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Abstract

We study a reaction-di usion model in a binary environment made of habitat and non-
habitat regions. Environmental heterogeneity is expresse through the species intrinsic
growth rate coe cient. It was known that, for a xed habitata bundance, species survival
depends on habitat arrangements. Our goal is to describe thepatial con gurations of
habitat that maximise the chances of survival. Through numeical computations, we
nd that they are of two main types - ball-shaped or stripe-shaped. We formally prove
that these optimal shapes depend on the habitat abundance ahon the amplitude of the
growth rate coe cient. We deduce from these observations that the optimal shape of
the habitat realises a compromise between reducing the detmental habitat edge e ects
and taking advantage of the domain boundary e ects. In the cae of an in nite-periodic
environment, we prove that the optimal habitat shapes can bededuced from those in the
case of a bounded domain.

1 Introduction

In the recent literature, the loss of habitat connectivity,also known as environmental fragmen-
tation, has been more and more often cited as a major cause pésies endangerment. In the
IUCN Red List of Endangered Species [1], it is shown to be onktbe most important threats
on the endangered species.

The main causes of these habitat losses and fragmentatioreaelated to human activities.
For instance, roads create barriers for many animals, andrcévores are particularly vulnerable
to the resulting habitat fragmentation (see e.g. Treves etla[2]). Agricultural and forestry
activities are the key drivers of habitat loss a ecting birg [1]. In freshwater, dam construction
is a well-established cause of ecosystem fragmentation aspkcies extinction (an example is
given by Morita and Yamamoto [3]). Habitat fragmentation can also be the result of climate



changes. Indeed warming up can reduce the size of the habifztches for some mountain-
top species; it is also responsible for the shrinking of lakend rivers, which may disconnect
sub-populations.

Though it seems natural that habitat loss is a major threat taspecies persistence, the e ects
of habitat fragmentation per se i.e., without habitat loss, depend on the considered eccaggm.
Nevertheless, most theoretical studies involving singkpecies models (see below for details
and references) predict a negative impact of fragmentatioan species persistence. Indeed,
the larger the habitat patches are, the more likely the subggpulations will be important and
therefore less susceptible to internal and external extition factors. These theoretical results
are supported experimentally for some animals and plants,[8]. However, a recent analysis of
several empirical studies, by Fahrig [6], shows that fragmttion per secan also have positive
e ects on biodiversity, which is notably explained in her pper by interspeci c interactions.
The long-standing debate on \single large or several smalieserves (see Simberlo [7] for a
discussion and further references on this subject) illusttes the complexity of the issue of the
e ects of habitat fragmentation.

In addition to the number and area of the habitat patches, thie shape can also have an
in uence on species persistence. For some species, the talsi edge has a detrimental e ect,
for instance because of increased predation, or increasek of accident (see Chalfoun et al. [8]
and Lovejoy et al. [9]). Stripe shaped habitat patches haveulge edge/area ratios, compared
to round shaped habitat patches. Thus, it seems natural to &m, like Diamond [10], that
species for which the edge has a detrimental e ect will be meiikely to survive in the latter
case of round shaped habitat patches.

The important question of the e ects of habitat fragmentaton has stimulated the devel-
opment of numerous population models taking account of emenmental heterogeneity. In
individual based models (IBM) each individual interacts wth its environment, and simula-
tions are run until a general behaviour of the population cabe observed. Typically, with this
approach, With and King [11] showed that the probability of dspersal success increased with
habitat connectivity. In some situations, this kind of modés can be advantageous since their
implementation does not require sophisticated mathematt tools while they can incorporate
precise information on the species behaviour. However, theemain limited in terms of general
theoretical analysis [12, 13, 14]. Conversely, di usion naels, although they sometimes make
oversimplifying assumptions about movement of real orgasis, provide an excellent tool for
obtaining theoretical and qualitative results on populatbns dynamics, which can lead to a
better understanding of some ecological processes. Theaidé modelling population dynamics
with these models from molecular physics has emerged at thedinning of the 20th century,
with random walk theories of organisms, introduced by Peaps and Blackeman [15]. Then,
Fisher [16] and Kolmogorov et al. [17] used a reaction-di isn equation as a model for pop-
ulation genetics. Several years later, Skellam [18] usedghype of model to study biological
invasions, and he succeeded to propose quantitative expddions of observations, in particular
of spreads of muskrats throughout Europe at the beginning @0th Century. Since then, these
models have been widely used to explain spatial propagation spreading of biological species
(bacteria, epidemiological agents, insects, shes, plastetc., see the books [19, 20, 21] for
review).

