get a lower bound for A\; (€2, v), which depends only
on [Q| and |jv]|_:

Corollary 1.2 For each n > 1, there exists a function F,, : (0,400) X [0,4+00) — (0, 4+00),
defined by F,(m,T) = Al(BE‘m/an)l/n,Ter) such that, for any domain Q € C and any v €
L>(Q,R"),

M(2,0) = Fu(1€; [[oll) (1.4)

and equality holds if and only if, up to translation, Q@ = Q* and v = ||v]| e

Remark 1.3 For fixed n € N*, m > 0 and 7 > 0, inequality (1.3) of Theorem 1.1 may

be reformulated in the following way: ace. (o inf < A (Q,v) = A\(B,Te,), where B =
eC, =m, ||v|<T



B yime Since Ay (Y, v]g) > M(Q,0) for all Q, Q@ € C, g Q2 and v € L>®(Q2,R") (see

(m/am

[11]), Theorem 1.1 yields at once

AM(Q,v) = M\(B, Te,),

in
QeC, [Q<m, |jvll <7

and the infimum is reached for and only for 2 = B and v = 7e, (up to translation).
The above inequalities (1.3) and (1.4) can also be generalized to more general open sets

Q). First, one has inf A (Q,v) = A\ (B,Te,), where C’' denotes the set of all
Qec’, [Q<m, |vllo<T

open bounded subsets © of R of class C** for some 0 < « < 1, with finite number (maybe
not reduced to 1) of connected components (for @ € C" and v € L*(Q,R™), \(Q,v) is
the minimum, over k, of the eigenvalues A;(£2;,v|q,), where the €;’s are the connected
components of ). Thus, inequalities (1.3) and (1.4) hold for €2 € C’ and the case of equality
holds only if, up to translation, 2 = B and v = 7e,.

Furthermore, for non-smooth and possibly unbounded §2 with finite measure, following

[11], one can still define A\ (Q2,v), as A (Q,v) = inf A\ (Q,v|or). Since F,(m,7) is
o'cQ, wec

decreasing in both m > 0 and 7 > 0 (see Remark 2.8), inequalities (1.3) and (1.4) still hold.

Remark 1.4 Let us now discuss the behavior of F,(m,7) for large 7 (see Section 4.1 for
details). First, for all m > 0, 772¢™™/2Fy(m,7) — 1 as T + oo, and one even has

F3C(m)>0,37>0, V7>, 1 2™2F(m,7)—1|<C(m)re ™2 (1.5)
Moreover, for all n > 2 and m > 0, F,(m,7) > Fy(2(m/a,)/", 7) for all 7 > 0, and
—7 7 og F,(m, 7) — m'"a; Y™ as 7 — +o00. (1.6)

In [17], with probabilistic arguments, Friedman proved some lower and upper logarithmic
estimates, as € — 0T, for the first eigenvalue of general elliptic operators —a;;e2d;; +b;0; with
C! drifts —b = —(by,...,b,) pointing inwards on the boundary. Apart from the fact that
the vector field e, is not C! at the origin, the general result of Friedman would imply the
asymptotics (1.6) for log F,,(m, ) = log /\I(B(nm/an)l/"’ Te,). For the sake of completeness, we
give in Appendix (Section 4.1) a proof of (1.6) with elementary analytic arguments. There,
we also prove the precise equivalent of Fj(m, 1) for large 7. However, giving an equivalent
for F,,(m,T) when 7 is large and n > 2 is an open question.

The first step in the proof of Theorem 1.1, which has its own interest, is the optimization
of A\1(Q,v) when Q is a fixed domain and the L* norm of v is controlled. Namely, for any
72> 0, set

AMQ,7) = inf A (Q0) and A(Q,7) = sup A (Q,v).

vlloe <7 o]l o <7

It turns out that this optimization problem also has a unique solution:

Theorem 1.5 Let Q2 be a domain in C (of class C** for some 0 < a < 1) and let T > 0 be
fixed.



(a) There exists a unique vector field v € L®(Q) with ||v||,, < 7 such that A(Q,7) =
A (2,v) (> 0), and this field satisfies |v(x)| = 7 almost everywhere in ). Moreover,
the corresponding principal eigenfunction ¢ = pq, s of class C%*(Q) and v - Vp =
—T ‘Vg‘ almost everywhere in §). The function ¢ is then a solution of the following
nonlinear problem

—Ap — 7| V| = A(Q, 7)p in Q. (1.7)

Moreover, if ¥ is a function of class C**(Q) such that 1 > 0 in Q, ¥ = 0 on 09,
V]l =1 and if p € R is such that (1.7) holds with v and i instead of ¢ and A(S2, 7),
then v = @ and p = A(Q, 7).

(b) There exists a unique vector field v € L=(Q) with |||, < 7 such that \(Q,7) =
A (Q,7) (> 0), and this field satisfies |v(x)| = T almost everywhere in Q. Moreover, the
corresponding principal eigenfunction p = pqz is of class C**(Q) and v-Vp = 7 |V
almost everywhere in ). The function @ is then a solution of the following nonlinear

problem B
—AP+ 7|V = NQ,7)% in Q. (1.8)
Moreover, if ¥ is a function of class C**(Q) such that 1 > 0 in Q, ¥ = 0 on 0,

V]l =1 and if p € R is such that (1.8) holds with ¢ and p instead of P and AQ,7),
then v =@ and p = A\, 7).

When €2 is a ball (up to translation, one assumes that it is centered at the origin), one
can provide an explicit expression of v and v:

Theorem 1.6 Assume that ) = B = B}, for some radius R > 0, and let 7 > 0 be fived.
Then v = Te, and v = —Te, where v and v are defined in Theorem 1.5. One therefore has:

—Ap+71e, - Vo = AMQT)p inB,
(1.9)

—-Ap—71e,-Vo = XNQ,7)p in B.

Moreover, the functions ¢ and p are radially decreasing in B, which means that there are
two decreasing functions ¢, ¢ : [0, R] — [0,400) such that p(z) = ¢(|z|) and B(z) = ¢(|z)
for all x € B.

Remark 1.7 Notice that a corollary of Theorems 1.1, 1.5 and 1.6 is that, for all 7 > 0 and
QeC, A, 7) > A(Q%, 1), and equality holds only when (2 is a ball.

Let us now give a few additional comments about Theorems 1.1, 1.5 and 1.6. First, what
happens for other optimization problems with analogous constraints? For a fixed domain
Q2 € C, if we drop the condition ||v||_ < 7, one can prove that

inf A\ (Q,v) = igg A, 7)=0, sup M (Qv)=sup A\(Q,7) = +oo. (1.10)

vEL>®(Q,R") vEL>®(Q,R") 7>0

Actually, we prove in Lemmata 2.5 and 2.6 that the function 7 — A(Q, 7) (vesp. 7 — A(Q, 7))
is decreasing (resp. increasing) in [0, +00). Therefore, (1.10) means that A(Q2,7) — 0 and
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A€, 7) — +o0 as 7 — +oo. The proof of first assertion (about the infimum) follows at
once from formula (1.6): indeed, choose a ball B included in €2, call z( its center, and
let v € L*(Q,R") be such that v(z) = 7Te,(x — zy) for all z € B; one then has 0 <
A(Q2,0) < M\(B,v|g) = Fu.(|B|,7) — 0 as 7 — +o00. For the proof of the other assertion,
let 7 > 0 and define v = Tey, where, for all z € R", e;(z) = (1,0,...,0). Straightforward
computations show that the function ¢ (z) = e~71/2¢q ;. (x), which is positive in 2, satisfies
—AY + (72/4) = M\ (2, 7e1)v in Q. From the characterization of the first eigenvalue, one
concludes that A\ (Q, 7e;) = 72/4+ A1 (), where A\;(Q) is the first eigenvalue of the Dirichlet
Laplacian in ). This obviously implies the desired result.

Notice that, when v € L>() is divergence free (in the sense of distributions), Ay (€2, v) >
A1(€2,0) = A1 (2) (indeed, multiply (1.2) by ¢ and integrate by parts). Thus, it immediately
follows that inf A (Q2,v) = A (Q) for all © € C and 7 > 0. We also refer to [10] for

[v]|loo <7, div(v)=0
a detailed analysis of the behavior of A\; (€2, A v) when A — +00 and v is a fixed divergence

free vector field in L>(Q).

Let now v € L>®(R",R") be fixed, call |[v||oc = || [v] ||zoc(®n rn), let £ vary and define
Mo,m)= inf  M(Qulo) = inf  A(Q d Av,m) = M (9
:(Uv TTL) QGC,H|1Q|=m 1( ) U’Q) QGC,lﬂlQ\gm 1( ) U|Q) an (U, m) QeCS71|1(IZ)\:m 1( ) U|Q)

for each m > 0. Because of (1.11) below, there holds A(v,m) = +o0o. On the other hand,
AMv,m) > F,(m,||v]|e). However, unlike A(Q2,7) or A(£2,7), the infimum in \(v,m) may
not be reached: indeed, let (24)r>k, be a sequence of points in R™ such that the balls
B, = z, + B?m/an)l/" are pairwise disjoint and choose kg € N and v € L*(R"™) so that
27F0 < ||v]|oo, VB, = (U]l —27%) e.(- — z) and v = 0 outside the balls By; from Theorems
1.1, 1.6 and Lemma 2.5 below, one can easily check that, for each Q € C with |Q] < m,
A (S, tl) > Mo, m) = Fa(m, [v]0).

