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Abstract

This paper is devoted to the study of some qualitative and quantitative aspects
of nonlinear propagation phenomena in diffusive media. More precisely, we consider
the case a reaction-diffusion equation in a periodic medium with ignition-type non-
linearity, the heterogeneity being on the nonlinearity, the operator and the domain.
Contrary to previous works, we study the asymptotic spreading properties of the
solutions of the Cauchy problem with general initial conditions which satisfy very
mild assumptions at infinity. We introduce several concepts generalizing the notion
of spreading speed and we give a complete characterization of it when the initial
condition is asymptotically oscillatory at infinity. Furthermore we construct, even in
the homogeneous one-dimensional case, a class of initial conditions for which highly
nontrivial dynamics can be exhibited.

1 Introduction

We consider reaction-diffusion-advection equations of the type

{ut—V-(A(Z)VU)+Q(Z)'V“ = flzw), zeq, (1.1)

vAVu = 0, z € 0f)

in an unbounded domain (connected and open) Q C RY which is of class C*® for some o >

0. We denote by v the outward unit normal on 9f2. For any two vectors £ = (&1, ...,&N)
and & = (&,...,&y) in RY and any N x N matrix B = (B;;)1<ij<ny with real entries, we
write

EBE = Y 4By

1<i,j<N

*The first author is indebted to the Alexander von Humboldt Foundation for its support. The two
authors are also supported by the ANR project PREFERED.



The coefficients of (1.1) are not assumed to be homogeneous in general, as well as the
underlying domain €). Instead, we just assume that there exist two real numbers L > 0

and R > 0 such that
Vz=(z,y)€Q, [y <R, 12)
VEke LZx {0}V, Q=Q+k, '

where
r=x1, y= (2, ,7n), z=(7,Y)
and |-| denotes the euclidean norm. The domain €2 is then an infinite cylinder which is

unbounded in the direction z, its boundary 0€2 may be straight or undulating, and 2 may
also contain periodic perforations. Let C' be the periodicity cell defined by

C={z=(x,y)€Q, € (0,L)}.

Throughout the paper, we assume that the matrix field z — A(z) = (A4;;(2))i<ij<n
is of class CY*(Q2), symmetric and uniformly elliptic, that the vector field z + q(z) =
(qi(2))1<i<n is of class C%*(QQ), divergence-free (V-¢q = 0 in Q) and tangent to the boundary
of Q (¢-v = 0 on 9Q), and that the nonlinearity f : (z,u) (€ QxR) ~ f(z,u) is continuous,
of class C%® with respect to z locally uniformly in © € R and we assume that the restriction
of fto Q x [0,1] is of class C! with respect to u. All functions A;;, ¢; and f(-,u) (for all
u € R) are assumed to be periodic, in the sense that they satisfy

w(x + k,y) = w(z,y) forall (x,y) € Q and k € LZ.

The vector field g is normalized in such a way that

/Cq(z)dz =0.

The nonlinearity f is also assumed to be of combustion type: there exists 6 € (0,1) such
that for every z € Q,

f(z,-) =0 on (—o0,0] U[1,+00),

of . - .
%(Z', 1 ) - _sli%{*‘ S

f(z,1—35) (1.3)

f(z,-) >0 on (6,1), < 0.

Under the previous structural assumptions on the domain and the nonlinearity, we
study the Cauchy problem

ug — V- (A(2)Vu) +q(2) - Vu = f(z,u), t>0, 2€Q,
vAVu = 0, t>0, z €09, (1.4)
U(O,Z) = UO(Z)7 z €,

where the initial value ug : © — [0, 1] is uniformly continuous and satisfies the following
mild conditions at infinity

lim( su uz)<9 and lim( inf uz>>9.
A—r+o0 z:(ac,y)eg,IZA 0( ) A——o00 \z=(z,y)€Q, z<A 0< )



For sake of conciseness, we will denote the previous limits as

limsup up(z) < @ and liminf ug(z) > 6. (1.5)
T—+00 Z——00
The assumption of uniform continuity for ug is just made to ensure the solvability of the
Cauchy problem. Notice also that, since ug satisfies 0 < uy < 1 in €2 and is not identically
equal to 0 or 1 because of (1.5), the solution u of (1.4) satisfies

0<u(t,z) <1 forallt>0and z € Q (1.6)

from the strong parabolic maximum principle and Hopf lemma.

The main assumption (1.5) means, roughly speaking, that the initial condition ug is
front-like in the direction z, uniformly with respect to the orthogonal variables y. But
it is important to notice that we do not assume that uy converges to some constants as
x — £oo. The goal of this paper is to study propagation phenomena for the solutions u
of (1.4) when the initial conditions wug just satisfy (1.5). We shall see that these very weak
assumptions at initial time give rise to a large variety of asymptotic spreading properties
and possibly complex large-time behaviour. To this end, we first define the following two
quantities, which shall stand for minimal and maximal asymptotic spreading speeds:

Definition 1.1 Let ug be as before. We define the lower spreading speed ¢, (ug) associated
to (1.4) as

ci(uo) = sup € (uo)
where

E(ug) = {c eER|Vd <e lim < inf u(t,z)) = 1}.

t—=+00 \ 2eQ, z<c/t

We also define the upper spreading speed c¢*(ug) associated to (1.4) as
c*(up) = inf £*(uo)

where

E*(ug) = {c eER|Vd >g, hmsup( sup u(t,z)) < 1}.

t—+oo 2€Q, x>c't

Qualitatively, the previous definitions show that an observer who moves at speed ¢ in
direction x will see for large times the steady state 1 if ¢ < ¢,(up) and will be away from 1
if ¢ > ¢*(ug). It follows in particular from Definition 1.1 and (1.6) that, for all A € R,

lim ( sup lu(t,x +s,y) — 1|> =0 if ¢ < co(up)
t=+400 (x+s,9)€Q, <A, s<ct
and
lim sup ( sup u(t,z + s, y)) <1 if ¢ > " (up).
t—4-o00 (x+s,9)EQ, >A, s>ct



Notice that by definition, there always holds
(o) < ().

Furthermore, if c.(ug) € R, resp. ¢*(ug) € R ~we shall see in Theorem 1.3 that this is
automatically true due to (1.5)— then c,(up) = max&,(up), resp. c*(ug) = min E*(uy).
However, this does not mean in general that

lim < _inf u(t, z)) =1
t=+00 \ 2€Q, z<cx(uo)t
or

lim sup ( sup u(t, z)) < 1.

t—+00 2€Q, z>c* (up)t

This paper is devoted to some characterizations of the lower and upper spreading
speeds ¢, (ug) and ¢*(up) given in Definition 1.1, when u satisfies the above conditions (1.5).
We will derive some estimates for these spreading speeds and provide an example for which
c*(ug) # c«(up), even in the homogeneous case.

One of the key points to understand propagation phenomena for the Cauchy pro-
blem (1.4) is based on the existence of a family of pulsating travelling fronts for (1.1). In
particular, we shall relate the spreading speeds ¢, (1) and ¢*(ug) to various speeds of fronts
connecting two stationary states of the equation. Given any real number v € (—o0,6), a
pulsating front connecting v to 1 and travelling to the right with effective speed ¢ # 0 is a
special time-global solution u : R x Q — (v, 1) of (1.1) satisfying the periodicity condition

Vke€LZ, Y (t,z,y) €R x Q, u(t — E,m,y) =u(t,x + k,y) (1.7)
c
and the additional asymptotic conditions
xl_l}I_fI_loou(t, z) =~ and x1_1>r_noou(t,z) = 1. (1.8)

The previous limits (1.8) are taken locally in time and uniformly in y. Another way to
describe a pulsating front is to use a hull function ¢ : R x Q + (7, 1) and write u as

U(t, Z) = (,0(.%' —ct, Z)
where the function z(€ Q) + (s, 2) is periodic in Q for each s € R, and
o(+00,-) =7, ¢(—00,-) =1 uniformly in Q.

The existence and properties of pulsating travelling fronts have been obtained in [45, 46]
for the case of the whole space R™ and in [3, 4] in the general periodic framework and
with general combustion-type nonlinearities, covering the situation of the present paper.
We sum up the result in the following theorem

Theorem 1.2 [3, 4] Let the nonlinearity f be of the combustion type (1.3). For any
v € (—00,8), there exists a unique speed ¢ = c.,, which is positive, such that problem (1.1)
has a pulsating travelling front solution u. satisfying (1.7) and (1.8). Furthermore, the
function u., s unique up to shifts in time and the map v — ¢, is continuous and increasing.
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Under assumption (1.3), a great attention has been to be devoted to the properties of
fronts in the homogeneous one-dimensional version of (1.1), and then in straight infinite
cylinders (see e.g. [11]). Of particular interest are the stability of these fronts and the
convergence to the fronts of the solutions of Cauchy problems of the type (1.4) when the
initial condition w is in some sense close to a given front and has the same (constant) limit
as it when = — +o0 [10, 25, 37, 38, 39]. Initial conditions with compact support have also
been considered. Under some conditions, that is if they are above and away from 6 on a
sufficiently large set, then they develop into a pair of diverging fronts [26, 39, 47]. However,
in the general periodic setting, the question of the global stability of the travelling fronts
still remains open, even for initial conditions having the same constant limit ~ as a given
front u, when x — +00. As a matter of fact, the present paper is at least twofold: firstly,
we show the convergence in speed for a more general class of asymptotically periodic (when
x — +00) initial conditions, and secondly we prove that such convergence does not hold
in general, even in the homogeneous case, when the initial conditions just satisfy (1.5).

Let us mention here that other types of nonlinearities have also been considered in
the literature. For instance, some existence and stability results of fronts with bistable
reaction terms are known, but they are mainly concerned with homogeneous or close-to-
homogeneous media, or with media which are invariant in the direction of propagation
[18, 30, 39, 44]. One of the most famous results in this spirit is the following one: in the
homogeneous setting with bistable reaction-terms f : [0, 1] — R satisfying

f(0)=f(0)=f(1)=0, f<0on (0,6), f>0on (A1), f/(0)<0, f/(1)<0

for some 6 € (0,1), front-like initial conditions satisfying (1.5) are known to converge
to the unique front connecting the two stable zeroes 0 and 1 of f [18]. This is due
to the strong attractivity of these two stable states. As will be seen, in the combus-
tion case (1.3) considered in the present paper, new interesting and more complex phe-
nomena shall occur, due to the existence of a continuum of stationary states (below 0).
Lastly, for monostable or particular Kolmogorov-Petrovski-Piskunov [27] type nonlinear-
ities, existence and qualitative properties of pulsating travelling fronts in periodic me-
dia have been established in [3, 7, 19, 21, 34, 35, 43]. In this case, the set of possible
speeds is a half-line [w*,400). Estimates of the minimal speeds w* have been derived in
6, 7,9, 16, 17, 23, 41, 48]. Since the seminal paper of Aronson and Weinberger [1] in the
homogeneous setting in RY, much work has also been devoted to asymptotic spreading
speeds in KPP-type reaction-diffusion equations with compactly supported initial condi-
tions in periodic or more general media [5, 8, 31, 32, 43], with exponentially decaying
initial conditions [2, 12, 20, 21, 24, 29, 33, 39, 42| or with slowly decaying initial conditions
(13, 22].

Let us now come back to the Cauchy problem (1.4) under assumption (1.3). As already
emphasized, the main goal of this paper is to consider (1.4) with a very large class of front-
like initial conditions, satisfying (1.5), which are not required to converge to any constant in
the direction of propagation or to be close to any pulsating front. Before stating our main
results, we just need to introduce a few more notations. We consider the following linear
advection-diffusion equation with the same initial data uy as for the nonlinear Cauchy



problem (1.4), but with zero right-hand side:

v — V- (A(z)Vu) +q(z)- Vo = 0, t>0, z€Q,
VAV = 0. >0, z€ 00, (1.9)
U(07 Z) = UO(Z)a S Qa

Then, we introduce the following quantities, which will play an important role in the sequel

Omin(up) = lim (liminfv(t, z)>

t—-+o0 T—r400

and
Omax (o) = lim (limsupv(t,z)).

t—+o0 T—+00

The limits in time in the previous two quantities are well-defined real numbers since the
maps ¢t — liminf, , . v(t,2) and ¢ — limsup,_,,  v(t,z) are bounded (in [0, 1]) and
respectively nondecreasing and nonincreasing in time by the parabolic maximum principle
(see Remark 2.3 after Lemma 2.2 for more details). Furthermore, there holds

0 S amin(“O) S amax(UO) S lim sup UJD(Z) <40.

T—r—+00

In particular, if uy(z) — v as © — +oo for some real number v € [0,0), then amy,(up) =
Omax (UO) =7.