The reaction-di usion models that we study in this article @rrespond to a natural extension



of the Fisher model to heterogeneous environments. This kirof model has been introduced
by Shigesada et al. [22] and studied recently [23, 24, 25, 261t it already appears that the
heterogeneous character of the coe cients plays an essaitrole. Indeed, for di erent spatial
con gurations of the environment, the modelled species caiend to extinction or survive,
disperse or not, depending on the arrangement of the habitaas illustrated by the work of
Roques and Stoica [27]. These models have been considerdteein bounded domains or

in an in nite domain. This last case, = RNV, is especially helpful when spreading phenomena
are studied since it generates the existence wévelling waves[26, 28, 29, 30].

Cantrell and Cosner [31] have established, in the particulgase of a 1-dimensional bounded
domain with re ecting boundary condition, that in a binary environment composed of habitat
and non-habitat patches, it was better to concentrate all tb habitat at a boundary of the
domain. Shigesada and Kawasaki [24] proved a comparableutes the case of a 1-dimensional
in nite domain, composed of periodic regions of habitat anchon-habitat. They found that
it was better for species persistence to concentrate the hth patches at the centre of the
period cell. Berestycki et al. [25] then generalised thesesults to the N-dimensional case, in
both bounded and in nite-periodic situations. To do so, thg gave a necessary and su cient
condition for species survival, based on the instability ofhe state O (where no individuals
are present). This condition is equivalent to the negativit of the smallest eigenvalue ; of
the linearised elliptic operator around the O state (such ariterion was also used in [31], in
the bounded domain case). Using this criterion, they found @way of rearranging the habitat
that decreases the value of ;. Thus, given an initial spatial con guration of the habitat,
the rearranged and more aggregated con guration always pides better chances of species
survival for the Shigesada et al. model, while it corresposdo the same habitat's area. When
the space dimensiorN is larger than 1, among these aggregated con gurations, we ahot
know which one minimises ;.

In the 1-dimensional case, the question of the optimal shap# the habitat is already
solved. As a result of the works [24, 25, 31], this shape is giy an interval. However, even
in the 2-dimensional case, as far as we know, nothing is knovatout this optimal shape
(even its existence is not established), except that, if itxests, the optimal shape has to be
stable by the above-mentioned rearrangement process, asam®equence of the results in [25].
Mathematically, the problem is the same as minimising the genvalue ; with respect to a
coe cient of the equation, corresponding to habitat con guration. Thus it is a part of the
vast area of eigenvalue minimisation problems, among whithe most celebrated is surely the
Rayleigh problem [32] of minimising the lowest frequency af membrane. It says that, in the
simple homogeneous Fisher's case, in bounded domain witthéd boundary and xed areaA,
the principal eigenvalue ; of the Dirichlet Laplacian is minimal when is a ball. Thus if the
modelled species survives in a domain of ar@athen it automatically survives in a ball-shaped
domain of areaA, while in other domains of areaA, the species may go to extinction. This
result is a consequence of the classical Rayleigh-Faberakn inequality [33, 34, 35, 36].

In this paper, we address the question of nding an optimal Hatat con guration in
bounded environments with re ecting (also called \Neuman?) boundary conditions and in
in nite-periodic environments. We prove the existence of m optimal con guration. Then,
in the 2-dimensional case, we approximate it thanks to new merical computations, which
exhibit two thresholds in the habitat abundance. Between tbse two thresholds, the optimal



con guration has the shape of a \stripe". These numerical ®ults lead to new questions: (i) is
there a relation between the shapes of the optimal con guratns in the bounded and periodic
cases? (ii) does the optimal con guration depend on the eqtian coe cients amplitude be-
tween the habitat and non-habitat regions? (iii) in the partcular situation of an environment
composed of stripes, are large habitat stripes separatedfwiarge gaps better than thin stripes
with thin gaps? We solve these questions analytically, in gnspace dimension; however, for
the sake of clarity, most of our statements are presented imé 2-dimensional case.

2 Model formulation and preliminary mathematical re-
sults

2.1 Formulation of the model

The classical reaction-di usion model in homogeneous envnments of Fisher and Kolmogorov
et al. corresponds to the following equation,
@Qu_ 2 : N .
ot Dr “u+ u ( u) in R™: (2.2)
The unknown u = u(t;x) corresponds to the population density at timet and position
X = (Xg;::1;%n). The number D 3, O measures the dispersion rate and? stands for the
spatial dispersion operatorr 2u = iN=1 @;, N being the spatial dimension. The constant
real numbers > 0 and respectively corréspond to the intrinsic growth rate of thenodelled
species and to its susceptibility to crowding.
The extension of this model to heterogeneous environmentisat we study in this paper
(Shigesada et al. model) can be written as follows,
OU pragru( () (u; in - RY: (2.2)
@t
We assume that (x) takes two values * or , depending onx, with * > . Regions
where (x) = * correspond to \habitat" and are favourable zones, whereaggions where
(x) = are less favourable for the species (\non-habitat" regionsWhen < 0, it means
that the birth rate is less than the mortality rate in the non-habitat region. In this case, as
proved in [25], the species may tend to extinction.
The function is bounded, Oin and is not equal to O almost everywhere, which
corresponds to the classical negative density-dependence
We consider two kinds of domains: théounded casevhere is a piecewiseC! bounded do-
main; and theperiodic casewith = RN and the coe cients (x) and (x) are periodic in the

period cellC is de ned by
C :=[0;L,j [0; Ln]: (2.3)