Consider now optimization problems (different from the one solved in Theorem 1.1) where
both €2 and v vary. Let m > 0 and 7 > 0 be fixed. As was already mentioned in Remark 1.3,

inf M(Qv) = inf  AQ,7) =\ (Q, Te,).

Qec, |Q|<m, |v]|  <r ’ Qec, |Q]<m

The optimization problem for A(€2, 7) when || = m with a supremum instead of the infimum
has the following solution:

Proposition 1.8 One has

sup A, 7) = +o0, (1.11)
Qec, |Q=m

whence  sup  A(Q,T) = +o0.
Qec, |Q=m

The proof follows from a min-max formula for A\;(€2,v) given in [11] (see Section 4.2 in
Appendix).



Open problem. Finally, we mention as an open problem the characterization of

inf  A(Q,7)

QecC, |Q]=m

for given m > 0 and 7 > 0. As for the infimum of A(€2, 7) with the constraint || = m, is
the infimum of A(€2, 7) achieved for the balls 7

We now turn to the strategy of the proof of our results. Remember first that the proof
of the classical Rayleigh-Faber-Krahn inequality (1.1) relies on two fundamental tools. The
first one is a variational formulation of A\;(€2), which relies heavily on the symmetry of the
Laplacian:

/\Vu(:c)|2dx
A1(2) = min L :
ueHy(Q)\{0} / w(z)?de
0

The second ingredient of the proof is a spherical rearrangement argument, namely the
Schwarz symmetrization of functions. Namely, if v : Q@ — R, the Schwarz spherical re-
arrangement of u is the nonnegative function u* : 2* — R which is radially non-increasing
(which means, more precisely, that, if R > 0 is the radius of 2*, there exists a non-increasing
function v : [0, R] — R such that u*(z) = v(|z|) for all z € 2*) and satisfies

(1.12)

{z € Ju(z)] > A} = {z € @ w’(z) > A}

for all A > 0. When u € H}(£2), one has u* € H(Q), lull 2y = 1wl 120y and [[Vur|[ 12q) <
IVl 2(q) (see [33]). Inequality (1.1) follows immediately from (1.12) and these properties
of u*.

When v # 0, the operator —A+wv-V is non-self-adjoint, and there is no simple variational
formulation of its first eigenvalue such as (1.12) —min-max formulations of the pointwise type
(see [11] and Section 4.2) or of the integral type (see [20]) certainly hold, but they do not seem
to help in our context. Therefore, it seems impossible to adapt the “classical” proof to prove
Theorem 1.1. However, the proof of Theorem 1.1 also relies on a new type of rearrangement
argument, which is definitely different from the usual rearrangement of functions.

First, using essentially the maximum principle and the Hopf lemma, one establishes
Theorem 1.5 and Theorem 1.6. Once this is done, we are reduced to proving that A(Q, 1) >
A(Q*, 1) for all 7 > 0, and that equality holds only when € is a ball.

To that purpose, we consider the function ¢ satisfying (1.7), and define a suitable rear-
rangement of ¢, which is different from the spherical symmetrization mentioned before. Let
us briefly explain what the idea of this rearrangement is. Denote by R the radius of Q*. For
all 0 < a < 1, define

Q={r€Q a<p(x)<1}

and define p(a) € (0, R] such that |Q,] = ‘Bg(a) . Define also p(1) = 0. The function

p :[0,1] — [0, R] is decreasing, continuous, one-to-one and onto. Then, the rearrangement




of ¢ is the radially decreasing function u : ©* — R vanishing on 99" such that, for all

0<a<l,
/ Ap(z)dr = / Au(z)dz.
Q Bl

The fundamental inequality satisfied by u, which is also the key point in the proof of Theorem
1.1, is the fact that, for all z € Q*,

u(z) > p~(|x) (1.13)

(see Corollary 3.6 below). Strictly speaking, this fact is not completely correct, because the
function ¢ is not regular enough, and we have to deal with suitable approximations of ¢.
We refer to Section 3 for rigorous statements and proofs. Let us just mention that the proof
of (1.13) relies, among other things, on the usual isoperimetric inequality in R”. From (1.13)
and arguments involving the maximum principle and the Hopf lemma again, we derive the
conclusion if Theorem 1.1.

Finally, using again the same construction and the isoperimetric inequality, we prove that
equality in Theorem 1.1 is attained if, and only if, up to translation, 2 = Q* and v = 7e,.

Remark 1.9 Notice that the proof of Theorem 1.1 given in Section 3 still works for 7 = 0
and then provides an alternative proof of the Rayleigh-Faber-Krahn inequality (1.1) for the
Dirichlet Laplacian.

Outline of the paper. The paper is organized as follows: in Section 2, we show Theorem
1.5, Theorem 1.6 and various properties of A(Q2,7) and A(2, 7). Using the previous results
and the rearrangement argument briefly described above, we prove Theorem 1.1 in Section
3. Finally, we prove in Appendix the results mentionned in Remark 1.4 and Proposition 1.8.

2 Optimization problems in fixed domains

2.1 Proof of Theorem 1.5

Throughout this section, we fix Q € C of class C** with 0 < o < 1 and 7 > 0. The proof of
Theorem 1.5 relies on the following comparison lemma:

Lemma 2.1 Let p € R and v € L>®(Q,R"). Assume that ¢ and ¥ are functions in W*P(2)
for all 1 < p < +o0, vanishing on 0L), satisfying ||¢|| . = ||¥|- Assume also that ¢ > 0 in
Q, 1 >01inQ and

—AY 4+ v.VY > i a. e in €,

—Ap+v.Vo < up a. e in .
Then ¢ = 1 in Q.



0
Proof. Since v is not constant in €2, the Hopf lemma yields 8_¢ < 0 on 02, where, for all
v

x € 0182, a_w

dv
e e OYPQ) forall0 < <1, 0 >0in Q and ¢ = 0 on 99, it follows that there exists
~v > 0 such that v > ¢ in Q. Define

() = Vio(z) - v(z) and v(z) denotes the outward normal unit vector at x. Since

v =inf{y >0, v > ¢ in Q}.

One clearly has y*¢ > ¢ in €2, so that v* > 0. Define w = v*¢ — ¢ and assume that w > 0
everywhere in (). Since

—Aw+v-Vw—pw > 01in 2 (2.1)
0
and w = 0 on 0f2, the Hopf maximum principle implies that 6_w < 0. As above, this yields
v
the existence of k > 0 such that w > kp in €2, whence
ol :
> Q.
1+ Iiw 2o

This is a contradiction with the minimality of ~*.

Thus, there exists o € Q such that w(zy) = 0 (i.e. y*¢¥(xg) = p(xg)). It follows
from (2.1), the fact that w > 0 in Q, w(zy) = 0 and from the strong maximum principle,
that w = 0 in €2, which means that ¢ and 1 are proportional. Since they are non-negative
in 2 and have the same L* norm in €2, one has ¢ = 1, which ends the proof of Lemma 2.1. o

We now turn to the proof of assertion (a) in Theorem 1.5 and begin with the existence
of v:

Lemma 2.2 There exists v € L>(2, R™) with ||v|| = 7 such that A(2,7) = A\ (2, v) (> 0).

Proof. In this proof, we write A instead of A(€2, 7). Let (vg)r>1 be a sequence of L>*(Q, R™)
functions with ||vg|| . < 7 such that A\ (2, v;) converges to A, and, for all k& > 1, set Ay =
A (Q,vg) and @ = @q,. For all k> 1, one has

—Ap + v - Vo, = Ao a. e, in Q.

Since the v;’s are uniformly bounded in L>*(€,R"™), since the ¢;’s are uniformly bounded
in LP(Q) (say, 1 < p < 400) and since the \;’s are bounded, the Agmon-Douglis-Nirenberg
estimates (see [1, 18]) show that the ¢;’s are uniformly bounded in W2P(Q) for all 1 < p <
+00. Therefore, up to a subsequence, there exist ¢ belonging to W*P(Q) for all 1 < p < 400
and to CYP(Q) for all 0 < 8 < 1, and a function f € L>(£2) such that ¢ converges to ¢
weakly in W2P(Q) and strongly in CY#(Q), and v - Vi, converges to f for the *-weak
topology of L>(£2). Observe that ¢ = 0 on 9Q, ¢ > 0 in Q and ||¢|| ., = 1. Since, for all
k>1, —Apr < Mer + 7 |Vr| a. e, in Q, one has

—Ap < Xp+7|Vy| a. e. in Q,
—Ap+ f=Apa. e in Q.
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It follows that f > —7 |V| a. e. in Q. For all x € Q, define

V(2
v(z) = V()]

if V(z) # 0,

0 if Vo(z) =0.