We can now state the main results of this paper. The first theorem provides lower and
upper bounds for the lower and upper spreading speeds ¢, (ug) and ¢*(ug).

Theorem 1.3 Let u be the solution of (1.4) with any uniformly continuous initial condi-
tion ug : Q — [0, 1] satisfying (1.5). Then

lim inf( inf wu(t, z)> > min (Uo)

t——+o0 2€Q

and
Camin(uo) S C*(uo) S C*<U/0) S CCYmax(“O)’ (110)

where we recall that ca,;, (uy) ANA Cay,(uo) denote the unique speeds of the pulsating fronts
of (1.1) connecting amin(uo) and cumax(uo) to 1. Furthermore, for every ¢ > cay..(uo), there

holds
limsup( sup u(t,z)) < Qmax(Up)-

t—+o00 2€Q, x>ct

Thus, Theorem 1.3 provides bounds for the asymptotic spreading speeds c.(ug)
and ¢*(ug). The following theorem states a complete characterization of these spreading
speeds when the initial condition is assumed to be asymptotically periodic in the right
direction.



Theorem 1.4 Let ug : 2 — [0, 1] be a uniformly continuous function such that there exists
a uniformly continuous periodic function wg : Q — [0, 0) satisfying

lim |up(z) — wo(z)| = 0.
T—r+00

Then amin (o) = max (o) = <wo >, and consequently

ce(ug) = ¢ (up) = Cowp>,

where
<wgp>= ][wo €[0,0)
c

denotes the average of the periodic function wy and c<y,> s the unique speed of the pul-
sating travelling front of (1.1) connecting <wgy> to 1.

An immediate corollary follows from Theorem 1.4 and the monotonicity of the speeds c,
with respect to . It shows the monotonicity of the spreading speeds with respect to the
asymptotic average (when it exists) of the tail of ug as * — +oc.

Corollary 1.5 Let ug and ug : 2 — [0, 1] fulfill the assumptions of Theorem 1.4 with two
periodic functions wy and wy : Q — [0,0). If <we> < <wy>, then the spreading speeds
satisfy c.(uo) = ¢*(uo) = Ccuwp> < C<my> = (o) = " (to).

As a consequence of Theorem 1.4, we have convergence in speed in the following sense:
for any given value A € (<wp>,1), the set

By = {(z,y) €Q, ult,z,y) = \}
is not empty for large ¢ and

max{r | 3y, (v,y) € E\}

= C<wo>-

lim mln{x ‘ Ely7 <x7y) € Et,)\} — lim
t—+o00 t t—+o00 t

In particular, for any family (z(¢),y(t)) in Q such that u(t,z(t),y(t)) = A, then x(t)/t
converges to C<y,> as t — +o00. This corresponds exactly to the notion of convergence
in speed. However, it does not mean that z(t) — c.y,~t converges as t — 400 or is even
bounded. But we conjecture that z(t) — c<y,>t converges as t — +oo provided that wug
converges to wy sufficiently fast (exponentially) as x — +o00. A remaining open question
is the convergence in profile of u(t,-) to the one-parameter family of time shifts of the
pulsating front w«,,.

In the previous two theorems, we established some general properties and bounds of
the lower and upper spreading speeds ¢, (ug) and ¢*(ug), and we considered an important
class of initial conditions for which these two quantites are equal. In what follows, we
exhibit a class of initial conditions ug for which ¢, (ug) < ¢*(up) and, among other things,
we will see that the behaviour of the solution u along the rays with speeds ¢ between ¢, (ug)
and ¢*(ug) is rather complex. For the sake of clarity of the presentation, we only consider
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here a simple one-dimensional and homogeneous framework —more general heterogeneous
equations with the same type of initial conditions and the same type of long-time behaviour
could be dealt with. Consider the following Cauchy problem

{ut—um = f(u), t>0, zeR,

u(0,2) = wup(z), = €R, (1.11)

where the nonlinearity f is of the combustion type (1.3), as above, but it depends on u
only. For each v € (—00, ), let ¢, denote the unique (up to shifts) travelling front of (1.11)
connecting <y to 1, with unique speed c,, that is

"+l + =0 in R,
{ SD'y ’7%07 f(SD’Y) (112)

0y (—00) =1 > @ () > py(+00) =7 forall z € R.

Theorem 1.6 Let o < (5 be any given real numbers in [0,60). There are initial conditions
up : R — [a, 1] such that

T—r—00

JAeR, Ve > A, a<uy(r)<p

{ lim inf ug(z) > 0,

and such that, under the general previous notations,
O‘min(“O) = Q, amax(”O) = 57 C*(UO) =Co < Cg = C*(Uo).
Furthermore,

Vt>0, a<u(t) <1, wu(t,—oc0)=1, liminfu(t,z)=a < =Ilimsupu(t,z)

T—+00 T—+00
and
[V e<cu), VAER, u(t, ct + )t—+> 1 uniformly in (—oo, Al
—+00
VrzeR, 3a, € (a,1], { Hm  w(ty, c.(uo)ty +x)} = [, 1],
tr——400

V¢ € (ci(up), c*(ug)), ¥V z €R, { lm  u(ty, cty + :L‘)} = [a, 1],
tr——+00

VeeR, 36, €[5,1), { lHm u(tg, ¢ (uo)ty + x)} = [a, Be),
t—+o00
Voe>c*(up), VAER, lim ( sup u(t,ct+m)> = 0,
t—+o0 TE€[A,+00)
V> c*(u), VoeR, { lim u(tk,ctk+:1:)}:[a,ﬁ].
. t——+00



Let us now comment the construction and the long-time behaviour of the solutions u
given in Theorem 1.6. The initial conditions ug are constructed so that wug(z) oscillates
between o and 3 as * — +oo, on larger and larger intervals. This way, the solution u
will somehow oscillate at large times between two approximated fronts whose speeds are
approximately equal to c.(ug) = ¢, and ¢*(ug) = cg. In other words, the “location” &(t)
of the solution, that is £(¢) € R such that wu(t,&(t)) = 6, oscillates between c,t and cat,
which means in particular no convergence in speed. We nevertheless provide quantitative
estimates on £(t) over some reasonably large time intervals (precise statements will be
given in Section 3, see in particular the proof of Lemma 3.1 and Remark 3.2 below). Thus,
the values of u(t, ct + x) along any ray with a given speed ¢ € (¢, (ug), c*(ug)) describe at
the limit the whole interval [«, 1], in the sense that the set of limit values of the function
t — u(t,ct +x) as t — 400 is equal to the whole interval [a, 1]. In the moving frame with
speed ¢, (ug) (resp. ¢*(ug)), as we shall see in Section 3, the solution u is actually separated
from « (resp. 1) uniformly in (—oo, A] (resp. [A,+00)) for any A € R, in the sense that

a < lim inf( inf  u(t, ci(ug)t + x)),
t—+00 \ze(—o0,A]

(1.13)

lim sup( sup  u(t, c*(ug)t —i—x)) <L
t—+oo ‘xel[A,400)

However, these limits are never uniform in space, since infg u(t,-) = o and supg u(t, ) =1
for all ¢ > 0.

Under the general notations and assumptions of this paper, the speed ¢, (ug) is by defi-
nition the largest speed for which the solution u converges to 1 in any right-moving frame
with a speed smaller than c,(ug) (and even uniformly in any given set {x < A}). However,
one of the main interests of Theorem 1.6 is to show that, even for the homogeneous equa-
tion (1.11), the solution u may not in general be separated from 1 in all moving frames with
speeds larger than ¢, (u): indeed, in Theorem 1.6, there holds limsup,_, u(t,ct+2) =1
for all ¢ € [e.(ug), c*(up)) and x € R, with c.(ug) < ¢*(up). On the other hand, again by
virtue of our general definitions, the solution w is always separated from 1 in any right-
moving frame with a speed larger than ¢*(ug). However, in any such moving frame, the
solution u may still have a complex behaviour and it may not converge locally to a constant
in general, as seen as a byproduct of the last assertion in Theorem 1.6. Lastly, the solution
u of (1.4) may not in general be separated from its infimum value in all moving frames
with speeds smaller than ¢*(ug), since, in the example given in Theorem 1.6, there holds
liminf; o u(t, ct + x) = « for all ¢ € (ci(up), ¢*(up)] and = € R, with ¢, (ug) < ¢*(up).

Lastly, we mention that non-convergence results similar to the ones described in The-
orem 1.6 for ¢ € (¢, (up), ¢*(up)) are also known to hold for the heat equation, see [14] and
Remark 3.3 below. Other complex behavior may also occur for the nonlinear equation
u; = Au+ f(u) in R? with bistable-type nonlinearity f and some appropriate initial condi-
tions which are trapped between two shifts of a given conical front (the solutions may not
in general converge to a unique shift of the given front, see [40]), as well as for supercritical
semilinear heat equations with some initial conditions which are trapped between two or-
dered stationary states (the solutions may not in general converge to a unique stationary
state, see [36]).



Remark 1.7 In the previous results, the initial conditions uy were front-like in the sense
of (1.5). When

lim sup ugp(z) < 6

|z| =400
and when uy(z) > 0 +¢ for all z € QN{x € [-A, A]} with € > 0 fixed and A large enough,
then u(t, z) converges to 1 as t — +oo locally in z € €2, see [43]. In that case, the solution u
will then spread to the left (as * — —o00) and to the right (as x — +00). One could then
define left spreading speeds in a similar way as in Definition 1.1 (which was concerned
with the right spreading speeds). Actually, when u(t, z) converges to 1 as t — 400 locally
in z € Q, the left spreading speeds are completely independent of the right ones: the
left (resp. right) ones only depend on the behavior of ug as © — —oo (resp. © — +00).
Therefore, the same qualitative and quantitative results about the left and right spreading

speeds as in the previous theorems hold immediately if the above conditions on wug are
fulfilled.

2 General properties

This section is concerned with the proof of the general properties of the lower and upper
spreading speeds ¢, (ugp) and c¢*(ug). We begin in Subsection 2.1 with the proof of The-
orem 1.4, since it follows straightforwardly from Theorem 1.3. Then Subsection 2.2 is
devoted to the proof of Theorem 1.3.

2.1 Asymptotically periodic initial conditions

In this subsection, we prove Theorem 1.4, assuming the conclusion of Theorem 1.3. To this
end, we shall use the following theorem, providing Gaussian estimates (see Theorem 6.1
in [15]) for the fundamental solution of the linear equation (1.9).

Theorem 2.1 [15] Let p(t, z,2') be the kernel of the operator 0,—V -(AV)+q-V in Q with
no-fluz boundary conditions vAVp = 0 on 082. Then there exist some constants Cy > 0,
wy > 0 and we > 0 such that for all 0 <t < +o0 and (z,2") €

1‘2

_|z—z
p(t,2,2)| < Cot™ 2™ o (2.14)

In order to prove Theorem 1.4, we will need the following lemma, which is a consequence
of the above Gaussian estimates.

Lemma 2.2 Let v (resp. w) be the unique solution of the linear equation (1.9) in  with
a uniformly continuous and bounded initial condition vy : @ — R (resp. wp : Q@ — R).
Assume furthermore that

lim |vo(z) — wo(z)| = 0.
T—+00

Then, for allt >0,
lim |o(t,z) —w(t, z)| = 0.