L. u
In the bounded case, we assume that we have Neumann boundaoyditions: @ =0a.e. on

@, where n is the outward unit normal to @. @n
Note that the study in RN with periodic coe cients cannot reduce to a study on a torus
since the solutionu of (2.2) is not periodic as soon as the initial condition(0; x) is not periodic.
In the periodic caseC is de ned by (2.3). In the bounded case, we s&t := . Moreover,
in both cases, we assume that

8
< (xX)= *ifx 2C*;

there exist two Borel setsC*;C C;st..  (x)= ifx 2C ; (2.4)
- CcC=C"[ C;

so that C* corresponds to the habitat regions an€ to the non-habitat regions.

De nition 2.1 Let be a function satisfying (2.4). We say thatC*( ) := C™ is the habitat
con guration associated to the growth rate function .

2.2 A criterion for species persistence

The necessary and su cient condition of species survival tt we use in this work is based on
the sign of an eigenvalue ;.

This number  is the principal eigenvalue of the linear operator Dr > (x) and can be
de ned as the unique real number such that there exists a fution > 0 which satis es

Lo ;= Dr? (x) = .in ; >0in ; (2.5)

either with L-periodicity in the periodic case, or with the boundary conition @n: 0 a.e.

on @ in the bounded case ( is also unique up to multiplication by positive numbers, see
Amann [37] for further details). As we can see on formula (2,5 ; does not depend on the
coe cient . When necessary, we shall distinguish the principal eigealues in the periodic and
bounded cases by denoting them,,, and 1., respectively. Furthermore, in order to emphasise
the dependency of ; with respect to , we shall sometimes write ;( ) for ;. Note that,
given a function satisfying (2.4), the setC* is uniquely de ned. Reciprocally, the \patch
function" is uniquely dened by C*, * and , and, in the periodic case, the periodicity
conditions. Thus, for xed values of + and , we note

C 1= 4 )

Since the operatol g is self-adjoint, it is well-known that ; satis es the following formula:

Z
Dir ' 7 (x)' 2
= mi c v :
() RUL > ; (2.6)
C
whereGisdenedby G:= H),, = ' 2 Hg.(R") suchthat' is L-periodiag in the periodic

case andG := H1(C) in the bounded case.



Given a bounded continuous nonnegative initial datunu(0; x) = ug(x), the behaviour of
the solution u(t;x) of (2.2) in the periodic case is given in [25], Theorem 2.6. aiely, if
1 0, thenu(t;x) ! 0 uniformly in RN, thus the speciestends to extinction whereas if
1< 0,u(t;x) ! p(x) (uniformly on all compacts sets ofRN), where p(x) is the unique
positive and bounded stationary solution of (2.2) i.ep satis es

Dr ?p(x) + p(x) ( (x)  ()p(x))=0; x 2 R™: (2.7)

The existence, uniqueness and periodicity gfare proved in [25], Theorems 2.1 and 2.4.

In the bounded case, a similar result holds. Its proof, whids more classical, can be viewed
as a straightforward adaptation of the results in [25] (seelso Berestycki [38] for an analysis
in the case of Dirichlet boundary conditions). Moreover, ithe bounded case, the convergence
to the stationary state, u(t;x) ! p(x) ast!1 ;is uniformin .

2.3 Mathematical formulation of the optimisation problem

The habitat proportion h 2 [0; 1] being xed, we de ne the family of habitat con gurations
with proportion h by:

Sy := fBorel setsC* C; such that jC"j = hjCjg; (2.8)

wherejEj denotes the Lebesgue measure of a &et
This habitat proportion h and the values * and  of the growth rate in the habitat and
nonhabitat regions being xed, our goal is to describe the dnal habitat con gurations for
species survival, that is, the set€* 2 S, which minimise ;[C*]. For given values of * and
, we denote the optimal value of {[C*] by

1:= min 4[CT];
— C*2Sy

and by S,. .. the set of optimal habitat con gurations:

S, .. =fC"28S,; suchthat 4[C*]= .0 (2.9)

Remark 2.2 For a xed h value, ; depends on * and . Moreover, as we will see in the
next sections, the setS,. .. may also depend on™ and  as soonasfN 2.