Since ¢ is not constant, one has ||v||,, = 7. Set p = A\ (Q,v) and ¢ = @q, (recall that
v € W2P(Q) for all 1 < p < 400). The very definition of A(Q,7) yields that A < pu.
Moreover,
—Ap+v-Vo=—-Ap —7|Vp| < Ap < pp a. e in €,
whereas —Ay+v -V = ) a. e. in €0, ¢ is positive in (2, ¢ is non-negative in €2, ¢ = 1) =0
on 09 and [|¢| . = [|¥|l,, = 1. Lemma 2.1 therefore yields ¢ = 1 in Q. Thus,
pp = —Ap+v- Vo < Ao < pp a. e in Q,

which means that A = p, or, in other words, that A(2, 7) = A (Q,v). Lastly, A;(2,v) > 0 as
already underlined in Section 1. 0

To prove the “uniqueness” statement in Theorem 1.5, we first establish the following
result:

Lemma 2.3 Let vg € L®(Q,R") with ||vll, < 7 such that \(Q,v0) = A(Q,7) and call
© = Yau,- Then o € C**(Q) (up to the choice of the continuous representant in the class
of ¢), ||UO||OO =7 and vy - Vo =—7|Vy| a. e. in Q.

Proof. Define, for all z € €,

IYIC)
v(z) = V()]

if Vp(z) # 0,

0 if Vo(z) =0,

so that |lv|| ., = 7 (indeed, ¢ is not constant in Q). If A = A\(Q2,v), one has A > A(£, 7).
Moreover, for 1) = ¢q ,, one has

—Ap+v-Vop=-Ap—7|Vp| < =Ap+1vy- Vo =XAQ,7)p < A\p a. e. in Q,

—AY+v-Vip =X\pa. e in €.

Since ¥ > 01in 2, ¢ > 0in Q, ¥ = ¢ = 0 on I and ||¢||, = ||¢||, = 1, Lemma 2.1 ensures
that 1 = p. As a consequence, A = A\(2,7), and vy - Vip = —7 |Vl a. e. in Q. Therefore,
since ||vg]lo < 7 and ¢ is not constant, one gets ||vg||o = 7. Furthermore, up to the choice
of the continuous representant in the class of ¢, ( satisfies

—Ap = 7|Vo| + A, 7)o € C¥*(Q),
hence ¢ € C%%(Q) from Schauder estimates [18]. That ends the proof of Lemma 2.3. O

The last result for the proof of Theorem 1.5 is the following one:
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Lemma 2.4 Let A € R and ¢ € C**(Q), such that ¢ =0 on 9Q, ¢ > 0in Q, |l¢ll, =1
and
—Ap — 7|V = Ap in Q.

Then X = A2, 7) and, if v € L>®(2,R"™) is such that ||v|| =7 and A2, 7) = A\ (Q,v), then
¥ = Pau-

Proof. Let v € L*(Q2,R") such that ||v]| = 7 and A(2,7) = A\ (Q,v) (such a v exists
thanks to Lemma 2.2), and set ¢ = ¢q,, so that

—AY A+ vV = —Ap — 7|V = A(Q, 7)Y in Q

from Lemma 2.3. Define also

Vip(z)
V()|

0 if Vo(x) = 0.

-7

if Vip(x) # 0,
w(z) =

One has [|w||, = 7 and
—Ap+w-Vo=—-Ap—7|Vp| =Apin Q,

so that, by uniqueness of the first eigenvalue and eigenfunction for —A + w - V, one has
© = o, and A = A\ (Q,w) > A(Q, 7). As a consequence,

—Ap+v-Vo > —-Ap—7|Vp| = Ap > A(€%, 7)p in €L

Another application of Lemma 2.1 shows that ¢ =1 = ¢q ,, and that A = A\(Q, 7). O

We now complete the
Proof of Theorem 1.5. The existence of v and the identity v - ¢ = —7 ‘Vgo‘ in 2 have
already been proved. Let v; and vy € L®(Q) with |Joy||, < 7, [[ve]l, < 7 and A\ (Q,v1) =
AM(Q,v2) = AMQ, 7). Note ¢1 = pq., and pz = ©q.,, so that @1, py € C?*%(Q), v, - Vi, =
—7|Vp1| and vy- Vs = —7 |[Va| a. e. in Q by Lemma 2.3. Furthermore, ||v;||oo = [|v2]|c0 =
7. One has

—Ap;+v1- Vi = =Ap; — 7|Vpr| = A2, 7)) in £,
(2.2)

—Apgy +v9 - Vipg = —Apy — 7 [Va| = A2, 7)pg in .
Lemma 2.4 therefore shows that @3 = ¢ = ¢, which yields vi(xz) = wvo(z) =
—7Vp(z)/|Ve(x)| almost everywhere in the set of z € € such that Vip(z) # 0. What
remains to be proved is the fact that V(x) # 0 for almost every x € Q (that will then im-
ply the uniqueness of v in Theorem 1.5 and the fact that |v(x)| = 7 almost everywhere in 2).
To that purpose, we recall that, for all p > 1 and all function g € WP(Q), Vg = 0 almost
eaverywhere in the set {x € Q, g(x) = 0}. For each 1 <14 < n, this observation applied with
¥

i

yields

Agpxdazzg/—xl —oy(z)dxr =0,
/{vwzo} @) = Jo 837@2( Niwe=or(7)
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where 15 denotes the characteristic function of a set E. Therefore, since A\(2,7) > 0, (2.2)

ensures that
/ o(z)dr =0,
{Ve=0}

and since p(z) > 0 for all x € Q, one has [{V¢ = 0}| = 0, which ends the proof of assertion
(a) in Theorem 1.5.

The proof of assertion (b) is entirely similar, except for the proof of the existence of v, for
which we need to know a priori that, given 2 € C and 7 > 0, there exists C' > 0 such that,
for all v € L*(Q,R") satisfying ||v||,, < 7, one has A\(€2,v) < C. But this is true in virtue
of Proposition 5.1 in [11], which yields the existence of some constant C'(€2,7) > 0 such that
M(2,0) — M(©,0)] < O, 7) ol -

2.2 The case of a ball

This section is devoted to the
Proof of Theorem 1.6. Denote by R > 0 the radius of €2, namely {2 = B}, and let
© = pqop. Recall that

—Ap = 7|Vl = A, 7)p in Q,

thus, o € C*#(Q) for all 0 < 8 < 1 from Schauder estimates [18]. Let A be an orthogonal
transformation in R™ and ¥ = ¢ o A. Easy computations show that 1 satisfies the same
equation as ¢, and Lemma 2.4 ensures that v» = ¢ in . In other words, ¢ is radial, and
we may define u : [0, R] — R such that, for all z € Q, ¢(x) = u(|z|). The function wu is
continuous in [0, R], positive in [0, R), its maximum in [0, R] is 1 and u(R) = 0.
We claim that v is decreasing in [0, R]. First, there exists 9 € [0, R) such that u(rg) = 1.
If ro > 0, since
—Ap+v-Ve=AQ,7)p >0 (2.3)

in B!, the maximum principle shows that ¢(z) > 1 for all € B}, and therefore that

¢(z) = 1in B, which contradicts (2.3). Thus, u(0) = ¢(0) =1 and u(r) < 1 for all
0 < r < R. Assume now that u is not decreasing in [0, R]. This means that there exist
0 <rg<r; < R such that u(rg) < u(ry). Notice that r; < R, 0 < 19 and set m = u(ry) €
(0,1). Since w is continuous, there exists ry € (0,70 such that u(re) =m and m < u(r) <1
for all r € [0,72). Since (2.3) holds in the spherical shell U = {z € R™; ry < |z| <1}, the
maximum principle applied to ¢ in U shows that ¢(x) > m for all z € U. If p(z) = m for
some xy € U, the the strong maximum principle implies that ¢ is constant in U and this is

impossible because of (2.3). Therefore, p(x) > m in U, and Hopf lemma yields
u'(ra) = Veo(x) - () > 0

for all x with |z| = ro. This contradicts the definition of rs.

Finally, u is decreasing in [0, R] and Hopf lemma applied to (2.3) on the boundary of
any ball B" with r € (0, R] implies that V() - e,(z) < 0 for all z € Q\{0}. To sum up,
Vo(r) = u/'(|z])e, # 0 for all z € Q\ {0} and, for all x # 0,

Vi(r)
V()]

12
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from Lemma 2.3.
The argument for v is completely similar, and this ends the proof of Theorem 1.6. m

2.3 Further properties of A(2,7), A(2,7) and F,,(m,7)
We prove here the continuity and monotonicity of the maps 7 +— A(Q, 7) and 7 +— A(, 7).

Lemma 2.5 Let Q) € C be fized. Then the function T — A, T) is continuous and decreasing
in [0, +00).

Proof. That this function is non-increasing follows at once from the definition of A(€, 7).
Let now 0 < 7 < 7’ be given. Under the notations of part (a) of Theorem 1.5, there is a
(unique) v € L>®(2,R") such that A(Q2,7) = A\ (Q,v) and ||v]|ec < 7 (actually, ||v]|w = 7).
Since ||v]|e < 7/, the uniqueness result in Theorem 1.5 yields A;(2,v) > A(Q2, 7'). Therefore,
the map 7 — A(€, 7) in decreasing in [0, +00).