T—>—+00
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Proof. The proof uses standard arguments. We just do it here for the sake of completeness.
By uniqueness of the solution of the Cauchy problem, the function (¢, z) = v(t, z) —w(t, 2)
satisfies

o(t,2) = / plt, 2, ) 00, 2') d

for all t > 0 and z € Q. Let t > 0 and € > 0 be any two arbitrary positive real
numbers. From the assumption of the lemma, there is A € R such that |¢(0, z)| < ¢ for
all z = (z,y) € Q such that > A. Set

Ot ={=@y)eQ, /> A} and Q" ={ = (2',y) € Q, 2/ < A}
For all z = (z,y) € (, there holds

ot 2)] < e / Ptz =) de' + / Dt 2, ') |0(0, /)| d
O+ -

_ \zfz’|2

< €+C’0Hvo—onoot]2ve“’1t/ e @t dY

from Theorem 2.1. From (1.2), it follows that

A _|a:—a:’\2

[P(t, )] < £+ Callen = wollw Covt ¥ e [~ S aa (2.15)

—00

where Cy g > 0 denotes the Lebesgue measure of any euclidean ball of radius R in RV~
Since the last integral does not depend on y and converges to 0 as x — +00, one concludes
that there exists B € R such that |p(t, z)| < 2¢ for all z = (x,y) € Q such that x > B,
which gives the desired conclusion. U

Remark 2.3 Under the notations of Lemma 2.2, it follows that the quantities m(t) =
liminf, , . v(t,2) and M(t) = limsup, , . v(t, z) are respectively nondecreasing and
nonincreasing with respect to time ¢. It is obviously sufficient to deal with m(t). To do
so, let 0 < t; < ty < 400 be fixed, and let € > 0 be arbitrary. There exist then A € R
and a uniformly continuous and bounded function wy : 2 — R such that v(¢q,-) > wp in
and wy(z) = m(t;) — e for all z = (x,y) € Q such that x > A. The maximum principle
yields v(t + t1,+) > w(t,-) in Q for all t > 0, where w denotes the solution of (1.9) with
initial condition wy. But Lemma 2.2 implies that lim,_, . w(t, z) = m(t;) —e for all t > 0.
Consequently, m(t2) > m(t;) — . The conclusion follows.

Proof of Theorem 1.4. Let w be the solution of (1.9) with an initial datum wy as in
the theorem. It is then classical to check that

lim w(t,2) = <we> uniformly in Q, (2.16)

t—+o00

where < wg > denotes the average of the periodic function wy. Indeed, w(t,-) remains
periodic for each ¢t > 0 by uniqueness of the Cauchy problem. Furthermore, ming w(¢,-) =
ming w(t,-) and maxgw(t,-) = maxg w(t,-) are bounded, and respectively nondecreasing
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and nonincreasing in ¢ > 0. Let (¢,),en be a sequence of positive times converging to +oo
and (z,)nen be a sequence of points in C' such that

lim w(t,,z,) = lim (mjnw(t,-)) =:m.
n—-o0o t—4o00 Q

From standard parabolic estimates, up to extraction of subsequence, the z-periodic func-
tions

wp(t, z) = w(t +t,, 2)
converge locally in ¢ and uniformly in  as n — +00o to a classical solution we, of the same
equation (1.9) in R x Q. Furthermore, wy, > m in R x Q and mingws(0,-) = m. Thus,
Weo = m in R x Q from the strong parabolic maximum principle. This implies that, given
any € > 0, there is N € N such that |[w(ty, ) — m| < € in Q, whence

lw(t,z) —m| < e forall (¢,2) € [ty, +o0) x Q

from the maximum principle. As a consequence, w(t, z) — m as t — +oo uniformly in 2.
On the other hand, integrating the equation (1.9) in C' at any time ¢ > 0 implies that
the function t — h(t) = [,w(t,z)dz is constant in ¢ > 0, because ¢ is divergence-free
in ©Q and tangential on 9. Since w(t,z) — wo(z) as t — 07 for all z € C and the
function w is globally bounded, Lebesgue’s dominated convergence theorem implies that
h(t) = <wy> |C| for all t > 0, where |C| denotes the Lebesgue measure of the periodicity
cell C. Eventually, this yields (2.16).
Therefore, by the uniformity of the limit (2.16) and by Lemma 2.2, we deduce that

amin(UO) - amax(UO) =wy> .
But ca,uo) < (o) < (o) < Capar(uo) from Theorem 1.3. Hence,
ce(ug) = ¢ (up) = Ccwo>,

and the proof of Theorem 1.4 is complete. O

2.2 Lower and upper bounds for c,(uy) and ¢*(uy)

The following section is devoted to the proof of Theorem 1.3. We start with a general result
ensuring that any solution of (1.9) with a compactly supported initial datum converges
uniformly to 0 as ¢ — 4o00.

Lemma 2.4 Let w be the solution of the linear equation

wy — V- (A(z)Vw) + q(z) - Vw = 0, t>0, z€Q,
vAVw = 0, t>0, z €09, (2.17)
w(0,2) = wo(z), z€Q,

where wy : Q — R is continuous and compactly supported in . Then, for all t > 0,

/Q w(t, 2) dz = /Q wol2) dz.

Furthermore, w(t, z) — 0 as t — 400 uniformly in Q.

12



Proof. First of all, since wy has a compact support, denoted by K = supp(wy), the
following pointwise estimate follows from Theorem 2.1:

7‘2_21‘2

VE>0,VzeQ, |wlt2)| < Colwollet 2 ewlt/ e w2t d7. (2.18)
K

By pointwise gradient bounds (see [28]), we get that, for every ¢ > 0 and every z € Q,

V.w(t,2)| < C(t) max w(t', 2'),
VE[t/2,t],2'€Q, |2/ —2|<1

where C'(t) depends on ¢ but not on z. As a consequence, for any 0 < a < b < 400, there
are positive constants C7, , and w,, which depend on @ and b, such that

Vit e [a,b], Vze ﬁ, |w(t,z)| + |Vzw(t7z>| < CC,L,b e—(Ua,b|Z‘2'

Notice in particular that the integrals of w and |V, w| over € converge at any time ¢ > 0.
Fix now any two times 0 < ¢t < t’. Integrate the equation

wy =V - (A(z)Vw) —q-Vw

over [t,t'] x (2N Bg), where By denotes the euclidean ball of RY centered at the origin
with radius R, and pass to the limit as R — +oo. It follows from the previous estimates

that
/w(t,z)dz:/w(t’,z)dz,
0 0

using once again the assumptions that ¢ is divergence-free in 2 and tangential on the
boundary 0f).

Lastly, we know that w(t, z) — wo(z) as t — 07 for all z € 2. Moreover, |w| < ||wo||oo
in [0, +00) x . On the other hand, there is n > 0 such that

|z— 2| >n|z| forall 2/ € K and 2 € Q \ (K + By).
Therefore, it follows from (2.18) that, for all 0 < ¢+ < min(1,1/w;) and z € Q \ (K + By),

”|2d2,’”,

N N
W@MS%WWMW“/ w”ﬁ@amwwﬁW/ e l?
\f/frﬁ RN\B

nlz|

Since the right-hand side does not depend on t and is integrable (with respect to z) over
2\ (K + By), Lebesgue’s dominated convergence theorem finally yields that

/w(t,z)dz%/wo(z)dz ast — 0.
Q Q

Hence, for every ¢ > 0, the integral of w(t,-) over Q is the same as that of wy.
Let us now prove that w converges to 0 as ¢ — 400 uniformly in 2. Consider first the
case when wy is nonnegative, whence w(t,-) > 0 in 2 for all ¢ > 0. The quantity

ot) = sgp w(t, )
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belongs to [0, ||woll] and it is nonincreasing with respect to ¢ > 0, from the maximum
principle. As a consequence, it has a limit in [0, ||wg||s] When ¢ — 400, denoted /.
Assume that ¢, > 0. Then there exist a sequence (¢,)nen and a sequence of points (2, )nen
in Q such that t, — +o0o and w(t,,z,) — le as n — +0o. Denote z, = (7,,y,) =
(koL + 2!, yn), where k, € Z and (z),,y,) € C. Up to extraction of a subsequence, the
points (!, %,) converge to z, € C and the functions

wy(t,2) = wy(t, z,y) = w(t + t,,z + k, L, y)

converge locally uniformly in R x ) to a classical bounded solution we, of the same equation
as w, such that ws < fo in R x Q and we(0, 2es) = Loo. Therefore, ws = log in R x Q
from the strong parabolic maximum principle. In other words, the functions w,(t,z) =
wy(t,r,y) = w(t + t,,x + k,L,y) converge locally uniformly in R x Q to the positive
constant (.., which implies that the integrals of the nonnegative functions w(t,, ) over
cannot stay bounded. This leads to a contradiction. Thus w(t,-) — 0 as t — +o0
uniformly in €.

In the general case when wg has no sign, one can write wy = wy — wy, where
wy (r) = max(wp(z),0) and wy (r) = max(—wg(x),0) for all # € Q. By uniqueness
and linearity of the Cauchy problem (2.17), it follows that w(t,z) = wi(t, z) — wa(t, 2)
for all t > 0 and 2 € €, where w; and w, solve (2.17) with initial conditions wg and w;
respectively. But the previous paragraph implies that w; and wy converge to 0 as t — 400
uniformly in Q, whence lim;_, o ||w(t,-)|lsc = 0 and the proof of Lemma 2.4 is now com-
plete. U

The next lemma provides the proof of the first statement of Theorem 1.3.

Lemma 2.5 Letu be a solution of (1.4) satisfying the assumptions of Theorem 1.3. Then u
satisfies

lim inf ( inf u(t, z)) > Qmin (Uo)-

t——+o0 2€Q

Proof. Fix any arbitrary € > 0. By definition of aumin(uo), there exist "> 0 and A; > 0
such that for every z = (x,y) € Q with x > A;, there holds

(T, 2) > amin(ug) — €.

Since liminf, , o up(z) > 6 > amin(ug) and since the map t — liminf, , . v(¢,2) is
nondecreasing (with the same kind of arguments as in Lemma 2.2 and Remark 2.3), it
follows that there exists Ay < 0 such that for every z = (z,y) € Q with # < Aj, there
holds

(T, 2) > 0 > amin(ug) — €.

Denote K the compact set
K={z=(z,y) €Q, A <z <A}

Consequently, B
Vze O\K, o(T,z) > ammn(ug) —¢.
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In particular, since v is also globally bounded, there exists a continuous and compactly
supported function wq : £ — R such that

VzeQ, u(T, z)> amn(ug) — & — wo(2).
By linearity and uniqueness of the Cauchy problem for (2.17), it follows that
VE>0,VzeQ, (T +t 2)> amnl(ug) —e —w(t, 2),

where w is the solution of (2.17) with initial condition wy. On the other hand, using
Lemma 2.4, we know that ||w(t, )]s — 0 as t — +oo. Hence,

info(t,-) > amin(uo) — 2¢
Q

for ¢ large enough. This gives directly the desired result, letting ¢ going to zero and using
the fact that u > v for every ¢t > 0 and z € ) by the maximum principle (because f is
nonnegative). O

We now come to the proof of the inequalities (1.10) of Theorem 1.3. We first prove the
following lemma, which gives directly the first inequality, namely cq, ;. () < c«(uo)-

Lemma 2.6 Let u be a solution of (1.4) satisfying the assumptions of Theorem 1.3. Then

Ve < Capn(ue)s VAER,  lim ( inf  w(t,z+ ct,y)) = 1.
t=+00 \ z<A, (z+ct,y)eQ

Proof. First, observe that there exist 5 > 0, A < 0 and a uniformly continuous function
Up : 2 — [0, 1] such that

Uy <upin Q and Up(z,y) =60+ if z < A.