The existence of such optimal con gurations is given by:
Theorem 2.3 Forall * > in R, and for all h 2 [0; 1], the setS;. .. is not empty.

Proof. This result is proved rigourously in Appendix A.
When needed, we may distinguish in the sequel the sets of apél habitat con gurations
in the bounded and periodic cases, denoting them %, .. and &h_ ., respectively.

Remark 2.4 Actually, the minimum of ;( ) among the functions in f 2 L1 (C);

T a.e. and% c =h 7"+ h) gisattained on a \patch function” satisfying (2.4).
This result, which says that the optimal con guration is of \bang-bang" type, is proved in
Nadin [39].



Figure 1: An example of a con gurationC* 2 S;, with h = 0:2, in the particular case of
a domain C = [0; 1]%, covered byn = 225 disjoint rectangles, and whereC* is the union of
n* =45 of these rectangles. The habitats regions are depicteal black.

2.4 A numerical method for nding an optimal habitat con gur a-
tion in the bounded case

We consider here the two-dimensional bounded case with= [0;L;] [O;L,]. The domain
is covered byn disjoint rectangles, andC* is the union of n™ of these rectangles (see Fig.
1). Moreover, we setn = n, n, wheren, is the number of rows andn. is the number of
columns inC. We have numerically computed the value of; for di erent con gurations of C*
and C . Among the huge number of possible con gurations (?: = nl=(n"!(n n*)!), the
optimal ones can be sought in a smaller subset of admissiblengurations. Indeed, consider
the con guration C; ', obtained with the following algorithm: 1. on each row, the retangles
that belong to C* are moved to the left; 2. then, on each column the rectanglebdt belong
to C* are moved down. The old and new habitat con guration<* and C; ', have the same
area and it follows from Theorem 6.3 in [25], that {[C*" ] 1[C*]. Thus, we only have to
look for the optimal con guration among the habitat which are stable through this algorithm,
that is, habitats concentrated in a corner of the domain. Theaumber of con gurations N¢ont
corresponds to the number of ways of writing the integem* as a sum ofn. integers, each
one being smaller than or equal ta,. It can be computed in a similar way as the \partition
function" (see e.g. [40]). For our computations, we xedC =[0;1] [0;1], © =10, = 1,
n, = n.=15,n=15 15=225, andn* varies between 0 and 225, to investigate all the levels
of habitat proportion. The number N varies between 11" = 0;1;224 225) to 2 527,074
(for n* =112;113; compare withC332' 2:8 10%).

As the mesh is rened i.e. whenn, and n. increase, the \discrete" optimal habitat
con gurations C’ -, obtained by the above process, converge to an optimal comgation

Nring?

C* 2 S_at. - Indeed, let us de ne the distance between two subsefs, and A, of C by
the measure of the symmetric di erence oA; and A, ,

dset(A1;A2) = J(AL A2)  (A\ Ap)j; (2.10)
and the distance between a subsét C and the family of subsetsS,. .. by
set(A;Sp; +; )= Inf  deet(ATK); (2.11)
2h; *

then, we have the following



Proposition 2.5 Asn,,nc! +1,dset(CrniSp +. )! Oasngng! +1 .

Proof. This result is proved in Appendix B.

2.5 Deducing the periodic optimal con guration from the bou nded
case

With a numerical method comparable to that ofx2.4, using Theorem 2.11 in [25], we could
compute an optimal habitat con guration in the periodic cag. However, the computations
would be lengthy whereas we can directly deduce it from the boded case. Indeed,

Theorem 2.6 For xed numbers *; 2 R, with * > ,and h 2 [0;1], let C,’ be an
optimal habitat con guration in Sbh ‘. in the bounded case. Assume th&, ' is stable by

monotone rearrangement with respect to each variable, with=[0;L,j [O;L,]. Let C;* be
the set obtained by re ectingC,’ with respect to each axis:

C,' == Cy' [ RiCy I[ R2Cy' [ Ru[Cy TN
where R; is the re ection with respect to the axisfx; = L;g, for i = 1;2. Then Cg; is an
optimal periodic con guration in ih_ .. onC=[0;2L4j [0;2L,].

Proof. In the bounded case, the existence of an optimal con guratip stable by monotone
rearrangement with respect to each variable, follows fromhé proof of Theorem 2.3. The
remaining part of the proof is given in Appendix C. We have pned a comparable result in
any space dimensiomN .

Thus, using our numerical computations in the bounded casand from Proposition 2.5,
we can derive an approximation of the optimal con gurationm the periodic case.

3 Results

Both numerical and analytical results are presented in thisection, in the bounded and periodic
cases.

3.1 The bounded case

Using the numerical method presented ix2.4, we obtained that, when the proportion of

habitat h = n_ is small, the optimal habitat regions have the shape of a quar of disc (Fig. 2).