Fix now 7 > 0, let (7%)x>1 be a sequence of non-negative numbers converging to 7 and
write Ay = A(Q, 7). For each k > 1, Theorem 1.5 provides the existence of a function
¢r € C?2(Q) (0 < a < 1is so that Q is of class C*®) such that

with ¢, > 01in Q, ¢ = 0 on 9 and ||gkllcc = 1. Observe that the sequence (A)g>1 is
bounded (if A > 0 is such that 0 < 7, < A for all k, one has 0 < A(2, 4) < A\p < A(22,0))
and therefore the ,’s are uniformly bounded in W?2P(Q) for all 1 < p < 400 and then, again
because of (2.4), the functions ; are uniformly bounded in C>%(Q). Up to a subsequence,
the sequence (\)g>1 converges to A > 0 and there exists a function ¢ € C*%(Q), such that
(¢r)r>1 converges to o strongly in C24(Q) for all 0 < 3 < a. One therefore has

—Ap —7|Vp| = Apin Q,

and ¢ > 0in Q, ||¢]lc = 1, ¢ = 0 on 9Q. Since —Ap > 0 in Q, the strong maximum
principle yields ¢ > 0 in Q. It follows from Lemma 2.4 that A = A(£2, 7). Thus, the sequence
(Ak)k>1 is bounded and any converging subsequence of (A;)g>1 converges to A(€2, 7), which
shows that A\, — A(£2,7) and ends the proof of Lemma 2.5. O

Similarly, the following result holds

Lemma 2.6 Let Q € C be fized. Then the function T +— X(Q,T) is continuous and increasing
in [0, 400).

The proof is similar to the one of Lemma 2.5, except that the function ¢ obtained in the
end of the argument satisfies —Ap + 7|Vp| = Ap in Q. Setting

VL) it () £0,

R M\ Z O]
0 if Vo(x) =0,
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one has —Ap +v-Vp > 0 on 2, and the strong maximum principle yields ¢ > 0 on €2, and
one concludes as in the proof of Lemma 2.5. m

Remark 2.7 An immediate application of Proposition 5.1 in [11] yields that, for given
Q € C, the map v — A{(£2,v) is continuous as well (with respect to the L> norm for v).

Remark 2.8 From Theorem 1.6 and Lemma 2.5, one gets that F),(m, ) = Al(BFm/an)l/"’ Te,)
is decreasing in 7. Furthermore, because of the strict monotonicity of the first eigenvalue
with respect to the inclusion of the domains, F,,(m, 7) is decreasing in m as well.

Actually, the map (m, 1) — F,(m,7) is continuous on (0, +00) x [0, 4+00). The proof of

this fact is very similar to the one of Lemma 2.5.

3 Proof of the main Faber-Krahn type inequality

This section is devoted to the proof of Theorem 1.1. For the sake of clarity, we divide the
proof into two parts : first, in Section 3.1, we prove that, for all 7 > 0 and Q2 € C, there holds
A(,v) > M (2%, Te,) for all v € L*(Q2) with ||v]| () < 7. One recalls that Q* denotes the
open Euclidean ball of R™ with center 0 and such that |Q2*| = |€2|. Then, in Section 3.2, we
discuss the case of equality.

3.1 Proof of inequality \;(Q2,v) > A\ (Q*, Te,)

Let 7 > 0 and € C be fixed, of class C*% for some 0 < a@ < 1. Let R > 0 be the radius
of the ball Q*, namely Q* = B% and R = (|| /a,)"/". Recall that e, denotes the unit radial
vector field: e,(z) = x/|z| for x # 0.

In order to prove the first part of Theorem 1.1, one shall show that A;(£2,v) > A\ (Q*, Te;)
for all v € L>(Q) such that |[v][z~@) < 7. Owing to the definition of A(£2,7), it is then
enough to prove that

A7) > M (Q, Te,).

From the characterization of A(€2, 7) in Theorem 1.5, let us call ¢ the unique solution of
(1.7), such that ¢ > 0 in €, [|¢[[r=@) = 1 and ¢ = 0 on Q. Namely, the function ¢, of
class C%(Q), satisfies

—Ap = 7|Vp|+AQ,1m)p=f inQ
o > 0 in 0 (3.1)
v =0 on 0f2.

Furthermore, as already underlined in Section 1, A\(€2,7) is positive and, on 9Q = {z € Q,
o(x) = 0}, Vi # 0 from Hopf Lemma. Therefore, the continuous function f is positive in
Qif 7> 0. If =0, then f is continuous in Q, positive in €2, and it vanishes on 9<.
From Stone-Weierstrass Theorem, let us choose a sequence (fi)ren of polynomial func-
tions such that
fe — finC%Q)ask — +oo.
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If 7 > 0, one can assume without loss of generality that f, > 0in Q for all k € N. If 7 = 0,
setting fr = fr — ming fr + 1/(k + 1) and renaming fi as fi, one still has that f, — f
uniformly in  and f; > 0 in Q for all k¥ € N.

For each k € N, call ¢, the unique solution in C%%(Q) of

—Apr = fr inQ
vr = 0 on 0.

The maximum principle implies that ¢, > 0 in €2 for all £ € N.

We first work with a fixed k (large enough if necessary) and we will then pass to the limit
as k — +oo at the end of the proof.

Let first k£ € N be fixed and let us introduce a few notations which will be used throughout
this section. Call

M, = max @y ()
e
and, for a € [0, My],
Yha ={z €Q, p(z) =a}.

The function ¢, can be written as ¢, = ¢}, + ¢} where ¢} is a polynomial function such
that —Ay) = fir, and ¢} is harmonic in §2. Therefore, ¢; is analytic in 2. On the other
hand, Hopf lemma implies that % < 0 on 09 (v is the outward unit normal on 0f2), whence
the set {z € Q, V() = 0} is included in some compact set K C €. It then follows that
the set

Zy = {CL S [O,Mk], dx € Ekﬂ, VQOk(JJ) = O}

of the critical values of y, is finite ([35]) and can then be written as
Zy ={ar1, Gy}

for some my, € N*. Observe also that M € Z; and that 0 € Z;. One can then assume that
0<(lk71 < s < Agmy = M.

The set Yy, = [0, My]\Zy of the non critical values of ¢y, is open relatively to [0, Mj] and
can be written as

Yi = [0, Mi\Z = [0, ax,1) U (ar1, ar2) U - -+ U (Grmy—1, My)-

For all a € Y}, the hypersurface X, is of class C? and |Vy| does not vanish in X ,.
Therefore, in Y}, the functions

4

g a— |Vg0k(y)!*1d0k,a(y)
Ek,a
Cisam [ @IV doaly) (3.2
Ek,a
i oa— doy.q(y)
\ Zk,a

are continuous in Y, where doy, denotes the surface measure on ¥, for a € Y.
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For all a € [0, M}), let
Qo ={r€Q, a <gp(xr) < M}
and pg(a) € (0, R] be defined so that
Qal = By, ()| = anpr(a)”,

where one recalls that a, is the volume of the unit ball BY. One extends the function p; at

My, by pr(Myg) = 0.
Lemma 3.1 The function py is a continuous decreasing map from [0, M| onto [0, R].
Proof. The function py : [0, My] — [0, R] is clearly decreasing since
Hr € Q, a < gp(x) <b} >0
forall0 <a<b< M. )

0
Furthermore, for all a € (0, M) and all 1 <1i < n, since Pk

ol 0 almost everywhere on
Ty

b =0 as already mentioned in the proof of Theorem 1.5, one has

¥
8@»

the set where

=1

- 329%
/E kvaAgok(x)dx = Z( Qa—xg@”) X 1{%%,:>0}(x) X 1(p,—a} (z)dz

aQQDk ) P
Bz @) X Loz ) () X Y=o (2)de )

But, using the same observation again, 1{%@} (2) X 1{p,=a} (z) = 1{%>0}(x) X 1ip=a} (@) =
0 for almost every x € 2. As a consequence,

/ Apg(x)dx = 0.
Xk,a

But —Ay;, = f5, and the continuous function fy is positive in . One then gets that |Xkal =0
for all a € (0, My]. Notice that |X;o| = |09Q| = 0 as well. Lastly, p(0) = R and py(M;,) = 0.

Therefore, the function py is continuous in [0, My]. As a conclusion, pj it is then a
one-to-one and onto map from [0, My] to [0, R]. O

Lemma 3.2 The function py is of class C* in'Y}, and

Va €Yy, pila)=—(nampe(a)"™") " gi(a),

where the function gy is defined in (3.2).
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Proof. Fix a € Y;. Let n > 0 be such that [a,a + 1] C Y;. For ¢t € (0,7),

an(pr(a+0)" = pu(a)") = [Qare| — [Qal = _/ dx
{a<ep(z)<a+t}

= —/:H (/Ek)blv@k(yﬂ_ldo'k,b(y)) db

from the co-area formula. Hence,

an(pr(a+1)" — pr(a)")

n — —gr(a) ast — 0"

for all a € Y}, due to the continuity of g in Yj. Similarly, one has that

an(pr(a+1)" = pr(a)")
t

— —gpla) ast — 0"

for all a € Y;\{0}.
The conclusion of the lemma follows since Y), C [0, My,), whence pg(a) # 0 for all a € Y;.0

The key-point in the proof of Theorem 1.1 is the construction of some auxiliary functions
ug defined in Q*. For each k£ € N, the function u; is obtained from ¢y by a special new type
of symmetrization.

Remember that Q* = B and define first, for all r € (0, R],

w) = [ pods

nou, "1 .
k.pp ()

where p, ' : [0, R] — [0, Mj] denotes the reciprocal of the function p;. Set v4(0) = 0.
Lemma 3.3 The function vy is continuous in [0, R|, and negative in (0, R].