Let f : R — R, be the function defined by f(s) = min, g f(z,s) for all s € R. Let U
be the solution of the Cauchy problem (1.4) with the function f being replaced by f, and
with initial condition Uy. The maximum principle yields 0 < U(t, 2) < u(t, 2) < 1 for all
t>0and z € Q. Set £(t) = lim, , o, U(t, 2) for all t > 0. The function ¢ : R, — [0, 1]
satisfies £(0) = 0 + B € (0,1] and &'(t) = f(&(t)) for all ¢ > 0. From the assumption on f
made in (1.3), one concludes that £(t) — 1 as t — +o0. Therefore,

liminfu(t,z) -1 ast— 4oc. (2.19)

T—r—00

Then, let us consider a family of continuous functions ( in)0§n<1_9 : QxR — R, with
[ 0 = f, such that each function in is periodic with respect to z, is of class C%® with
respect to z locally uniformly in u, has a restriction to Q x [0, 1 — 5] which is of class C*

with respect to u, and satisfies
in(za') =0 on (—OO,H]U[l—n,—l—OO),
VzeQ, of f(z1=n—5s)

‘ _ _=n — )7 ) = — lim =2
L) >0 on (0,1=0), Z2( (1=n)7) = = Jim = <0,
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Furthermore, the functions (f 77) are chosen in such a way that n — f n(z, u) is nonincreasing
in [0,1 — @) for each (z,u) € Q x R, and Lv — f as n — 0 uniformly in Q x R. For each
v € (—00,0) and n € [0,1 — 0), it is known [3] that there exists a unique speed ¢, , > 0
and a unique (up to time shifts) front

Rx 05 (L2) o, (t2) =g (5-c,h2) €(n1-1)

)

solving (1.1) with Lv instead of f, and satisfying (1.7) and (1.8) with ¢, , and 1 —7 instead
of ¢ and 1, respectively. From Theorem 1.2, the speeds ¢, = ¢, , are continuous with
respect to 7 < €. It also follows from [3, 4] that ¢, — ¢ o = ¢, as n — 0, for each
v € (—00,0).

Fix now any real number ¢ such that ¢ < ¢, (u), any real number A and any positive
real number € > 0. From the previous paragraph, one can choose x > 0 small enough and
then n € (0,¢) small enough so that

/

c < Qamin(u())_’fyn =. C.

In order to conclude, we will put below the solution u of (1.4) a pulsating front sub-
solution which will travel at speed ¢, (uo)—x,, a0d Will be larger than 1 — ¢ on the left.
Indeed, from Lemma 2.5 and (2.19), there exists a time 7" > 0 such that

liminfu(T,2) > 1 —n and inf u(7T, z) > amin(uo) — K.

(-00,7) = 1—nand g (+00,+) = amin(ug) — K, there exists

—amin(u())_ﬁvn —amin(uo)_57n

then a time-shift 7, € R such that

w(T,2) > Uy o) (T +To,2) = ¢ (x — (T +1Tp),z) forall z€Q.

—CQmin (uo)—'ﬁn

is a subsolution of the equation (1.1), whence

Since in < f, the function w, . (ue)—rn

u(t, z) 2 Uo, . uo)—rm(t +T0,2) = ¢ (x—d(t+Tp),z) forallt >T and z € Q

—OQmin (uo)*&n

from the maximum principle. In particular, for all t > T,

inf u(t,x +ct,y) > inf 7 (x+ (c— )t — Ty, x + ct,y).
x<A, (z+ct,y)eN <A, (x—l—ct,y)eﬁ_ami“(uo)_ﬁ’n

But since ¢ < ¢’ and ¢ (—00,+) =1 —n > 1 — ¢ uniformly in Q, one concludes

—CQmin (Uo)*/fﬂ?

that
inf  wu(t,z+cty) >1—c¢
<A, (z+ct,y)eN
for t large enough. That completes the proof of Lemma 2.6. U

The next lemma is a key step which will lead to the end of the proof of Theorem 1.3.
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Lemma 2.7 Let u be a solution of (1.4) and v a solution of (1.9), with the same initial
condition ugy satisfying the assumptions of Theorem 1.3. Then, for allt > 0,

ml_lgloo <u(t, z) — (t, z)) = 0.
We postpone the proof of this technical lemma to the end of this subsection and we
finish the proof of Theorem 1.3.

End of the proof of Theorem 1.3. We shall prove

lim sup ( sup u(t,x + ct, y)) < Oimax (o) (2.20)

t—+o0 x> A, (z+ct,y)EQ

for any A € R and for any speed c such that ¢ > ¢4, (u)- This will give the last assertion
of Theorem 1.3 and will also imply that c¢*(uo) < Capae(uo)-

Observe first that

tl}lgloo (ligilop u(t, z)) < Qmax (Up)- (2.21)

Indeed, the same property holds for v by definition of qax(ug), where v is the solution
of (1.9) with the same initial condition ug as u. Therefore, (2.21) follows from Lemma 2.7.

We shall then construct a pulsating travelling front which will be a supersolution for u
and which will travel to the right at a speed larger than but close to ca,,..(u)- The proof
proceeds in a similar way as in Lemma 2.6. Consider a family of continuous functions
(Tn)nzo : QxR — R, with f, = f, such that each function ?n is periodic with respect to z,
is of class C%® with respect to z locally uniformly in u, has a restriction to Q x [0,1 + 7]
which is of class C! with respect to u, and satisfies

7,7(2, ) =0 on (—o0,0]U[1+ n,+00),

Fa(z) >0 on (8,1 +7), %(Z,(1+n)‘) TN G )

s—0t S

< 0.

Furthermore, the functions Gn) are chosen in such a way that 7 — fn(z, u) is nondecreasing
in [0, +00) for each (z,u) € 2 x R, and f, — f as 7 — 0 uniformly in Q x [0, 1]. For each
v € (—00,0) and n € [0,+00), there exists a unique speed ¢,, > 0 and a unique (up to
time shifts) front

R X Q53 (t,2) = Uyt 2) =0, (= ut,z) € (v, 1+n)

solving (1.1) with f, instead of f, and satisfying (1.7) and (1.8) with ¢, , and 1+7 instead
of ¢ and 1, respectively. Furthermore, v = ¢, = ¢, is continuous and ¢,, — ¢,9 = ¢,
as ) — 0, for each 7 € (—00,0). Fix now any real number c such that ¢ > cq,,. (u), a0y
real number A and any positive real number € > 0. One can then choose k € (0, ¢) small
enough and then 1 > 0 small enough so that

— . !
c > Camax(UO)+H,77 =.C.
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From (2.21), there exists a time 7" > 0 such that

limsup u(7, z) < amax(to) + K-

z—+00
Since u is also such that u(T,-) < 1in Q, there exists then a time-shift T, € R such that

(T, 2) < T trn(T + 10, 2) = P (u) trn (@ — (T +Tp), z) for all z € Q.
Since 7,] > f, the function U, (u)+ry is & supersolution of the equation (1.1), whence
u(t, 2) < T (wo)+rn (E+ T052) = Py (ug) inm (@ — ¢ (E+Tp),z) forallt >T and z € Q
from the maximum principle. In particular, for all ¢ > T,

sup u(t,z+ct,y) < sup B (un) (T + (¢ = )t = Ty, + ct, y).
x> A, (z4ct,y)eQ x> A, (z+ct,y)eN

But since ¢ > ¢ and B, (uo)ny (00, ) = Omax(to) + £ < Omax(ug) + & uniformly in €,
one concludes that
sup u<t7 T+ Ct? y) < amax(UO) +¢

2> A, (z-+ct,y)€Q

for ¢ large enough. That completes the proof of (2.20) and Theorem 1.3. g

Proof of Lemma 2.7. From the maximum principle, we have
0 <u(t,z) —v(t,z) forallt>0and z € Q

because f > 0. We denote w(t, z) = u(t,z) — v(t,z). Notice that w(0,z) = 0 and the
conclusion of Lemma 2.7 holds immediately at time ¢ = 0. We are now going to construct
a suitable supersolution for w. Let v < 6 be such that

lim sup up(z) < 7.

T——+00

Pick any positive real number n > 0 and consider the front ., connecting 1 + 7 to 7,
for the nonlinearity 7,7, under the above notations in the proof of Theorem 1.3. Denote
¢ = Cy, > 0 its speed. Since ug is also not larger than 1, there exists 7y € R such that
Uy < Us (1o, ) in Q. Therefore,

u(t, z) <y, (t+To,2) =0, ,(r — c(t +Tp), 2)

for all t > 0 and z € Q from the maximum principle. Since Py n(+00,:) =7 < 0, it follows

that there exists a constant D > 0 such that for all + > 0 and all z = (z,y) € Q such that
x > ct+ D, there holds u(t, z) < 0.
We now use Duhamel’s formula to express the solution w of the problem

wy — V- (A(2)Vw) +¢(2) - Vw = f(u).
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Denoting S(t) = e~* the strongly continuous semi-group generated by the operator £ =
-V - (A(2)V) + ¢ - V with Neumann boundary conditions vA(2)V = 0 on 0f2, we have

w(t, 2) = / S(t — 3)[f(uls, )](2) ds.

for all t > 0 and z € Q. Therefore, with the notations of Theorem 2.1, we get

Vt>0,V2eQ, w(tz2) // —8,2,2 ) f(u(s, 2')) dz' ds.

Fix now any ¢ > 0 and ¢ > 0. Choose any ¢ such that 0 < § < min(¢,e/||f|l~) and
write

w(t,z):\/oté/gp(t 5.2 ) fluls, ) 42’ ds+/t5/ 5,2, ) flu(s, 2)) d=' ds

7I(tz) t,2)

for all 2 € Q. Notice that 0 < II(t,2) < ||fllecd < &. Let us now estimate the inte-
gral I(t,z). By the Gaussian estimates in Theorem 2.1, we get that

lz—2'|2
0<I(t,2) <CO/ /t—s ~2 e (T fu(s, ') d7 ds

for all z € Q. Remember that, for 2/ = (2/,9/) € Q, there holds u(s, z') < @, whence
f(u(s,z')) =0, as soon as ' > ¢s + D. Consequently, for all z € €,

t—4 ’
0 < I(t,z) < Co ||f||°°/ / (t— S)_%ewl(tfs)fwﬂt*s) dz'ds
0 {z'=(a'y"),x'<cs+D}

N t—8pcs+D P—
< c*o||fuoo5—zewltcN,R/ / e =i ddds,
0 —00

where Cy p > 0 is given as in (2.15). But the right-hand side of the last inequality does
not depend on y and goes to 0 as x — 4o00. It follows that lim, . I(¢,2z) = 0, whence
0 <w(t,z) < 2¢ for all z = (z,y) € Q such that x > B, for some large enough B. Since &
is arbitrary small, this gives the desired result. O

3 Examples for which c,(ug) < ¢*(ug)

This section is devoted to the proof of Theorem 1.6. Let f = f(u) be a nonlinearity
satisfying (1.3). Let o and [ be given throughout the section, such that

0<a< p<b.
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3.1 Proof of Theorem 1.6

In this subsection, we first define some useful notations and we derive rough estimates.
Then, we state a key-lemma which enables us to complete the proof of the theorem.

Approximating fronts

As in the proofs of Lemma 2.6 and Theorem 1.3, we consider two families ( in)ne[m_g) and
(fy)nep,+o0) of CH([0,1 = 7)) and C*([0,1 + 7)) functions such that

Vnel0,1-0), f =0on][0,0]U{l—n}, L7>00n(9,1—77), i;(l—n)<0,
{‘v’nE[O,—i—oo), f,=00n[0,0]U{l+n}, f,>0o0n (6,1+n), 7;(1+77)<0,

and in (resp. f,) is extended by 0 outside the interval [0,1—n] (resp. [0,1+7]). Further-

more, these functions are chosen in such a way that f 0= fo=f, that

{animmR if 0<m<m<1-—6,
for <[y R0 0 <y <,

and that lim,_,, ||f — fll oo (r) = limy 0 ||?n_f||L°°(]R) = 0. Foreachy < fandn € [0,1-0),
we denote (c,,, ¢ . ) the unique solution of

" / = 1
{ G T G, T 1, (,,) =0 R, (3.1)

¢ (—o0)=1—n> f%n(x) > g’m(qLoo) = forall x € R, Q%W(O) =4.