When this proportlon is close to 1, these optimal con guratns look like the complement of
a quarter of disc. Whenh is not too small nor too large, the optimal con gurations are
stripe-shaped, and are aggregated along a side of the boundaf the domain.

In the particular case of striped con gurations, we have pneed the following result:

Theorem 3.1 Let * > ,andh 2 [0;1]. Assume thatL; 6 L,, and letS§ be the subset of
S made of striped con gurations. Thencrpzirsls 1[C*] is attained for the striped con guration
h

concentrated along the smallest side of the domain.

8
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Figure 2: The optimal habitat con guration in terms of the number n* of habitat cells in the
case of a bounded environment with Neumann boundary condifis. The black cells correspond
to habitat and the white cells to non-habitat.

Proof. See Appendix D.

This result is illustrated on Fig. 3.

When the habitat shapeC* is xed a priori as a ball, it is proved in [41] that the optimal
position of the ball has to be tangent to the boundary of the dmain, as depicted in Fig. 4.
However, this con guration is never optimal among all habits of xed area when the shape
of the habitat is not xed a priori:

Proposition 3.2 Let * > ,andh 2 [0;1]. Assume thatC* 2 S, is tangent to a boundary
of the domain, in the sense that there exist a poin; 2 @Cand a ballB C* such that
Xo2 @B\ @CnC™¥) . Then 4[C"]> ;. Equivalently, this means thalC* 625, ..

Proof. This is a consequence of Steps 2 and 3 of Appendix E. See Remhik

3.2 The periodic case

As in the bounded case, when the proportion of habitat is smalthe optimal con guration
of C* is disc-shaped (Fig. 5). Then, for a larger proportion, it tkes the form of a stripe,
and when the proportion of habitat approaches 1, it looks l& the complement of a disc.
When the habitat region is stripe-shaped, and when the pewocell is not a square, two types
of con gurations exist. Similarly to Theorem 3.1, we formdy prove in Appendix D that the
con guration with wide stripes of habitat and wide gaps is alvays better than the con guration
with narrow stripes and narrow gaps between the stripes.
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Figure 3: Two striped con gurations. The habitat regions ae depicted in black. In the
bounded and periodic cases, the con guration (b), where thieabitat C* is aggregated along
the smallest side of the domain provides lower values of than the con guration (a), inde-
pendently of the habitat proportion h, and of * and
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Figure 4: A con guration which is not optimal in the bounded @se. The habitats region<*
are depicted in black.
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Figure 5: Approximation of an optimal habitat con guration in the periodic case, with a period
cell of size 2 2, in terms of the habitat abundanceh = jC*j5Cj, with = 1, T =10.
The black regions correspond to habitat and the white regi@to non-habitat. The gures are
assumed to extend in all direction inde nitely.



These computations show that the shape of the optimal habitacon guration is highly
dependent on the proportion of habitat, even if two types of @imal shapes (disc and stripe)
are numerically observed. This result rules out the attradte conjecture of the optimality
of the striped con gurations for all habitat abundance. Actally, we can prove formally the
following result:

Theorem 3.3 Assume thatN =2. Let * > be xed.
. . . . i . 2
(a) The disc con guration is not always optimal: assume thal = % and that
C* isadiscinS,. Then (C"]> ;.

(b) The stripe con guration is not always optimal: there ext L,;L, > 0 and h 2 [0; 1]
such that for all stripeC* in S, 1[C*]> 1.

Proof. Part (a) follows from Appendix E, Steps 2 and 3, and Part (b) fblows from Appendix F.
We proved similar results in any space dimensioN 2.

From Theorem 2.6, it follows that these results are also true the bounded case, with, for
Part (a), a quarter of disc instead of a disc.

3.3 Dependence of the optimal shape with respect to the dier ence
between the growing rates " and

Let the proportion of habitat h be xed. It then turns out that the optimal habitat con-
guration does not depend directly on the values of * and , but only on the dierence
b:= * . Indeed, as a consequence of formula (2.6), for all constdn2 R, we obtain

10 kK= 1)+ k (3.12)

Thus, we may noteS,, the set of optimal habitat con gurations, with b=~ , iInstead
of 5 -.

In dimension 1, whenC :=[0;L,], the optimal habitat shape is in fact totally independent
of * and . Indeed, in the periodic case, and up to a shift of the periodelt, there is an
unique con guration whereC* is connected, which is therefore the optimal one (see [25).
similar result holds in the bounded case, where the optimabbitat con guration is an interval
situated at either end of [QL4].