Proof. The continuity of vy, in (0, }i] is a consequence of Lemma 3.1 and the fact that Ayy
is continuous and thus bounded in €.
For 0 < r < R, one has

[o(r)] < (nenr™ ) [ Akl anr™ = n7" [ Apy]loo 7

thus v;, is continuous at 0 as well.
The negativity of vy in (0, R] follows from the negativity of Ay (in other words the
positivity of fi) in © and the fact that |Q,| > 0 for all a € [0, Mj). O

For all z € Q*, set

R
ug(x) = —/ vg(r)dr.
||
The function uy, is then radially symmetric in Q, decreasing in the variable ||, positive in
Q*, vanishing on 9Q* and, from Lemma 3.3 and the fact that v (0) = 0, uy, is of class C*(Q*).
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Call o
By = {r €, 2] € puVi)}.

The set B is a finite union of spherical shells and from Lemma 3.1, it is open relatively to
* and can be written as

By ={z e R", |z] € (0, pr(ahmp—1)) U+ U (pr(anz2), prlar1)) U (pxars), R}
with 0 = pr(akm,.) = pr(Mg) < pr(agm,—1) < -+ < pr(ar1) < R. Notice that 0 € Ej.
Lemma 3.4 The function uy, is of class C? in E}.

Proof. By definition of wuy, it is enough to prove that the function

wy r|—>/ Apg(x)dr = —/ fr(x)dx
i

o)

is of class C' in pi(Y%) (C (0, R]).
Let r be fixed in pi(Yy) = (0, pe(@rm—1)) U+ - U (prlak2), pr(ar1)) U (pr(ak1), R] and let
n > 0 be such that [r —n,r] C pr(Yx). For t € (0,7), one has

wi(r —t) —wi(r) = fi(w)dx

/{pgl(r)<wk(x)épgl(r—t)}
Py (r=t) » pr(r=t)

:1/ )| Veor () doraly) m=/ hi(a)da,
P o

1:1(7’) Yk,a 1;1(7”)

where hy, is defined in (3.2). Since p; ! is of class C' in pg(Y}) from Lemma 3.2 and since hy
is continuous in Y}, it follows that

wg(r —t) — wg(r)
—t

nanr™ hi(p(r)

ast — 0T,
gi(p (1))

= hie(py, () (i)' () =

The same limit holds as ¢ — 0~ for all » € pu(Yy)\{R}. Therefore, the function wy is
differentiable in py(Y%) and

nonr" (g (1))
gy, (1))

w(r) = — for all 7 € pip(Yz).

Since p,;l is continuous in [0, R], and gy and hj, are continuous in Y}, the function wy is of
class C' in pg(Y}). That completes the proof of Lemma 3.4. O

The central argument is the following pointwise inequality satisfied by the “symmetrized”

function u; obtained from . This inequality has its own independent interest. Besides the
definition of uy, it uses the classical isoperimetric inequality.
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Proposition 3.5 For all x € E}, and for all w > 0,

Aug(r) +w [Vup(z)| = min (Api(y) +w [Ver(y)])- (3-3)

kopg, ()
Furthermore, for any unit vector e of R", the function

U, : [0,My] — R,
a — u(pr(a)e)

is continuous in [0, My], differentiable in Yy, and
Va €Yy, Ug(a) > 1. (3.4)

The first part of this proposition means that, for each « € Ly and w > 0, there is a point
y € Q such that pi(y) = p; ' (J2]) and

Aug(z) +w [Vug(z)] = Apr(y) +w [Ver(y)l.
Before doing the proof of Proposition 3.5, let us first state the following

Corollary 3.6 For all x € QF,
ur(z) > pi, (|2])-

Proof. On the one hand, Y, = [0,a51) U (ak1, ak2) U -+ U (agm,—1, M)) and the function
pr is continuous in [0, My], differentiable in Y} (Lemmata 3.1 and 3.2) and px(0) = R. On
the other hand, the function wy, is of class C1(€2*), radially symmetric, uy(z) = 0 as soon as
|z| = R. Corollary 3.6 then follows from (3.4) and mean value theorem. O

Proof of Proposition 3.5. Fix = € Ej, and n > 0 such that {y, |z|] —n <|y| < |z|} C Ek.
Call » = |z|. One has

0
L Vel == [ 0000,

k,pk (r) aﬂk,plzl(r)

where v denotes the outward unit normal to 02, () (note that % < 0 on 09, o) by
definition of €2, pgl(r)). Green-Riemann formula and the choice of u;, yield

/E Ver)ldoy o1 (y) = — /Q Apr(y)dy

) )
= —na,r" u(r) = na, "V (z)].

(3.5)

In the sequel, let
Sso ={2z €R", s<|z| <5}

19



be the spherical shell of R™ between the radii s and ', with 0 < s < s’. Let ¢ be any real
number in (0,7). A similar calculation as above gives

/g  Bulydy = / k() dor(y) = e[ ux(r) — (r — )" o (r — )],

asv‘ft,r aV

where do and v denote the superficial measure on 95,_;, and the outward unit normal to
Sy—_tr. By definition of vy, one gets that

[, o= | e o

kot o )
For a € [0, My), call
)= [ Vel
Qk,a

The Cauchy-Schwarz inequality gives

2

(o () = sl =00 = | | Viou(y)ldy
AL e e
< ‘Qk,p,;l(r)\Qk,p,;l(r_t) X/ IVoor(y) [P dy.
e AL e
Thus,
[Ver(y)ldy 1 1
Q109 \ Y =1y <4 - pp (r—1)—p ()
—_— T . _1 . _1
r)) — r—t

‘Qk,pgl(r)\Qk,p,;l(r—t) Jk(pr (1) = dr(py (r —t)) (3.7)

IVeor(y)|*dy

k,p,;1<r>\9k,p,;1<r—w
P (r=1) = pi (1)
The first factor in the right-hand side of the above inequality converges to 1/ix(p; ' (r)) as

t — 0% (where i) is defined in (3.2)), from the co-area formula and the facts that iy is
continuous in Yy, 3 p, ' (r) and p, ' is continuous in [0, R]. Similarly,

Q

Veor(y)|*dy

k,p;1<r>\9k,p;1<r—t>

ppt(r—t) = pit(r)

Q

t—T(;JF/E ) |v¢k(y)|d0k,p;1(r)(y):nanrn_1|vuk($)|

k.o, (1)
from (3.5). Therefore,

no,r" !

A - —l
=0+ iy (p " (r))

[Vug(2)] < [Vug(z)| (3.8)
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from the isoperimetric inequality applied to % Pl = o8y, Pl (r) and 0B? (namely,

na,r™! <in(p;'(r))). As a consequence,

A Veon()ldy

koo ) g rmt)

< [Vug(z)]- (3.9)

lim sup
t—0+

‘Qk,pgl(r)\9k7pgl<r—t>

Let w > 0 be fixed and let (g;);en be a sequence of positive real numbers, such that &, — 0
as [ — +oo. It follows from (3.6) and (3.9) that there exists a sequence of positive numbers
t; € (0,7n) such that ¢, — 0 and

[; Agu(y) +w [Ver(y)ldy

ko0 o -y

’Qk,pgl(n\gk,pgl(r—n)
A (y)dy

(3.10)

S’rftl,r

<
)Qk,pgl(m\ﬁk,p,:l(r—m

+w (1+¢&)|Vug(x)|.

Since uy, is radially symmetric and of class C? in Ej, (Lemma 3.4), and since

‘Qk,pr(r)\gk,p;l(r—tz) = |Sr—turl

for all I € N, the right-hand side of (3.10) converges to Auy(x) + w |Vug(z)| as | — +o0.
On the other hand, since the function ¢y is of class C*(§2), (3.10) shows that there exists
a sequence of points (y;)en of  such that i (y;) € [pp ' (r), pi ' (r — ;)] and

limsup [Apr(yr) +w [Ver(y)|] < Aug(z) +w [Vug(z)].

l—+o00

Up to extraction of some subsequence, one can assume that y, — y € 0, with ¢, (y) = p; ' (r)
(namely y € Ek’plzl(”) and

Apr(y) +w [Ver(y)| < Aug(r) +w [Vug(z)].

That completes the proof of inequality (3.3).

For the proof of (3.4), let us first observe that the function Uy is differentiable in Y,
from Lemma 3.2 and the fact that uy is of class C*(Q*). Furthermore, since uy is radially
symmetric and decreasing with respect to the variable |x| and since py is itself decreasing, it
is enough to prove that

(P ([2D)] % [Vug ()] > 1
for all x € E}.
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Fix z € Ej, and use the same notations as above. It follows from (3.7) that, for t € (0,n),

‘Qk,p;%r)\gk,p,:l(r—t)

1 < Ax
/ (Veor(y)|dy
Qk,plzl(r)\lgk,plzl(r—t) . . . (3.11)
RO T o) o ) 0 N i o
= -1 1 :
Pk (r) — Pr; (r—1) / IVeor(y)|dy
Q

k,p,j(r)\gk,p,;l(r—t)

Since p;' is continuous in [0, R] and p; is differentiable in Y, > p.'(r), the second
factor in the right-hand side of the above inequality converges to na,r 'p,(p.'(r)) =
—na, " ol (pp ' (r))] as t — 0F. On the other hand, as already underlined earlier in the
proof, the third factor converges to —1/ix(p, ' (r)) as t — 0*. Together with (3.8), the limit
as t — 07 in (3.11) leads to

I< o ) ok (P ()] % [Vug (). (3.12)

The isoperimetric inequality yields na, vt < i (p; (1)), whence
1< |pi(pi ()] % [Vur(2)|
and the proof of Proposition 3.5 is complete. O
Lemma 3.7 For all € > 0, there exists ko € N such that
—Aug — (T +¢) [Vup| < [AMQ,7) +¢] ug in Ej (3.13)
for all k > kq.