N

Similarly, for each v < # and 7 € [0, 4+00), we denote (¢,,,@,,) € R x C*(R) the unique
solution of

{ ag,n + E%nav,n + fn(avm) =0 inR, (3.2)

Pyp(—0)=14+n>9  (v) >0,  (+oo) =7 foralz € R, @  (0)=

Notice that with the normalization of ®, and p, , at 0, these functions are then really

unique. With these notations, for each 7 < 0, there holds ¢,y = ¢,9 = ¢, and the func-
tions ¢ and @, are equal to ¢, up to shifts, where (c,, ) solves (1.12). Furthermore,

we recall (see [11]) that all functions @ . and @, , are decreasing in R, that the speeds ¢, ,
and ¢, , are positive, that

(v,m) ¢, is increasing w.r.t. v and decreasing w.r.t. ) in (=00, ) x [0, 1 — 0), (33)
(7,m) — €, is increasing w.r.t. v and increasing w.r.t. n in (—oo, 6) x [0, +00) '
and that
Voy<é, lim ¢, lim ¢,,=c,>0. (3.4)

(v m—(7,0) = (v,m)—(7,0)
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Moreover, for each v < 6 and n € [0,1 — 0), let ., , be the solution of the Cauchy
problem

(ﬂ'y,n)t - (ury,n)xx = f(ﬂ%n), T € ]R,

1—n, if x € (—00,0), (3.5)
1—n-— .
ty(0,2) =4 1y~ LZIZDT g o g
Y if z € (2,+00).

For each v < 0, let u, be the solution of the Cauchy problem
(W)t = (Uy)ex = f(W@,), x€ER,

1, if x € (—00,0), (36)
_ 1-— :
u,(0,7) =4 1— (Chate if x €10,2],

ol if x € (2,400).

It is known from [25, 39] that, for each n € [0,1 — ) and each vy < 6, there exist two real
numbers Z and 7, such that

dim (ilelﬂg |y, (t,7) = (z = eyt + 2, )| > =0 (3.7)

and
tlgrnoo <le€1£ ‘ﬂV(t’ .T) B SO’Y(x - C’yt + ffy)’ > = 0.

Definition of a class of initial conditions u

Choose any sequence (x,)nen of positive real numbers such that zo = 1, 41 — x, > 3 for

all n € N and
Tp+1

— +00 as n — +00. (3.8)
T

A typical example is when x,, = n! for large n. Let uy : R — [a, 1] be the uniformly
continuous function defined by

1—
wo(@) =1 if 2 € (—00,0), to(x) =1 20‘)“7 ifre0,2]=[0,20+1]  (3.9)
and, for all n € N,
([« if x € (x9, + 1, 29,41 — 1),
g —« .
o+ 5 (x —xop1 + 1) ifz € [wop1 — 1, 22501 + 1],
up(r) = _ (3.10)
&} if z € (zong1 + 1, 2242 — 1),
g —« .
L /B - 9 (ZL‘ — T2on42 + 1) if x € [x2n+2 - ]-a Ton+2 + ]-]

Let u be the solution of the Cauchy problem (1.11) with this initial condition ug. Our aim
is to prove that the solution u satisfies the conclusion of Theorem 1.6. In the sequel, uq is
fized as above and, for the sake of simplicity, we drop the dependence on ug in the quantities
Omin (10), max (o), cx(ug) and c*(ug).
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Values of a,,;, and oy

According to the general notations of this paper, set

Olin = lim inf (hm inf v(t, w)) and  Qay = limsup <lim sup v(t, m)),

t—4-o00 z—+00 t—+o00 z—+00

too \ﬂv—yl2
1t ug(y) dy

where

v(t,x) =

\/H

is the solution of the heat equation

Vg = VUpe, T ER, (3 1)
U(O, ) = U .

with initial condition wuy. Notice that o < v(t,z) < 1 for all t > 0 and = € R, from the
strong parabolic maximum principle. Observe also that, for each ¢t > 0,

eyl ey y|2

\/H # (up(y) — B)dy < \/E dy,

whence limsup,_, , ., v(t,2) < B. For each n € N, set y,, = “F2=1 There holds

v(t,x) — =

_ ly2n —yl?

(t,y2n) —a < 1 T
. t
U\, Yon a= \/m MEWH%W c Y
and
t N 1 _Md
_ . at
v(t: yons1) = 8 2 VATE J)y|> 22nt2=tant1 =2 ‘ v

Since x,.; — x, — +00 as n — +oo, one gets that liminf, ,,  v(t,z) = « and
limsup,_,, . v(t,z) = for each ¢t > 0 (and also for ¢ = 0 since v(0,-) = ug). Finally, one
concludes that

Omin = @ and  payx = 5.

Theorem 1.3 implies then that
Co < <" <cp. (3.12)
First estimates of u(t,ct + x) when ¢ < ¢, or ¢ > ¢z

Let us come back to the solution u of (1.11) with initial condition uy given by (3.9)
and (3.10). The function ug satisfies & < ug < 1 in R, whence

a<u(t,-)<1l inR

for all ¢ > 0 (since f(a) = f(1) = 0). Since liminf, , . v(t,2) = «, limsup,_,,  v(t,x) =
[ and

liminfu(t, ) = liminfv(¢,x), limsupu(t,z) = limsupv(t,x
i inf u(t, ) = liminf olt,2), L sup u(t,z) = limsup (s, 2
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from Lemma 2.7, one concludes that

i%fu(t, ) = liminfu(t,z) = a < f = limsup u(t, z) (3.13)

T—>+00 T——+00

for all ¢ > 0. Furthermore, for each n € (0,1 — 0), there is a real number £ such that

ga_nn(x—l—f) < up(z) for all z € R, under the notations (3.1). Since in < f, the maximum

principle implies that

© (T —copyyt +&) <u(t,z) forallt >0and v €R,

—a=nmn

whence liminf, , . u(t,z) > fa—nn(_oo> =1-—mnforallt> 0. Since n > 0 is arbitrarily
small and u < 1, one gets that 7

Vt>0, supu(t,-)= lim u(t,z)=1.

R 2= —00
According to the notations (3.5) and (3.6), there holds
@ < y0(0,-) <ug <up(0,-) <1 inR.
As a consequence,
a < u,o(t,r) <ult,r) <ag(t,r) <1 forall (t,2) € [0,400) x R. (3.14)
Since

lim (Sup ’%70(t, -Z') - 3004(33 - Cozt + &a,O)‘ )

t——+o0 z€R

(3.15)
= lim (sup [Gs(t,) — pa(x — cst +75)| ) =0
i (sup [ws(t, x) — sz — cot +Tp)|
and since all functions ¢, are continuous and decreasing in R, it follows that
(Ve<co, VAER, ult,ct+ )tT 1 uniformly in (—o0, 4],
—400
VAeER, a<p(A+z,, < liminf< inf  u(t, cot + :17)) (<1),
’ t—+00 \z€(—o0,A]
. _ (3.16)
VAeR, (ax) hmsup( sup u(t, cat + x)) < ps(A+7p) <1,
t—+o00 “z€[A,+00)
Ve>ceg, VAER, (a<) limsup< sup u(t,ct+m)> < B.
L t—+o00 “ze[A,4o0)
Notice also that, for all x € R,
a < ag = liminf u(t, cot + ) < limsup u(t,cot + ) < 1 (3.17)
t——4o00 t—+00
and
a < liminf u(t, cgt + ) < limsup u(t,cst + ) =: 5, < 1. (3.18)
t—r+oo t—+o0
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Definition of the functions t — £(t) and x — 7(x)

The function wg is Lipschitz-continuous, piecewise C!, and the value

6="1""c 9
is the unique real number such that uy(§p) = 6. Furthermore, uj(&) = —(1 — a)/2 < 0.
Remember also that, for each ¢ > 0, the function u(t,-) is continuous and u(t, —oc0) = 1,
limsup,_,, . u(t,z) < B < 6. Since the number of intersection points of the function wu(t, -)
with the constant 6 (which is a solution of the same parabolic equation as u) is nonin-
creasing in time, one concludes that, for each t > 0, there is a unique £(t) € R such
that
u(t,&(t) =6, wu(t,-) >0 in (—o0,&(t)), wul(t,-) <6 in (£(t),+00),

and u,(t,£(t)) < 0 (with these notations, there holds £(0) = &). It follows from the
implicit function theorem that ¢ is a C! function of ¢. Lastly, from (3.14) and (3.15), there
exists a constant M > 0 such that

V>0, cot —M <E(t)<cat+ M. (3.19)
Therefore, for each x > &y, the real number
7(z) = min {t >0, £(t) = x}

is well-defined. Notice that 7(x) > 0 for all x > &,. For all © > &, there holds {(7(z)) =z
and u(7(z),z) = 0. Furthermore, for all ¢ € [0, 7(x)], one has £(t) < x. As a consequence,

Va>§&, Vie0,7(z)], wu(t,-) <6 in[z,+00). (3.20)

For any & < x; < z3, there holds u(7(z3),x1) > 0 since x; < x5 = &(7(z2)). But
u(0,21) < @ since xq > &. Consequently, 7(x1) < 7(z3). Thus, the function 7 : [y, +00) —
[0, +00) is increasing.

Lastly, notice from (3.19) (applied at ¢t = 7(z)) implies that

~M M
i O Rty (3.21)

Ca Ca

v iy Z 607
In particular, lim,, . 7(x,) = 400, since lim,,_, ;, x, = +00.

The key-lemma

The key-point in the proof of Theorem 1.6 is the following lemma, the proof of which is
postponed in the next subsection:



Lemma 3.1 Set z, = /T,2,11 for each n € N. For each 0 < ¢ < 1, there exists
o = no(e) > 0 such that the following holds: for allm € (0,10), there is N = N(e,n) € N
such that

( Ton Zon Ton+1 Zon+1
— |+ | — Ca| | — |+ | — 5] <€
T(@m) | | 7(220) ‘ T(@ons1) O | T(anp) ]
w(T(xep),-) > 1 —mn in (—00, Ta, — ETay),

<a+n in [Ty, + T, Tant1 — ET2n41),
)>1—n in (—00, 29, — €22,
Zon)s:) S+ n in [2e, + E2an, Tont1 — ET2n41),
(T (Tan41),7) = 1 =10 in (=00, Tans1 — ETant],
[u(T(Tany1),+) = Bl <0 in [Tong1 + ETo2nt1, Tanta — ETanya),
w(7(22041), ) = 1 =10 in (=00, 22p41 — E22041],

Cu(T(22041), ) — Bl <0 in (22041 + €22n41, Tont2 — ET2n42)-

End of the proof of Theorem 1.6

First, let ¢ be any given speed such that ¢ < cg, let = be any given real number and let us
prove that limsup,_,, u(ct,t +x) = 1. Let 0 < e < 1 be such that

c<(l—¢)x(cg—e).

Let 19 = no(e) be given by Lemma 3.1. Pick any n € (0,79) and let N = N(e,n) € N be
given by Lemma 3.1. Since 7(z3,) — +00 as n — +00, there is N; > N such that

Vn>N, c+ <(1—¢)x(cg—e).