However, in dimension 2 or higher, given the proportion of létat h, we prove that the
optimal shape of the habitat does truly depend on the amplitde b of the growth rate

Theorem 3.4 Assume thatN 2. There existsh 2 [0; 1] such that, for allC* 2 S, there
existsb > 0 such thatC* 625,

Proof. This is proved in Appendix E. The proof relies on the fact thati) when the amplitude
tends to in nity, the optimal habitat in the periodic case tends to aggregate in a ball; (ii) from
Theorem 3.3, Part (a), the ball-shaped con guration of Fig6 is never optimal whatever the
positive numberbiis.

This result of dependence with respect to amplitude is alsaue in the bounded case.
Nevertheless, the transition between disc-shaped and gte-shaped con gurations as the pro-
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Figure 6: A periodic con guration which is not optimal. The habitats regions are depicted in
black.
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Figure 7: Comparison between the quarter disc con guratiomand the striped con guration,
in the bounded case of a squar€ =[0;1] [0;1], in terms of the amplitude of the di erence
between the growth ratesb, and of the habitat abundanceh = jC*j5Cj. In the shadowed
area, the quarter disc con guration provides lower valuesfo ;, while in white zone the striped
con guration gives lower ; values.

portion of habitat increases seems to hold for a wide range w&#lues ofb, as observed numeri-
cally in dimension 2. As the amplitudeb increases, the ball con guration becomes better than
the striped con guration for a wider range of habitat propotion (Fig. 7).

4 Discussion

We have numerically derived the optimal con gurations of tle habitat in the case of a 2-
dimensional patchy environment, constituted of cells of Hatat and non-habitat regions, dis-
tributed on a grid. As the size of the elementary cells decrs@, these numerical con gurations
converge to an optimal habitat con guration for xed valuesof habitat abundance and growth
rates. This con guration is a global minimiser of ,, contrary to most of the numerical meth-
ods for minimising eigenvalues under geometrical constngs (see e.g. [42, 43]). The shape of
these optimal con gurations was not known before for dimem@ns higher than 1.

In rectangular bounded domains oR?, with re ecting boundaries, we have observed a
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transition e ect from \quarter of disc" to \striped" and to \ complement of a quarter of disc"
optimal con gurations as the proportion of habitat increags. The same phenomenon occurs
in in nite periodic environments, with discs instead of quater of discs. The transition occurs
abruptly, and the striped con gurations remain optimal for a substantial range of habitat
proportion.

Actually, we have proved that the optimal con gurations in the bounded and periodic cases
can be deduced from each other. This means that, in a periodlicehe role played by the
proximity of the habitat patches lying in the other period cdls is similar to the boundary
e ects of the bounded case.

From Theorem 6.3 in [25], and as recalled in the introductioof this paper, ; decreases,
and thus the chances of survival increase, when the habitat rearranged in a monotone way,
with respect to each space variable. Thus, the optimal conwgations are always aggregated
against the domain boundary. This underlines the favourahiy of the boundary e ects. From
an animal point of view, these e ects can be interpreted as lfows: the individuals situated
in the habitat which try to cross the boundary are rejected ito the habitat; therefore, the
average time spent in the habitat region by each individualsi larger when the habitat is
closer to a boundary. From a vegetal viewpoint less descemtia disperse in the unfavourable
regions. Conversely, the edge of the habitat seems to havdraeental e ects. This can again
be illustrated with Theorem 6.3 in [25]. Indeed, in the reamnged con gurations the habitat
has a small perimeter compared to situations where the hahitis more \fragmented".

Hence, the optimal con guration is a compromise between &sning the detrimental habitat
edge e ects, which means that the perimeter of the habitat l&to be minimal and leads to disc
shapes, and taking advantage of the domain boundary (or thegximity of other patches in
the periodic case), leading to striped shapes. However, hgbhenomena cannot be optimised
simultaneously. When the habitat abundance is low, the optial con guration looks like a
guarter of disc in the bounded case, and looks like a disc indlperiodic case; in these situation,
the edge of the habitat is reduced, but the population does haake full advantage of the
domain boundary. When the habitat abundance increases, tloptimal con guration becomes
stripe-shaped, and is concentrated along a side of the bowamg of the domain. Thus, in that
case, the positive in uence of the boundary e ects is impoant, compared to the detrimental
habitat edge e ects. However, when the domain (or period deh the periodic case) is not
a square, we prove formally that the best striped habitat coguration is aggregated along
the smallest side of the domain. Thus this con guration redces the edge in contact with
non-habitat regions, while it does not take full advantage fothe boundary, still realising a
compromise between these edge and boundary e ects. In theripelic case, this means that
the con guration with wide stripes is always better than theone with narrow stripes. This
gives an element of explanation of the observation of Kingdaet al. [30] that, in a periodic
environment composed of stripes, when the scale of fragmatinbn is enlarged without changing
the habitat proportion, the spreading speed of the modellespecies increases.