Proof. Let us first recall that ¢ is of class C**(2) and satisfies (3.1). As already underlined
at the beginning of this section, |V| and ¢ are continuous nonnegative functions in €2, which
do not vanish simultaneously. There exists then v > 0 such that

V| +¢9>~>0 in Q.
Fix ¢ > 0. Since
—Apr=fr = [f=7|Ve|+AQ,7)p=—-Ap ask — o0

uniformly in €, standard elliptic estimates imply that ¢ — ¢ as k — 400 in W??(Q) for
any 1 < p < 400, whence ¢}, — ¢ in C19(Q) for all 3 € [0,1). As a consequence,

App + (T4 ¢)|Vor| + [AQ, 7) + €] vr T Ap+ (T+8)|Ve| + [AQ,7)+¢] ¢
=e(IVol + o)
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uniformly in Q. But B
e(|Vp|+¢) > ey >0in Q

from the choice of . Therefore, there exists ky € N such that
Apy + (1 +)|[Vior| +[AMQ,7) +¢] 9 20 in Q (3.14)

for all k& > k.
L_et k € N be such that £ > kg and let x be in Ej,. From Proposition 3.5, there exists
y € Q such that px(y) = p,. ' (Jz|) and

Auy(x) + (7 + ) [Vur(z)| = Apr(y) + (1 + ) [Veor(y)].
Thus,
Aup(z) + (1 + ) [Vur(@)] = —=[AMQ 7) + ] only) = —[AQ,7) +e] pp'(l2])  (3.15)
from (3.14). Inequality (3.13) follows from Corollary 3.6 and the fact that A(Q2,7) +¢ > 0.0
Lemma 3.8 For alle > 0,
A7)+ > M(Q (T +e)e,) = A, 7+ ¢). (3.16)

Proof. Fix € > 0 and let £ € N be large enough so that (3.13) holds. Let 1 be the solution
(unique up to multiplication) of (1.9) with coefficient 7+ ¢ instead of 7. Namely, 1) € C?(Q*)
solves

—AY — (14 e)|VY| = =AY + (T + €)e, - Vb M (5 (T +¢e)e )y

v > 0 in (3.17)
v = 0 on 00*.
Assume that the conclusion of Lemma 3.8 does not hold, namely assume that
A T)+e < AN, T +e). (3.18)

We shall argue as in the proof of Lemma 2.1 and compare wu; with 1. Let us first point out
that, from Hopf lemma, g—qf is negative and continuous on the compact 0€2*, where v is the
outward unit normal to 9Q*. Furthermore, 1 is (at least) of class C*(€2*) and is positive in
Q*. On the other hand, the function wuy, is (at least) of class C(Q*). Therefore, there exists
7o > 0 such that

Y >mn, w,<m in QF

Call o
n* =inf {n >0, up < M) in Q*}.

The real number n* is positive since u; > 0 in Q*. There holds
up < n*) in QF.

23



Two cases may then occur : either up < n*y in Q*, or ming: (n*y) —uy) = 0. Let us first deal
with

Case 1: up < n*y in Q*. Since uy, is of class C*(Q*), radially symmetric and decreasing
with respect to the variable |z, one has e, - Vu, = —|Vuy| in Q*. It then follows from (3.13)
and (3.18) that

—Auy, + (T + 5)67" -V, < A(Q*, T+ 5)Uk in £, NQ*

(remember that u; > 0 in QF).
Call z = n*) — uy. From the definition of ¢ in (3.17), one gets that

—Az+ (T+¢e)e, - Vz> AU, 7+¢e)z in B NQ". (3.19)

But z is positive in * and it is of class C?(E}) and of class C''(£2*). Furthermore, z vanishes
on 00* = {x € R", |z| = R} and

EyNQ* D Sy, (ap.r = {2, prlary) < |z| < R},

with pi(ar1) < R. Hopf lemma yields g—j < 0 on 99*. As in the beginning of the proof of
this lemma, there exists then gy > 0 such that z > &'uj, in Q* for all & € [0,50]. Hence,
up < m in Q* for all n > n*/(1 + &o). That contradicts the minimality of 7* and case 1 is
ruled out.

Case 2: the case where ming« (n*1)—u) = ming- z = 0 is itself divided into two subcases :
either ming-ng, 2 =0, or z > 0 in Q* N Ej;, and there exists y € Q*\ E}, such that z(y) = 0.

In the first subcase, since £ NQ* is open and z, which satisfies (3.19), is nonnegative and
vanishes at some point x € E,NQ*, the strong maximum principle implies that z vanishes in
the connected component of Ej, N Q* containing x. That is impossible because of the strict
inequality in (3.19).

Therefore, only the second subcase could occur. In that subcase, owing to the definition
of By, ly| = pr(ar:) < R for some i € {1,--- ,my} and there is 79 > 0 such that

S = Siywltro =¥ lyl < Y| <yl +ro} C ELNQ".

The function z is of class C2(S) N C(S), it is positive in S and vanishes at y € 5. Fur-
thermore, z satisfies (3.19) (at least) in S. Hopf lemma implies that e, - Vz(y) > 0, where
er = y/|y| if y # 0, and e, may be any unit vector if y = 0. But z is of class C'(Q*) and it
has a minimum at y € Q*, whence Vz(y) = 0. This gives a contradiction.

Case 2 is then ruled out too and the proof of Lemma 3.8 is complete. m

Proof of the inequality A\ (Q,v) > A\ (2%, 7e,). Let us now complete the proof of the first
part of Theorem 1.1. To do so, remember that the function w +— A(2*,w) is continuous in
R, (see Section 2.3, Lemma 2.5). Therefore, passing to the limit as ¢ — 0 in (3.16) yields

AMQ,T) > AMQ, 7).
On the other hand, from Theorem 1.6, A(Q2*,7) = A1 (Q2*, 7e,). As a conclusion,
A (Q,0) > NQ,7) > ANQ5, 1) = M (QF, Te,)

for all v € L*>®(Q2) with ||v||p=@) < 7. That completes the proof of formula (1.3) in Theo-
rem 1.1. O
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3.2 Characterization of the case of equality in (1.3)

We use in this section the same notations as in Section 3.1. Assume first that €2 is a ball,
say with the origin as center (up to translation). In other words, assume that Q = Q*. It
follows from Theorems 1.5 and 1.6 that, for all v € L>(Q*) with [|v|| =@+ < 7, the equality
A1 (2%, 0) = A (Q*, Te,) holds only when v = Te,..
Consider now the case where © is not a ball and call R = (|Q|/a,,)*/™ the radius of Q*.
We shall prove that
A (Q2,0) > A (25, 1e,) = A(Q, 7)

for all v € L®(Q) with ||v| g < 7. Owing to the definition of A(€2,7), it is enough to
prove that
M@, 7) > A7), (3.20)

The proof is divided into several lemmata.
First, the isoperimetric inequality yields the existence of 3 > 0 such that

area(dN)) = / doga(y) > (1 + B)na, R", (3.21)
o0

where the left-hand side is the (n — 1)-dimensional area of 0f.
Call d(z,.A) the Euclidean distance of a point z € R” to a set A C R". For all v > 0,
define
U, ={z€Q, d(z,00) <~}

and for all y € 99, call v(y) the outward unit normal to Q. Since 99 is of class C?
there exists 7, > 0 such that the segments [y,y — 71v(y)] are included in Q and pairwise
disjoint when y describes 0S2 (thus, the “segments” (y,y — y1v(y)] describe the set {z € Q,
d(x,00) <} as y describes 092).

Lemma 3.9 Let ¢ € C*%(Q) solve (3.1) with ||¢| @) =1 and call

m = min [Ve(y)|
Then m > 0 and there exists vo € (0,71] such that, for all v € (0,72], |Vl # 0 in U,,
Voly —rv(y))-v(y) <0 for ally € 0Q and r € [0,7], and ¢ > ym/2 in Q\U,,.

Proof. Let us first observe that m > 0 since ¢ is (at least) of class C'(Q2) and g—f(y) =
Vo(y) - v(y) <0 for all y € 00 (from Hopf lemma).

Assume that the conclusion of the lemma does not hold. Then there exists a sequence of
positive numbers (7');eny — 0 such that one of the three following cases occur : 1) either for
each | € N, there is a point ; € U.; such that V(z;) = 0, 2) or for each [ € N, there are a
point y; € 9N and a number r; € [0,7!] such that Vo(y; — mv(y1)) - v(y;) > 0, 3) or for each
[ € N, there is a point z; € Q\U.: such that ¢(z;) < 'm/2.