T(Z2n)
For any n > Ny, it follows then from Lemma 3.1 that

T(§2n) S@-g)x(ep—e)<(l-¢)x T(x;:n)

9

whence ¢7(x9,) + = < X9, — €29,. Thus,
V>N, w(r(zo),cr(xe,)+2)>1—n
from Lemma 3.1. Since 7 is arbitrary in (0,7) and since u < 1, one concludes that

Ve<es YVeeR, limsupu(t,ct+z)=1. (3.22)
t——+o00
Let now ¢ be any given speed such that ¢ > c,, let x be any given real number and let
us prove that liminf, , . u(ct,t + ) = o and limsup,_, , u(t,ct+x) > (. Let 0 <e < 1
be such that
(I4+¢) X (ca+e) <e,
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let n9 = mo(e) be given by Lemma 3.1, pick any n € (0,79) and let N = N(e,n7) € N be
given by Lemma 3.1. Since 7(z3,) — +oo and 7(x9,11) — +00 as n — +oo, there is
Ny > N such that

(1+¢) X (cq+¢) <min (C+T(:2n)’c+ - )

Lemma 3.1 also implies that, for any n > Ny,

(14e)x =2 < (1+6) % (cate)<et —,
T(22n) T(22n) (3.23)
Ton+1 z '
(1+e)x ——=<(1+¢e)x(co+e)<c+ ——:.
7(T2n11) T(Ton+1)
On the other hand,
Ton41 _ Z2n % “2n _ Zon % Lon+1  ioo as T — 100
T<z2n> 7-<22n> Lon T(’ZQTL) Lon
from (3.8) and (3.21). Moreover,
Tont2 _ _Tontl T2, oo as m— +oo.
T(Tont1)  T(Tont1)  Tonp
In particular, there exists Ny > Nj such that
ot Z <(1-¢)x 2n+1’
7(22n) T(22n)
Vs N, , " (3.24)
2n+2
c+———<(1—g) x ———.
T(Ton+1) T(T2n+1)

Eventually, it follows from (3.23) and (3.24) that

Yns N, Zon + €20n < €T (22n) + & < Topy1 — ETopt1,
Tant+1 + ETant1 < T(Tapg1) + & < Topyo — ETona,
whence
U(7(22n),c7(22n) + ) < a4+,
non, [ era) +o)
[u(T(T2ny1), cT(T2nt1) +2) — Bl <1
from Lemma 3.1. Since 7 is arbitrary in (0,7) and since u > «, one concludes that
Ve>c, Ve eR, liminfu(t,ct+x) =a < f <limsupu(t, ct + x). (3.25)
t—+o0 t——+o00

Since the function u is continuous, properties (3.22) and (3.25) yield:

Ve (e cp), VreR, { lm  wu(ty, cty, + w)} = [a, 1]. (3.26)

tx——+o00
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Notice that, from (3.12) and the general definitions of ¢, and ¢* given in the introduction,
formula (3.26) implies in particular that

Co =Co < cCg=cC".
The second and third assertions in (3.16) then yield (1.13).

Furthermore, property (3.22) also implies that, for all x € R,

{ lHm  w(ty, cotr + x)} = [aw, 1],

t—+00

where o, = liminf; , u(t,cot + ) € (,1] (see (3.17)). Similarly, property (3.25)
implies that, for all z € R, the real number 3, € [a, 1) given by (3.18), namely (8, =
limsup,_,, o u(t, cat + x), is such that 8, € [3,1) and

{ lim  wu(ty, caty + x)} = [a, Bs].

tx——+o00

Lastly, for any speed ¢ > cg and for any real number z, it follows from the last assertion
in (3.16) and from (3.25) that

Ve>cg Vo eR, { lim u(tk,ctk+x)}:[a,ﬁ].

t——400

Furthermore, (3.13) and (3.16) imply that

Ve>ceg VAER, hm( sup u(t,ct—l—a:)):ﬁ.
t—+oo T€[A,+00)

That completes the proof of Theorem 1.6. [l

Remark 3.2 It follows from (3.19), (3.21) and Lemma 3.1 that

t t
Co = liminf &) < lim sup &) =cp
t=too 1 t—+00
and . X
— = limin‘fM < limsupM = —.
Cﬁ r——+00 €x Z—400 €T Co

In particular, there is no speed ¢ such that the function t — &(¢) — ¢t is bounded and there
are no v < ¢ and zo € R such that u(¢,£(t) 4 ) converges as t — +00 to a front ¢, (- + o).
These properties are very different from the usual results of the literature, which are
concerned with initial conditions uy converging to a constant as r — +oc.
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3.2 Proof of Lemma 3.1

Choices of 1y = no(¢) and parameters depending on 71 € (0,7)
Let 0 < e <1 be given. Let p > 0 be chosen so that

1 _
O<p<§ and 65—Z< (CEl—FpEC(;l) ' (3.27)

From (3.3) and (3.4), there exists 79 = no(¢) € (0, min(1 — 6,6 — B)) such that, for all
ne (077]0)7

( _ 15
0 <ca < Cagnpy < Cat T
£ _ £
8= 4 < Conm/z S €8S Copnm < CaF
Ca €
1— <<
v € (0,m), Cotny 8 (3.28)
c
L
Cﬂ+77777 4 8
€ ~1 1 -1
S (Qﬁ—nm/Z T 'Oggoc—n7377/4>

In the sequel, let n be any given real number in the interval (0,79). Remember that

the pairs (ga_w/él,fa_wﬂ), (Qa—nv3n/4’£a—n,3n/4) and (96—77,77/279,3_7,,7,/2) solve (3.1) with

nonlinearities L? " f 3m/4 and L? /2 respectively, and limit values
( 1 /r/
ga—n,n/ﬁl(_oo) R Eoc—77n7/4(—i_oo)’
1 3n _
fa—n73n/4(_oo> Y ~a=n= fa—n,3n/4(+oo>’
_q_n o —
E,6’—77,77/2(_00) =1 2 >B—n= fﬁ—mnﬂ(—i_oo)

\

and that the pairs (Ca-n Paynn) a0 (€4, Payn ) solve (3.2) with nonlinearity f, and
limit values

GO”FT?W(_OO) =1 + n > o+ n= ¢a+n,n(+oo)a
¢5+n,7]<_oo) =1+ n > 5 + n= @BJﬂ),n(_‘_oo)'
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There exists a real number A = A(n) > 0, which is fixed in the sequel, such that

( Posny = 1 in (—oo, —A4|,
Co > 1—%26+g in (—oo, —A4],
Py = 1 in (—oo, —A],
P/ < « in [A, +00),
Pomma = 17 g in (oo, —4J, (3.29)
Popmz S B — g in [A, +00)
o2 > 1— ??Tn in (—oo, —A4|,
Po—n3n/4 S o in [A, +00),
| P pin/a > 1—n n (—oo, —A|.
Because of (3.7), there exists also a time 7" = T'() > 0 such that
VEST, V2R, |u,(tz) — palt —cat +12,,)| < g (3.30)

Comparisons with solutions of heat equations

Let v be the solution of the heat equation (3.11) with initial condition uy. We know that
a <wu,v<1in [0,+00) x R. Furthermore, since f > 0, one gets that

V(t,x) € [0,+00) xR, 0<a<o(t,z) <u(t,z) <1.

On the other hand, for any given x € (&, +00), there holds u(t,y) = wuy,(t,y) for all
(t,y) € (0,7(x)] X [z, +00) and u(t,z) < @ for all t € [0, 7(z)] from (3.20). The maximum
principle implies that

V (t,y) € [0,7(x)] X [7,4+00), ult,y) <v(t,y)+w(t,y),

where w solves the heat equation w; = wy, in (0,400) x (x,400), with w(0,y) = 0
in (z,400) and w(t,x) = @ for all ¢ > 0. The function w is explicitely given by

V (t,y) € (0,4+00) X [z,+00), w(t,y) = 20 e dz.

\/_

Finally,

Va>&, V(ty) € (0,7(x)] x [v,+00), wult,y) <wv(t,y)+ \2/_8% /+OO e dz.

y—
2

8

S

29



Let now B = B(n) > 0 be given so that

1 +oo 2
— e “dz <
), s

and & = &i(g,m) > & (> 0) be such that

(3.31)

e~

. 34— 1 Tr— 2
Va&>§&, min <2¢T(x+x3/4)’ 2\/7(90)) > B. (3.32)

The choice of ¢, is possible because of (3.21). In particular, there holds 2%//(2+/7(z)) > B
for all x > &, since 7 is increasing. Thus,

2
Va>&, Vie|0,7(x)], wu(t,-) <wvt,-)+ % <w(t,-)+ g in [z + 3 +00). (3.33)

Notice indeed that the above inequality is immediate at time ¢ = 0.
Furthermore, for all x > max(¢;,2) and (¢,y) € (0, 7(z)] x [z, +00), there holds that

“+oo
_ly=z[?
ot )5 = i / T ual) = B)dz
=2 z|2 1 [T _, 1 /+°° 2 n
< = — e P dz < — e P dz < —
\/471' \/7_1' % ™ 2\7% 4

from (3.31) and (3.32). Hence, it follows from (3.33) that
Vx> max(§,2), Vte0,7(x)], ult,)<p+ g + g <B+n in [z 4 2% +o0), (3.34)
where the above inequality also holds immediately at time £ = 0.

Choice of a first iteration point xyy,

Remember that z,, = \/TTmy1 for each m € N, and that

lim z,, = lim Tmil _ lim Zmo_ lim Tmi1 _ +00.
m——+00 m——+00 ITm m—-+00 Tm m—-+00 Zm
Let Ny = Ny(e,m) € N be such that
( 8A 1 4 A
1+ 20 At M4 Con T+ |20 |+ — + A 4t < Ty,

(pe)* (1-2p)e

xm<xm+x%{ <xpmter, <4z, < zn,

3/4 3/4
Zm T Zm / < zZm+€2m < Timt1l — ETma1 < Tyl — 2x7,{+1 < T+,
Vim 22 Ny, § ( 05) EZm _ PETm41 (3.35)
Ty, <

3
iz, < (6422 < ,
. T 1= 2

3/4 ETm+1
4wy +2x,,,, < 1

m

Agp‘iTm_Qx3/4
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where z,, € R, M >0, p € (0,1/2), A >0 and T > 0 are given in (3.7), (3.19), (3.27),
(3.29) and (3.30).

Estimates of v in intervals of the type [z 4+ 234 ,,,1 — xi{il]

Choose any integer n such that n > Ny, any real number x € |9, Ton 11 — nglil], any real

number ¢ € (0, 7(z + 2**)] and any real number y € [z + 2%/%, 29,1 — g:i{jil] (when this
interval is not empty). Since v(0,-) = uy = « in the interval [z, + 1, 29,1 — 1], there
holds that

1 Tantl 2 oo ly—2[2
lu(t,y) —al < X e |ug(z) — a|dz + e # |ug(z) —aldz

47t —o0 an41—1

[\
Sl
X
VR
—
8 (V)
S
Q
(\‘IM
<Y
N
+
s\+
T3
|
i
<
D
NM
Y
N
N——

2Vt
while
Top+1—y —x3/4 41 el A YN 1—1—y
n S S _B S B S < 2n+1 S n-+
2/t 2/ 7(x + x3/1) 2./ 7(z+x3/%) 2/t 2/t

from (3.32) and (3.35). It follows then from (3.31) that

V'n> Ny, Vxc€lry, Toni1 — xgnﬂ] Vtel0,7(z+ a3,
(3.36)

o(t.) —al < 3 in o+ 2 o — ayl)

provided that the space interval in not empty. Similarly, since v(0,-) = ug = f in the
interval [xo, 1 + 1, 2,12 — 1], one gets that

V'n> Ny, V€ vy, Tonio — x2n+2] Vtelo,r(x+ a3,
. (3.37)
[o(t, ) = B < 5 i [o + 2%, 2o — 23%0)

provided that the space interval in not empty.

Refined estimates of u(7(z),-) in intervals of the type [z + 2%/ 2,1 — mi{il]
Let n > Ny be given. Let us first show that o < u(t,-) < a+nin [azgn—l-x;’?/f, Top+1 —xg{;il]
for all t € (0,7(xg,)]. This would then, in particular, yield the same inequality, at time
t = 7(x9,), in the smaller interval [zo, 4+ eXopn, Toni1 — €T2ny1], from the choice of N

n (3.35). Remember that the lower bound (¢, x) > « always holds. Furthermore, since

Top > & and T(z2,) < T(z2, + xm/@ ), properties (3.33) and (3.36) —with x = x9,— imply

that

V€ [0,7(xan)], ¥y € [wan + 25 Tanin — Toi), ulty) So(ty)+ o <ot

N3
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Eventually,
V>N, Vie0,7(xa)], a<ult,)<a+n in |z, +a5 T — zaht]. (3.38)

With the same arguments, the following estimates hold:

a<u<a+n in [0, 7(22,)] X [20n + 237{4, Tont1 — x;’{;fﬂ],
By <v<u<Bin (07 x Conn + a3t amie — w3kal, (3.30)

B — g <v<u<pB+4+n inl0,7(22,11)] X [zons1 + Z;{ip Tony2 — $gq/qi2]

for all n > Ny. The last two properties follow from (3.33) and (3.37) applied with = 29,41
and = 29,11 respectively. Notice that these three properties then hold a fortiori in the
smaller space intervals [2zo, + €29, Tont1 — ETont1], [Tont1 + EToni1, Tonso — ETopyo] and
[Zon+1 + €22n+1, Tant2 — ETon42) respectively. Actually, one gets more generally that

Vze [xgn,$2n+1—3?g,{;il], a<u<a+nin [0,7(x)] x [:L‘—|—5133/4,$2n+1—$§7/1i1] (3.40)
and

Vze [$2n+17$2n+2—$§1/1i2]a B—g <wu < B+nin [0, 7(2)]x [17+$3/4>$2n+2—$%4+2]

for all n > Ny, provided that the space intervals are not empty.