We have proved that this equilibrium between boundary and egk e ects also depends on
amplitude of the di erence between the growth rates in the Haitat and non-habitat regions.
As this amplitude grows, the detrimental e ects of the habiat edge become more important
compared to the favourable boundary e ects, resulting in Hashaped optimal con gurations
in highly contrasted environments. Nevertheless, for a wedrange of values of the growth
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rate function, we observed the same transition behaviour tveeen disc-shaped and striped
con gurations as the habitat abundance increases.

Our results in the bounded case largely depend on the re engg (Neumann) boundary
conditions. These boundary conditions mean that individua encountering the boundary are
re ected inside the domain. They can be encountered in mangal-world situations, at di erent
scales, corresponding, for instance, to the walls of a laladory arena for small terrestrial species
(see e.g. the experiment of Hannunen and Ekbom [44]), to f&scor rivers surrounding gardens,
forests or natural parks [24, 45] for larger species. Thisgg of boundary conditions can also
correspond to coasts, in the case of aquatic species. They edso be used for modelling plant
dispersal, particularly when the seeds are dispersed by amls. Of course, other boundary
conditions could have been envisaged. Of particular practl interest are also the absorbing
(Dirichlet) conditions, that we brie y discussed in the introduction section. These conditions,
where the domain's boundary \absorbs" all individuals enamtering it, are often envisaged for
species with passive movement, such as plants. Although ras the methods developed in
this paper still work under these conditions, we have not caidered here the issue of nding
an optimal habitat con guration in this case. Firstly, because some numerical and theoretical
results already exist in the mathematical literature [42]. Moreover, the question of optimal
con guration should be of less interest in this case. Indeedue to the negative e ect of the
domain's boundary, the habitat will concentrate at the cente of the domain. Therefore we
cannot expect great changes in the topology of the optimal baat con guration with respect
to the model parameters.

A natural question arises: what is the interest of minimisig ; as soon as ; < 0, since
species survival is already granted? The answer is partialgiven by (3.12): o k) =

1( )+ k for all k 2 R. Thus, a species in an environment with smaller values of, will be
more robust to perturbations in its habitat. Moreover, as shwn by [46] it is also more robust
to external perturbations corresponding for instance to haesting, in the sense that can be

@u

chosen higher in— = Dr 2u+ u ( (x) (x)u) , without risking the species extinction.

t
Another natura@ question is: when the environmental hetergeneity also concerns the motil-
ity of the individuals, what results can be expected? Consal the equation

u=r2Du+u( (x) (Xu); (4.13)

where the di usion term r ?2(D(x)u) is in the Fokker-Planck form. The coe cient D (x) cor-
responds to the speciemotility (see e.g.[19, 21]). Setting(t;x) := D(x)u(t;x); and using
some results of [25], we can obtain that the equation (4.13Xkbits the same behaviour as
(2.2), replacing the initial growth term (x) by (x)=D(x). Thus, our above optimisation re-
sults also hold for equation (4.13), wheD (x) is rearranged along with (x), and in the same
way. Such a rearrangement is biologically meaningful, set¢he motility and the growth terms
are generally associated with a certain type of habitat, andre therefore spatially correlated.
Note that, for most species that engage in active habitat ssdtion, such as birds, mammals
of amphibians, D (x) is all the smaller as (x) is large, since they tend to slow down as they
encounter favourable areas (e.g. [44]). Thus the functionsand =D vary in the same way.
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Appendices

This section is devoted to the proofs of the mathematical raks which were stated throughout
this paper. The results of the appendices A,B,D,E,F are trui@ both periodic case and bounded
case when is a rectangle. However, we decided, for the sakesamplicity, and since the proof
in one case can easily be adapted to the other, to prove eackuk in only one case.

A. Existence of an optimal con guration

The existence of at least one optimal con guration that maxnises the chances of species
persistence is proved in the periodic case. For another pfoa the Dirichlet case, see [42].
Let < * be two given real numbersLq;:::;Ly beN given positive real numbers, and

. L1 Li Ln . L
€= 2’2 2’ 2

For the sake of simplicity of the following calculations, te cell C has been centred at the
origin. Let Py, be the set of measurable functions de ned by:

Py := f satisfying (24) with jC*j = hjCjg; (4.14)
and
1= lggh ()= Clpgsh 1[CT];
where 1( ) denotes the principal eigenvalue of the operator Dr 2 with L-periodicity
in the variables x3;:::;xy (each function in P, can be extended byL-periodicity). By
de nition of 4, there exists a sequence f)non iIn Py, such that 4( ,)! jiasn! +1.