In the first case, after passing to the limit up to extraction of some subsequence, there
would exist a point 2 € 9 such that Vo(x) = 0. This is impossible. Similarly, in the second
case, there would exist a point y € 0€) such that Vi(y) - v(y) > 0, which is still impossible.
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Assume that the third case occurs. Let y; € 0€2 be such that
dy := |$l — yl| = d(Il,aQ) > ’Yl > 0.

Up to extraction of some subsequence, one has z; — z € Q and ¢(z) < 0 by passing to the
limit as [ — +oo in the inequality ¢(z;) < 'm/2. Since ¢ > 0 in €, it follows that x € 99,
whence |z; — y| — 0 and y;, — x as | — 400. On the one hand, the mean value theorem
implies that

SO(IZ) - QO(yl) . v ( l) . Ty —U
|21 — wil lz1 — i

— =Vp(z) - v(r) = |Ve(r)| asl— oo,

where z; is a point lying on the segment between x; and y; (whence, z; — z as [ — +00).
On the other hand, since ¢ = 0 on 0f2,

o(r) —oly) () - Ym _m

|.Z‘l — yl| dl 2’}/l N 2 ’

Hence, |Vo(x)| < m/2 at the limit, which contradicts the definition and the positivity of m.o

In the sequel, we use the same functions ¢y as in Section 3.1, together with the same sets
Zk, Yk, Qk,a, Zk,a and functions Pk, Uk, etc.

Lemma 3.10 There exist ki € N and ag > 0 such that [0, aq] C Yy for all k > ky, and

ir(a) = / doyo(y) = area(Xy,q) > (1 + g) noy, R™
Ek,a

for all k > ky and a € [0, ao], where > 0 is given in (3.21).

Proof. Let 7, > 0 be as in Lemma 3.9. By compactness of U,, and 0f2, and since ¢ is of
class C1(€2), there is § > 0 such that |V¢| > 6 in U,, and Vp(y — rv(y)) - v(y) < —0d for all
y € 0Q and r € [0, yo].

Since ¢ — ¢ in C*(Q) as k — 400 (the convergence actually holds in C** (Q) for all
0 <o’ < 1), there exists k; € N such that

VEk>k, |Vor|>6/2>0inU,, @ >vm/4>0in QO\U,
and
VEk>k, VyedQ Vrel0,v], Veuly—rv(y)- viy) <—6/2<0. (3.22)
Let k € N be fixed such that k& > k;. It especially follows that, for all a € [0,v2m/8],
Sha = {2 €Q, ¢r(x) =a} C U, (3.23)
whence |Vyyi| # 0 everywhere on the C? hypersurface ¥ ,. Thus,

[0, v2m/8] C Yi.
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Furthermore, for all y € 92, the segment [y,y — 72v(y)] is included in Q and there exists
6 € [0, 1] such that

J
er(y —72v(y)) = er(y) =120 () - Ver(y — 02v(y) = % ;
——
=0
more precisely, the function £ : [0,7%] — R, s — ¢r(y — sv(y)) is differentiable and
K'(s) > ¢/2 for all s € [0,72).
Call

a; = min(y2m/8,7v20/4) > 0.

It follows from the above calculation that, for all & > ki, a € [0,a1] and y € 01, there
exists a unique point ¢ .(y) € [y,y — Y2v(y)] N Xy 4. Moreover, for such a choice of k and
a, the map ¢, is one-to-one since the segments [y, y — Y21/(y)| are pairwise disjoint when y
describes 02 (because 2 € (0,71]). Lastly,

Sha = {fraly), y € 00} (3.24)

from (3.23).

Let us now prove that the area of Y, is close to that of 0€2 for k large enough and a > 0
small enough. To do so, let us first represent 092 by a finite number of C** maps y*, ..., "
(for some p € N*) defined in B, and for which

Oy (') X+ X Op1yf (¢) # 0 forall 1 < j < pand 2’ € B,

Here, B = {2/ = (v1,...,251), |2| < 1} and 0ipf (2') = (0py](2"), ..., 0pyi(2")) for 1 <
i <n—1, where y/(2') = (y](2), ...,y (z')) € R". The maps y’ are chosen so that

0N ={y(2), 2’ €B, 1<j<p}h

Fix k > k; and a € [0, a;]. For each 1 < j < p, there exists then a map ti,a 1B — [0,7)]
such that .
pu(y’ () — 11, (2 )y (21)) = a (3.25)
for all 2’ € B, and Syq = {3 (2')—t], ,(¢')v(3 ('), 2’ € B, 1 < j < p}. From the arguments
above, each real number t{;’a(:v’ ) is then uniquely determined, and ti}o(:v’ )=0.
Since the functions ¢y, (say, for all & > k1), 3’ and voy’ (for all 1 < j < p) are (at least)

of class C'! (respectively in ©, B and B), it follows from implicit function theorem and (3.22)
that the functions t{w (for all k > ki, a € [0,a1], 1 <7 <p) and

hf;’m, 0,1 2 a8, (2)

(for all k > ky, 1 < j < p, 2’ € B) are of class C* (respectively in B and [0, a;]). From the
chain rule applied to (3.25), it is straightforward to check that, for all k > ki, a € [0, a4],
1<j<pand2a €B,
. —1
() (@) = — . - , € (0,207 from (3.22),
’ v(y/ () - Ver(y (2') — by o (2)v(y (2)))
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whence

0<#,(2)=h,(a) <207"a (3.26)
because hi,x,(O) = ti,o(x’) =0.
Similarly,
P o e Y 200 G I o R W UL A S
’ v(y/ (@) - Ver(y (') =ty o (2)r (37 (27)))

forall k >k, a€[0,a1],1<j<p a’c€Bandl1<i<n-1 Forallk,1<j<pand
2" € B, one has ¢ (1 (2')) = 0, whence 9,7 (2') - Vior (17 (2')) = 0 (for all 1 < i < n —1).
On the other hand, the functions ; converge (at least) in C'/2(Q) to ¢ as k — +o0o. As a
consequence,

017 (2') - Vi (2') = 1,4 (") (7 ()] < CryJ 8, (o)

forall kK > ki, a € [0,a4], 1 < j<p, 2’ €Band 1 <i <n—1,and for some constant C;
defined by

Cy = max 9y (8)] x sup Vor(z) = Vo (=) < +o0.

1<i'<n—1, 1<j'<p, £€B KEN, z#2'€Q ViIz =72

Call now

Cy = max |0y (v o yjl)(f))| x sup |Vew(2)] < +oo.
1<5'<p, £eB, 1<i'<n—1 k'eN, zeQ

Together with (3.27) and (3.22), the above arguments imply that

102,10 («")] 251 (C1\/tho(2") + Cat] ()

<
< 207Y(C1v20ta +2C50ta) from (3.26)

forall k >k, a€0,a1],1<j<p o' €Bandl1<i<n-—1.
It follows that

sup 0n, (g voy') (@) — 0 asa—0, 0<a<a. (3.28)
k>ki, 1<j<p, z'€B, 1<i<n—1 ’

On the other hand, there are some open sets U, ..., UP of B such that
area(09) Z ]81y c X Oy (2] da,

where the sets {y/(2'), 2’ € U7} for j = 1,...,p are pairwise disjoint and, for any ¢ > 0,
there are some measurable sets V1, ... VP C Bsuch that {y/(2'), 2’ € VI, 1 < j < p} = 99,

VI > U7 and /1vj\Uj(fL'/)de)/ <eforall 1 <j<p. Since all functions ¢ and ti}au oy’ (for
B
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all k > ki, a € [0,a;1], 1 < j <p)are of class C! in B, since each function ®k,q 1S one-to-one
and since (3.24) holds, it follows that

area(Xy ) = Z ]81 Y =t oy ) (@) X o X i (yf =t v oyl)(a))] da’
for all k > k; and a € [0, ay].

One concludes from (3.28) that

sup |area(Xy,) — area(092)| — 0 as a — 0 with 0 < a < a;.
k>ky

Because [ in (3.21) is positive, there exists then ag € (0, aq] such that
. . ﬁ n—1
ir(a) = area(Xgq) > | 1+ ) noy, R

for all k > k; and a € [0, ag].
That completes the proof of Lemma 3.10. m

Lemma 3.11 With the notations of Lemma 3.10, one has
AN
uelw) > (145 ) o (la)

for all k > ky and x € Q* such that py(ao) < |z| < R.

Proof. Fix k > k;. From Lemma 3.10, one has S, (40),r C E}. Fix any z € Q* such that
r = |z| € [pr(ao), R] (notice that 0 < px(ag) < R and p;'(r) € [0,a0]). The calculations of
the proof of Proposition 3.5, and especially inequality (3.12), imply that

-1
no,r"
1< -

< ) o (px” (r))] X [Vug(2)].

But

o g e
ix(pp(r)) = /E doy, =1y (y) = area(th;l(T)) > (1 + 5 no, R"!
-1

k.py " (r)
B
1 [ n n—1
( + 5 noy,T

k

v

from Lemma 3.10. Thus,

g

L+ 5 < lokloy () < [Van()].

The conclusion of Lemma 3.11 follows from the above inequality, as in the proof of
Corollary 3.6. m
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Lemma 3.12 There exist ko > k1 and n > 0 such that

ur(r) > (1+n) pg ' (|2])
for all k > ky and x € Q~.