From time ¢ = 7(z3,) to time ¢ = 7(x9,41)

The heart of the proof of Lemma 3.1 consists in estimating from below u(7(z),-)
on (—oo,r — ex] and estimating some ratios z/7(z), for x = Xa,, 2on, Tonr1 and 2zo,yq.
We will do that by induction on n and step by step, from time 7(xs,) to time 7(x9,.1),
and from time 7(z2,41) to time 7(x9,12).

Step 1: lower bound of 7(x) for x € |29, Topnt1 — 2 x%‘il] Choose any integer n such that
n > Ny. There holds

W(T(220), ) S @+ I [Ton + Thy' s Tonst — Tonpi]

from (3.38). Moreover, u(7(z2,),-) < 1 in R. It follows then from the first assertion
in (3.29) and from the inequality 3,,, , > @ +n in R that

(T (30), 2) < B = (20 + 2341) = A) for all & € (00, 2y — ah].

Furthermore, since
3/4 3/4 3/4 3/4
Top < Topg1 — 23327/z+1 and  (r2p41 — 25’327/1+1) + (T2nt1 — 2$2{L+1)3/4 < Topgr — xQ{z—&-l?
it follows from (3.40), applied at z = x4 — 2 xg,/;il, that

V€ [0,m(wami — 225050)], ult, wanpn — ) S+,
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Since ?n > f, the function @, (¥ — Catyyt) is a supersolution of the equation satisfied
by u. Since ¥, , > @+ n in R, the maximum principle applied in the set where (t,z) €

[T(22n), T(T2ni1 — Qx;’{;il)] X (—00, Topp1 — x;/;il] then yields

Ut @) € Py (7= 220 — 3 — A= Carga(t = 7(w20)))

for all (t,z) € [T(z2n), T(Tons1 — Zx;/;il)] X (—00, Top i1 — x%ﬁl] In particular, by choosing

t=7(z) and = € [Tan, Tont1 — 2$37/1i_1], one has

0 = u(7(2),2) < Boryy (¢ = 720 = 78" = A= Tary(7(x) = 7(320)) ).

But ©,,, is decreasing and equals 6 at 0. Hence,

3/4 T — X Ay
YV x € [Tan, Toni1 — 2x27/1+1], T(x) > % 2n + 7(x2,)
atn,m (3.41)
T — 3To,
> —— +7(%am),
Catn,n

since 9, > max(1, A) from (3.35).

Step 2: upper bound of 7(z) for x > 39, + o1y, T Let n be any given integer such that
n > Ny, and let X > 0 be such that

w(t(x2,),-) > 1—n in (—o00,x9, — &'wa, — X]|, (3.42)
where we set
Notice that such a X > 0 always exists since u(7(z2,), —00) = 1. Owing to the definition
of u, , in (3.5), and since u(7(w2,), ) > a in R, there holds then
VreR, u,, 0z (v — vy —X) +2) <u(r(xn), 7).

But u,, is a subsolution of the equation satisfied by u, since L? < f. Thus,
Vi>1(zon), Vo eR, u,, (t —7(22), 7 — vop + w2 + X +2) <ult, ).
Hence, for all (¢,z) € [T + 7(x2,), +00) X R,

Po (2 — Ton + 'won + X + 2412, — calt — T(220)) — 5 < ult,z) (3.43)

0|3

from (3.30). Since 3 x2, + Cotnpl < 429y < Topiq — 2 :cg,/jil from (3.35), and since 7 is
increasing, there holds

V x> 3%9n + Cognyl, T(x) > T(3T20 + Cosnyl) > T + 7(v20), (3.44)
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where the last inequality follows from (3.41). In particular, by choosing = > 34, +Caty T
and t = 7(x) > T + 7(22,) in (3.43), one gets that

Pa (T — o + 0o + X +2+ 2, — calT(x) — T(22,)) — 3 S u(r(x),x) =0,

0|3

whence
T — Ton + 5,1:271 + X + 2 + ia,n - CO&(T(Z‘) - T(.ﬁvgn) Z _A

from the second assertion in (3.29) and since ¢, is decreasing. Thus,

— Top + Ty + X +A+2
Vx> 3z, + Cagnnl, 7(v) < T Tm ATt ATAY + 7(22,)
Ca
r4+ery, + X+A+2+M
Ca
T+ 2x9, + X

Ca

from (3.21) and (3.35), and since ¢’ =¢/2 < 1/2 < 1.

(3.45)

Step 3: estimates of 7(z,) and 7(zg,41) and lower bound of u on the left of 25, and x9, .
Notice that

— 3/4
31’271 + Ca+n,77T S 41‘271 S Zon, S Ton4+1 — 2$2n+1 S Ton+1

because of (3.35). As a consequence, it follows from (3.41), (3.45) and the monotonicity
of 7, that
Zon + 2 Ton + X

— + T(x2n> S T(ZQn) S )
Ca-l—n,n Ca

( ZQn_ngn < z2n_3x2n

Catn,n

3/4 3/4
x2n+1 — 2$2n+1 - 3x2n < 932n+1 - 23:271-{-1 B 31:2" _|_ T(xQn) S .. (346)

Cotnyn Catnn

\ s ST (Tongr — 2$2{L+1) < 7(29n41) < = c - ’
(0%

provided that (3.42) holds. Since za,11 > 22, > 3 Toy + Cagny1, it follows from (3.43)
and (3.44) that

u(T(220),2) 2 Pa (1= an-+ o+ X+ 2420, = a7 (220) =7 (@2n)) 2
(3.47)
U(T(-'L‘Qn-i-l)a Qj’) Z SOOA (CC—CCQn+€,x2n+X+2+£am—Ca(T(gj2n+1> —T(ffgn))) _g

for all z € R. On the other hand, for all z < 25, — €'29,, — X = 29, — £29,/2 — X, there
holds

r — x?n + 5/372” + X + 2 + Qa,n - CO&(T(ZQ’VL) - T(.Tgn))

o g
Catn,n 2 7

< (g_%) Z2n+4x2n < _ngn < —A
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from (3.28), (3.35), (3.46) and since —xo, + €'x9,, < 0. Thus,

w(T(200), ) = pa(—A) — g >1- Z >1—n in (—00, 2, — &' 29, — X] (3.48)

from (3.47), from the second assertion in (3.29), and since ¢, is decreasing. Similarly, for
all v < w1 — €'w2 41 — X, there holds

T — Top + €T + X +2+2,, — ca(T(T2011) — T(720))

Ca €
< (1—_ ——) Toni1 + 3Tan + 2+ Loy + 2T0nny
Catnny 2
g g g
< (g - 5) Ton+1 + 49, +2 +£a,n + 21’21/1%0—1 < _g Lon+1 = —A
from (3.28), (3.35) and (3.46), whence
W (Tang), ) > Gal(—A) — g >1- g >1—1 in (=00, Tonst — ETonsr — X]  (3.49)

from (3.29), (3.47) and the monotonicity of p,.

From time ¢ = 7(29,.1) to time t = 7(x9,12)

Step 1: lower bound of 7(x) for # > x9,,1. Choose any integer n such that n > Ny. There
holds

u(T(T2n41), ) < B+1n in [Topgr + xg{ﬁi—la +00)

from (3.34) and (3.35). Furthermore, u(7(z2,41),-) < 1, g4, , = f+nin R, and B4, > 1
in (—oo, —A] from the third assertion in (3.29). Thus,

VeeR, u(r(ropyr),x) < Ppinn <x — (zop1 + xg{;il) — A) )

Since @y, (T — Cayyqt) is a supersolution of the equation satisfied by u, the maximum
principle implies that

¥ (1,2) € [7(Tan41), +00) X R, ult, 2) < By (0= 22011 31 = ATt =T (22041))).

In particular, by choosing any x > x9,,1 and t = 7(z) > 7(22,11), one gets that

0 = u(r(2),2) < Ppany (= Tansr — 241 — A= Ton(r(2) = T(22001))).

Since P, ,(0) = ¢ and the function g, , is decreasing, the argument of @, . in the
above formula is nonpositive, whence

3/4

T — Top41 — Lopy1 — A T — 3 Tont1

Vo> xo1, 7(x) +7(Tops1) > +7(x9n41) (3.50)

CB+n,n CB+n,n

from (3.35).
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Step 2: upper bound of 7(z) for x € [x9,41 + xiﬁl, Topyo — 2:03{:12]. Let n be any given
integer such that n > Ny, and let Y > 0 be such that

w(T(Taps),) > 1 — Z in (—00, Toni1 — &Tonss — Y] (3.51)
We are going to estimate from below, by suitable travelling fronts, the solution u on the
oo 3/4 3/4 3/4
time intervals [7(Zan41), T(Tont1 + Topy1)] and [7(zanq1 + 2501 1), T(Tonso — 225, 10)]-
Remember that u(7(z2,41),7) > o and ¢__ <1-mn/4in R and that <«

nn/4 = —a=nn/4 —
in [A, +00) from the fourth assertion in (3.29). Thus,

VaeeR, w(r(rami),x) > (x — (on41 — €'Tons1 — Y) + A) .

Ta—nn/4
Since P/ (T = Coypyat) 1s a subsolution of the equation satisfied by u, the maximum
principle implies that, for all (¢, x) € [T(x2n41), +00) X R,

u(t,z) > ¢

Let us now find a better subsolution of u for times larger than 7(x9,11 + x;/;il) It
follows from (3.37) —applied at = x9, 11— and the inequality u > v, that

4 4 n . 4 4
u(T(Tons1 + wgfm% ) > v(T(T2041 + 5537/”1)» )= B - 5 in (29,41 + $§£+1>$2n+2 - $§7/z+2]-

Since u(T(xon41 + x%{il), )>60>p5—n/2in (—o0, Tapi1 + x%il], one gets that

n .
u(r (@ + a304),7) 2 B = 50 (=00, @anen — w30k

Furthermore, since 7 is increasing and b is decreasing, it follows from the fifth

assertion in (3.29) and from (3.52) that

n/4

(—A) >1-— g n (—OO, Ton+1 — €/x2n+1 -Y - QA]

3/4
u(T(JJQnJrl + x27/1+1)7 ) Z fa—nﬂ?/‘l

Since Loy < B —n/2 in [A,+00) by virtue of the sixth assertion in (3.29), and since

P2 < 1-n/2in R, it resorts from the last two formulas that

W(T(Tong1 +Tphs), ) > [PI Ch (T2n41—Tani1—Y =2 A)+ A) i (—00, Tonpa—Tonso).
On the other hand, there holds x9, 11 < x99 — 2353&2 < Topyo — xg{fﬂ and
3/4 3/4

3/4 3/4
(Tant2 = 2T, 9) + (T2ns2 — 225, 45) /* < @anya — Lont2:

It follows then from (3.37) applied at © = 9,49 — 23035;2 and from the monotonicity of 7
that

V£ € [0, T(wanse = 205000)] ult oz — 2n) 2 vt Tanse — 2n) 2 B — 7
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Set

3/4 ,
Tont2— Loy o—Topi1+E Top 1 +Y +2 A
T' = min <7($2n+2—2 xgv/ﬂi2)77'(x2n+1+$§,ﬁ1)+ 2 “Intd ant] antl >

Cs—nm/2

Observe that 7" € [T(z9,41 + ng:il), T(Tong2 — 2 x;’{ﬁﬂ)] and that
P pu2 (x2n+2 —ngy/:iQ —Tonp1+E o1 +Y +3 A—cs o (t—T(Tons1 + xi{iﬁ)) < p- g

for all t € [T(xon41 + xg{;il), T"], because of the sixth assertion in (3.29) and the monotoni-
city of ¢ /2’ Eventually, since ¢ B /2(x — Cg_pn/ot) is a subsolution of the equation

satisfied by u, the maximum principle applied in [T (22,41 +x§{f+1), T" % (—00, Tapto —xi{j@]

yields

u(t,z) > Poymy2 <x ~Zont1+HE T +Y A3 A—cs o (t—T(v2n 41 + x%ﬁﬂ)) (3.53)
for all (t,7) € [T(2n41 + Tops1), T') X (=00, Tan iz — Toys]-

Pick any z € [z,41 + 933,/;11, Tonto — ng,/liQ], set
T — Topy1 +ETom1 +Y +3A

€8-nm/2

t(z) = 7(Tons1 + xgv/vj-l) +

and assume that 7(z) > t(x). Then t(z) < 7(x) < T(Ton42 — 2x§’7/1i2) since 7 is increasing.
On the other hand,

3/4 x2n+2—2xg£i2—$2n+1+5/$2n+1+}/+314

tz) < T(Tops1+ahg)+

€5-nm/2

» , (3.54)
Tont2—Ton o~ Tont1+HE Topp1 +Y +2 A

< 7(Tont1 +5U37/1i1)+

E8—n.n/2
since —a:g,/lig + A <0, because of (3.35). Thus, t(x) <T’. Observe also that
He) 2 (@i +2304)

by definition of ¢(x) and since x > x9,.1 + :pg,/jil > X941 and all parameters Y and A are
nonnegative. One can then apply (3.53) at the point (¢(x),x) and one gets

u(t(z), x) > fﬁfn,n/Z(()) =4,

whence 7(z) < t(z), owing to the definition of 7(x). As a consequence, the assumption
7(z) > t(x) cannot hold and one concludes that

3/4 3/4
v MRS [$2n+1 + xQ{H—la Ton42 — 22727/1—1—2]7
T — Topp1 +ETopi1 +Y +3A

< ) — i 3/4
T(z) < t(x) = 7(T2ngr + Do) + Conro (3.55)
z+Y +3A
< 71(Tont1 + 9327/111) -
E—nmn/2
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Step 3: estimate of 7(z2,,1) and lower bound of u on the left of z5,,1. It follows from
(3.21), (3.50), (3.55) and the inequality

3/4 3/4
Topt1 + 51027/1“ < Zopg1 < Topgo — 2$2{1+2
that
Zon41 — 3 Tant1 Zon41 — 3 Toapt1
o oA i + 7(22p41) < - -
CB+n.n Ca+n.m (3.56)
3/4 :

Topt1 + T + M Zon+1 + Y +3 A

- < 7(2on41) < s ntl 4 2ot ,

Ca Ca—nn/2
provided that (3.51) holds. Furthermore,

T(on1 + Tory) < T(2on11) < T(Tan42 — 20504 5) < H(Zansa — 2T5mys) < -+

3/4 ,
3/4 Tont2—Topyo—Tonp1+E Tonp1+Y +2A

- < T (@1 T o)+

€a—n,m/2

from (3.54) and (3.55). Thus, 7(22,41) < T". The inequality (3.53) and the monotonicity
of Py then imply that, for all x € (—o0, zop41 — €' 2241 — Y] (C (—00, Top4o — xi{fﬂ]),

w(t(22n41),2) = fﬂ_nmm('@n—i—l —&'2m11 — Tong1 + €T +3 A

T ngn,n/2(7(22n+1) — 7(22n11 + xg{f‘rl)))

But it follows from (3.21), (3.28), (3.35) and (3.56) that

/ / 3/4
Zont+1 — € 2on41 — Tang1 + € Tan1 +3A — Qg_n,n/2(7(22n+1) — T(Tant1 + Topi1))

Cy e 3 Tony1 Cg c
< <1 _ DBz 5) Zopt1 + 3 A+ et TN L (22041 +95?2)7/zi1 + M)

e € 3c €
< <_ B _> Zony1+ | 6+ = Tont1 < =2 Zamp1 < =4,
8 2 Ca 8

whence
3 .
w(T(22n41), ") > fﬁ—nmﬂ(_A) >1- Zn >1—n in (-0, zon41 — €'20n41 — Y], (3.57)

from the seventh assertion in (3.29).

Step 4: estimate of u on the left of z9,,2 at time 7(xo, 12 — Qx;/jjﬂ). With similar argu-

ments as above, one has
3/4 \ 934y <
T(Tant1 + Topi2) < T(Tant2 — 2T5p40) <

and
v < 3/4
Ton+2 — PETon+2 — ¥ X Topyo — Top o,
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/iz > 1 from (3.35). Thus, inequality (3.53) and the

, imply that, for all x € (—00, Tap12 — peronsa — Y],

since Y > 0 in (3.51) and since pe z;
monotonicity of ¢ B/

u(T (2242 — 2 xgy/;ig)a r) > fﬁﬂmﬂ <332n+2 — PETonto — Topq1 + € Topp1 +3A- -
3/4 3/4
e = (T (@205 0) T (B Fa34)) ).

But, as in Step 3, it follows from (3.21), (3.28), (3.35) and (3.50) applied at @y, 49— 22505,
that

/ 3/4 3/4
Tont2— PETont2— Tan+1+E Tant1+3 A—Qg_n,n/2(7(372n+2 —2%9p49) — T(T2nt1 + Top 1))

3/4
c e 2¢c, Loy, €
< (P_ + re_ P€> Ton+2 + 7 _7]’”/2 2 < —p—$2n+2 + 2373512 < -4,
4 2 Ca+nm 4

whence
3/4 3n .
w(T(Tont2 — 2T540), ") > gﬁ_nm/Q(—A) >1- - (—00, Tapto — PETopia — Y. (3.58)
Step 5: estimates of 7(x9,12) and of u on the left of xg,, o at time 7(z2,42). Remember
that U(T($2n+2—2$g1/:i2), ) > ainR, that o < 1-3n/4in R and that Porpagys =

n,3n/4 — /4
in [A, +00) from the eighth assertion in (3.29). Thus,

VaeR, u(r(Tonps —225045),2) > ¢ ( — (Ton42 — petonia —Y) + A)

La-n,3n/4

from (3.58), provided that (3.51) holds. Since B 377/4(x — Co—pay/at) is a subsolution of

the equation satisfied by u, the maximum principle yields
3/4
ult,®) 29 o ($—$2n+2+P5$2n+2 +Y+A_Qa717,377/4(t_7—(m2n+2_2x21/1+2))> (3.59)
for all (t,z) € [T(zonte — 2:537/&2), +00) x R. In particular, at
t = T(Tont2) > T(Topio — 2 x;),/fjﬂ) and T = T, 9,

one gets that

3/4
0=u(T(zan42), Tany2) > ga_n73n/4(P€$2n+2 +Y+A—Qa,n73n/4 (T(T2n42) = T(Tonto —2 $2£+2))>7

whence
3/4 PETomio +Y + A
T(@ont2) < T(Topgo — 225, 0) +
gcx—n,3n/4
since Py 374 is decreasing and Ea—mi’m/ﬁl(o) = . It follows then from (3.21), (3.50)

and (3.55) applied at © = w9, 49 — 2933,/:12, that

Ton42 — 3Tont1 _ Topt2 — 3 Toaptl
<
CB+n,n CB+n,m

Top+1 + lg{;i—l + M " Topto — 2 ZL’g,/;i_Q +Y +3A " PEXop1o + Y + A

+ 7(opt1) < T(Topg2) < - -

(3.60)
L <

Ca Cs—nm/2 Ca—n3n/4
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Lastly, inequality (3.59) applied at ¢t = 7(x9p42) > T(T2n42 — 2 xg'{in) implies that

£
Vo <zopro—etonio—Y, u(r(zonq2),7) > ¢ <——$2n+2+05$2n+2+14)
e 2 (3.61)
> A >1—
- —afn,Sn/4( A)z1-n
since P /4 is decreasing and because of the last assertion in (3.29) and because of (3.35).

Conclusion of the proof of Lemma 3.1
As already underlined, for all N > Ny, the estimates

u(T(T2n,) <@+ N [Ty, + €Ton, Tont1 — ET2n41),
u(T(220,) <@+ n [22n + ETan, Tont1 — ETany1),
[u(T(T2ny1,7) = Bl <m0 [Ton1 + ET2nt1, Tango — ET2ny2),
u((22n41,) =Bl < in |
follow from (3.35), (3.38) and (3.39).
Now, since u(7(xan,), —00) = 1, there exists a nonnegative real number Xpy, =
Xon,(g,m) > 0 such that

N |Zon+1 T €22n+1s Lant+2 — €$2n+2]

w(T(z2n), ) 21— in (=00, zan, — €'zan, — Xany].
In other words, Xoy, plays the role of X in (3.42), with n = Njy. It follows then from (3.48)
and (3.49) that

w(T(zan,),) > 1— = >1—mn in (—o0, zan, — €228, — Xony] (3.62)

>3

and that

w(T(Tangr1,7) > 1 — 1—n in (—00,Tang+1 — € Tangr1 — Xang]- (3.63)

pnls
v

w

As a consequence, property (3.51) is fulfilled with Y = Xon, and n = Ny. It follows then

from (3.57) and (3.61) that

3 .
u(7(228011), ) 2 1 — Zﬂ >1—mn in (—00, zany+1 — € 2anp 41 — Xony) (3.64)
and that
w(T(Tangr2,) > 1 —n in (—00, Tanyro — € Tang 12 — Xong]- (3.65)

By an immediate induction, one gets that the above four estimates (3.62)-(3.65) hold for
all n > Ny. Hence, since ¢/ = ¢/2 > 0 and lim,, s o0 T, = limy, 400 2, = +00, there

exists an integer Ny = Ny(g,7n) > Ny such that
w(r(x9,),") > 1—mn in (—o0, Tg, — xay],

T (29 >1—mn in (—o0, 29, — €20y,

B B

( ;) > 1—=mn in (=00, Tony1 — ET2n11],

(

w(7T(22n41),7) > 1 —n in (=00, 2op41 — E22n11)-
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Furthermore, by an immediate induction, it also follows that the estimates (3.46), (3.56)
and (3.60) hold for all n > Ny with X =Y = Xyy,. Therefore, since lim,, o0 Ty =
My 00 Tt/ Tm = My sy o0 2 /T = +00, One gets that

( .. z . z _
Co, < lim inf 2n < lim sup e < Catnm)
n—>+00 7-(22n) n—+o0o T<22n)
. x ) x 3
Co, < lim inf 2+l < lim sup 2l < Catnm)
n—+00 T($2n+1) n—+00 T($2n+1)
.. 2on+1 . 29n+1 _
C <liminf ———— <limsup ——— < ¢
Soonmn/2 = e T(zamr) n_>+oop T(zangy) = ot
-1 T T
1 1 . . 2n+2 . 2n+2 —
Cq +pec ~ ) <liminf ———= <limsup ——— < Caty -
\ ( B=nn/2 a=n3n/4 n—++00 T($2n+2) n—-+00 T($2n+2) e
Because of (3.28), there exists an integer N = N(g,n) > N; such that
T z T z
vV n 2 N, 2n i Cﬁ’ + 2n B Ca‘ + 2n+1 —c, + 2n+1 i Cﬁ S c.
T(IU2n) T(Z2n) T($2n+1) T(Z2n+1)
That completes the proof of Lemma 3.1. [l

Remark 3.3 The behaviour of the solution « in the region where it is less than 6 is close
in some sense to that of the solution v of the heat equation, as expected. The function v
oscillates at large time between o and 3, infinitely many times: such a nontrivial dynamics
is well-known for the heat equation, see [14]. However, the difficulty in the above proof
came from the nonlinear reaction term f(u) and from the estimates of the position and
average speed of the solution u as time runs.
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