Proof. Let e be any unit vector in R"™ and choose k > k;. Let @ be the function defined
in [0, R] by g(r) = ug(re) for all r € [0, R]. This function is differentiable and decreasing in
[0, R]. Furthermore, Proposition 3.5 and the fact that p, ' is decreasing in [0, R] imply that

() 2~ ()

for all r € p(Yx) = (0, pr(arm-1)) U U (pr(arsa), pr(ar1)) U (px(ar1), R]. Finite Increment
Theorem yields especially, as in the proof of Corollary 3.6,

ug(re) — ux(pr(ao)e) > py* (r) — ao

for all r € [0, pr(ao)]. Fix such a r in [0, px(ag)] (whence p;'(r) € [ag, My] C (0, My]). One
gets that

uﬁgm) > 14 Uk(pk(?(l))@ — ap > 5_61lo
P (1) pr (1) 2p;,(r)
from Lemma 3.11.

But ,0,:1(7“) < My = maxg@r — maxgy = 1 as k — +oo. Hence, there exists ks > ky
such that

wtre) 2 (1420 500

for all k > ke and r € [0, pr(ag)]. As in the proof of Corollary 3.6, the conclusion of Lemma
3.12 follows from the above inequality and from Lemma 3.11, with the choice

n = min(5/2, Bag/4) > 0

for instance. O

Conclusion. Fix any € > 0. From Lemma 3.12 and from (3.15), there exists k3 > ks such
that

AQ,T)+¢€

—Aug(x) = (T +¢) [Vu(a)] < AQ7)+e] ' (2]) < = 147 uy,(2)

for all x € E), and k > k3. As in the proof of Lemma 3.8, one gets that

AMQ7)+e€

> \(Q* .
o > ANQ T +¢€)

Passing to the limit ¢ — 0" in the above inequality yields
A1) > (14+1) MQ 1) > AQ57) = M (2, 7e,) (>0).

That completes the proof of Theorem 1.1. |
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4 Appendix

4.1 Behavior of F,(m,7) for large 7

This section is devoted to the proof of the results mentioned in Remark 1.4.
First, to prove (1.5), fix m > 0 and 7 > 0, set Q = (=R, R) with 2R = m, and denote

A= )\1(Q, TGT-)

and ¢ = @q re,. Theorem 1.6 ensures that ¢ is an even function, decreasing in [0, R] and
Theorem 1.5 yields

=" (r) + 79 (r) = Xp(r) for all 0 < r < R,
with ¢(R) =0, ¢ > 0in (—R, R) and ¢'(0) = 0. For all s € [0, 7R], define ¥(s) = ¢(s/1),
so that ) satisfies the equation

=" (s) + ' (s) = %w(s) forall 0 < s < TR,

with ¥ (TR) = 0 and 9'(0) = 0. Notice that A depends on 7, but since, for all 7 > 0,
0 < A < M((—R,R),0), there exists 79 > 0 such that 72 > 4\ for all 7 > 75, and we will
assume that 7 > 7y in the sequel. The function v can be computed explicitly: there exist
A, B € R such that, for all 0 < s < 7R,

P(s) = Aett" 4 Bel ",

where py = (1 £ /1 —4X/72)/2. Using the boundary values of ¢ and ', one obtains after
straightforward computations:

2
2 4\ _ 1w

4 T

Since A remains bounded when 7 — 400, it is then straightforward to check that A ~ 72e=7%

when 7 — +o00, and that (1.5) follows.

We now turn to the proof of assertion (1.6). Let n > 2, m > 0, 7 > 0 and Q = B}, be
such that |Q] = m, so that one has R = (m/a,)"" and F,(m,7) = \(Q,7e,). We first
claim that

F.(m,7) > F1(2R,T).

Indeed, write
A= XM\(Q,7e,) and ¢, = @q re, -

Similarly, F1(2R,7) = M((—R, R),Te,), and we denote pp = Ai((—R, R),7e,) and ¢, =
O(—R,R),re,- As before, define 1, (y) = ¢, (y/7) for all y € 7 = Bl and ¢4 (r) = ¢1(r/7) for
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all 7 € [-7R, 7R|. Finally, since v, is radial, let u, : [0, 7R] — R such that ¥,,(y) = un(|yl)
for all y € 7Q2 = B”;. One has

n—1 A

—u, (r) — Un(r) + 1, (r) = Zun(r)  in (0,7R],
T

(4.1)

() + () = () in [0, 7R),

with u},(0) = u,(7R) = 0, ¥{(0) = ¢4 (T7R) = 0.
Assume that A < p. Since u/, < 0in (0,7R] and w, > 0, one obtains
—un(r) +u,(r) < %un('r’) in [0,TR],

(4.2)

—{(r) + U (r) = S (r) in 0,7,

Since ¥ (TR) < 0 by Hopf lemma, while ¢;(r) > 0 in [0,7R), u,(r) > 0 in [0,7R) and
the functions u, and 1; belong (at least) to C''([0,7R]), there exists then v > 0 such that
y1(r) > u,(r) for all 0 < r < 7R. Define v* as the infimum of all the v > 0 such that
v > u, in [0, 7R), observe that v* > 0 and define z = v*1); — u,, which is non-negative in

[0, 7R] and satisfies
o
—2"(r)+ 2 (r) — ﬁz(r) >0 (4.3)
forall 0 <r < 7R and z(TR) = 0.

Assume that there exists 0 < r < 7R such that z(r) = 0. The strong maximum principle
shows that z is identically zero in [0, 7 R], which means that v*¢y = w, in [0, 7R], and even
that ¢, = w, because 11(0) = u,(0) = 1. But this is impossible according to (4.1) and (4.2).

Thus, z > 0 in (0,7R). Furthermore, 2'(0) = 0, hence 2(0) > 0 from Hopf lemma.
Another application of Hopf lemma shows that z/(7R) < 0. Therefore, there exists xk > 0
such that z > ku, in [0, 7R), whence

*

Y
1+k
which is a contradiction with the definition of ~*.
Finally, we have obtained that p < A, which means that F,(m,7) > F1(2R, 7).

We look for a reverse inequality. To that purpose, let € € (0,1) and Ry > 0 such that
n—1

1 > u, in [0,7R),

< e. In the following computations, we always assume that 7R > Ry. Define u, and

A as before. Let
s ((2) (-2 0

and w the normalized corresponding eigenfunction, so that

—w"(r) + 7(1 — &)w'(r) = p'w(r) in {07 R— @] )

T

w'(0) =0, w>0in [O,R—@), w(R—@) =0.
-

T
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r— R

T

For all Ry <z < 7R, define v(z) = w < 0), which satisfies

—"(r)+ (1 =)' (r) = f—;v(’r’) in [Roy,TR],

Vv'(Rp) =0, v >0in [Ry,7R), v(TR) = 0.

Assume that A\ > /. Since (n — 1)/Ry < € and u/,(r) < 0 in (0, 7R], one therefore has

/

sUn(r) in [Ro, TR],

| =

—t, (1) + (1 = )u, (r) =

\]

/
" (r) 4+ (1 — e (r) = %v(r) in [Ro, 7R].
Arguing as before, we see that there exists 7 > 0 such that yu,, > v in [Ry, 7R). Define v*
(> 0) as the infimum of all such +’s and define z = y*u,, —v, which is nonnegative in [Ry, T R]
and satisfies —z" + (1 — €)2’ — (¢//7%)2z > 0 in [Ry, TR).

Assume that z(r) = 0 for some r € (Ry,7R). The strong maximum principle ensures
that z is 0 in [Ry, 7R|, which means that u,, = v in [Ro, 7R], which is impossible because
ul (Rp) < 0=12"(Ry).

Therefore, z > 0 everywhere in (Ro, 7R). Furthermore, 2'(Ry) < 0, thus z(Ry) > 0. On
the other hand, by Hopf lemma, z/(7R) < 0. Thus, there exists £ > 0 such that z > kv in
[Ro, TR), whence (v*/(1 + k))u, > v in [Ry, 7R). This contradicts the definition of v*.

Thus, we have established that A < p/. Straightforward computations (similar to those
of the proof of (1.5)) show that

2
2 A/ 7
e (N e

T

and, since A > F1(2R, 1), formula (1.5) and the fact that m = a,, R" end the proof of (1.6).0

4.2 Proof of Proposition 1.8

Let m > 0 be fixed. For any 2 € C and any v € L*>(2), one has the following min-max
characterization of A;(Q,v) (see [11]):

A1(€2,v) = sup iréf (4.4)

v

<—A<p+v~V<p)
(p )

where the supremum is taken over all functions ¢ € W27 (Q) which are positive in Q. For
e > 0, consider a domain ). € C included in {x = (z1,...,2,) € R"; ¢ <21 < 2¢} and

?

satisfying |2:] = m, and let v be any field in L*>(€2,,R") with |jv||, < 7. Define, for all

x=(r1,...,2,) € Q,
. UE]
@:(z) = sin (—38 ) :

33



Then, for all z € €.,

and thus

This shows that

2rm

3v/3¢

Ape(z) v V()
ve(z)

92’ o ()

2 21T
M(Q,v) > — — .
i ) 3v/3¢

— 0g2

T 2rm

AT > — - T
AR, 7) VR

sup = 9z2

Qec, |Q]=m

and, since this is true for all € > 0, the assertion (1.11) follows.
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