Since, for alln 2 N, 1( n) 1( n)and |, 2 Py, we also have
(! 1asn! +1;

where | is the symmetric decreasing Steiner rearrangement of with respect to each variable
X1; XN in the cell C (see [25] for details). Up to a change on a set of zero meastties

functions |, can be constructed so that, foreach 1 i N and (Xg;:::;X 1;Xj+1;::15XN) 2
[ Li=2;L,=2] [ Li 1=2;L; 1=2] [ Li+1=2;Li+1=2] [ Ln=2; Ln=2], there exists
a 2 [0;L;=2] such that the functions 7!  (X1;:::;X 1;S;Xi+1;:::;Xn) IS equal to ™ in
[ a;aandto in[ Li=2L;=2]n[ a;a].

Up to the extraction of some subsequence,,(x) ! (x)2f ; *gasn! +1 , forall
X in the countable setQY \ C. Let * be the closure ofx 2 QN \ C; (x)= *g. We
extend the function to C by setting (x)= T ifx2 *and (x)= otherwise; next,
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is extended byL -periodicity in RN. From the construction of the functions |, the function
satis es the same symmetry properties as,,, in the sense that ifx = (xq;:::;Xn) 2 7,

n?

then (y)= ¥ forally2[j Xqj;jxij] [J] Xnj;JXn]]- Observe also that the boundary
of * has a zeroN -dimensional Lebesgue measure.
Let x = (Xy1;:::;Xn) be an interior point of Cn *. There existsy = (y1;:::;yn) another

jyij < jxjjforalli=1;:::;N: (4.15)
Sincex;y 62 *, (x)= (y)= . Moreover, by pointwise convergence,,(y) = forn
large enough. From the symmetry properties of,, and from (4.15), we have (y) 2 (X),
therefore, ,(x) = (= (x)) for n large enough. If nowx = (Xq;:::;Xy) IS an interior
point of *, there exists another pointy in this set such thaty 2 QN and jy;j > jx;j for
all i =1;:::;N, and we similarly obtain ,(x) = * (= (x)) for n large enough. The
above observations imply that (x) ! (x)asn! +1 almost everywhere inC. Since
the functions , are uniformly bounded, Lebesgue's dominated convergendetrem yields

0! in LY(C)asn! +1 . Therefore, 2 Py.
Dene, forall * 2 H, nf0gand 2 Py,
Z
Djr 'j> (x)" ?
Q()= —< ' (4.16)
v 2
C
Then, 7
j o' 2
Q () Q ()+-+=Z for all* 2 H_, nfOg:
1 2
C

Call , the principal eigenfunction associated to ,, with the normalisation condition
jj nllz =1. Thatis, , isL-periodic, positive, and it satis es

Dr 2 on= 1(,) ninRY: (4.17)

By multiplying this equation by |, and integrating overC, we getQ ( )= 1( ,). Hence,
Z

j N

Q (n) 1l )+ Z——i

’
2
n

and since 1( ) =min: 23, g Q ('),

() () S—— (4.18)
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Moreover, since n *inRN and ¥ 1( 1) , the normalisation condition
k nki =1 together with standard elliptic estimates (see Gilbarg ad Trudinger [48]) imply
that the sequence (n)nzn is bounded inCH(RN) (at least), whence infank nkizc)y > O.
Thus, passing to the limitasn! +1 in (4.18), we get, since ,, ! inLYC), «( ) 1
It then follows from the de nition of , that ,( ) = 4. Since 2 Py, the associated

habitat con guration C** , de ned by (2.4), belongs toS;, and [C*' ]= ,, thereforeC*"
is an optimal con guration. The in mum in the de nition of ; is then a minimum.

B. Convergence of the computed con gurations to opti-
mal con gurations as the mesh is re ned

This time, the proof is done in the bounded case of a rectanglé/e assume that

C:=[0;L4] [0;Ln]:

Let *; 2 R, and x the habitat proportion h = % Let P, be de ned by (4.14), and set

C"()=fx2C; (x)= *g,for 2P;.

From the result of Appendix A, there exists a function 2 P, suchthat ;( )= .. Let

2 HY(C) L?(C) for somep > 1, be the eigenfunction associated to the eigenvalue,
with Neumann boundary conditions. LetP," " be the set of all elements , .,, of P, such
that C*( n,:n.) belongs to the grid of sizen = n, n.. Forall "> 0, and forn, and n; large
enough, it is easily seen that there exists,,.n, 2 P;""° such that jj nencliLeocy <" (With
%+ é) =1). Let ,, .. be the principal eigenfunction associated to,,.n, and 1( n,:n.)- Using
formula (2.6), and since, when = | the minimum in this formula is precisely attained for

= , we obtain
Z

jnr;nc J( )2
1( nr;nc) 1( )+ E Z 5 1( )+"k kEZp(c)k kLzz(c); (4-19)
()

C

from Helder inequality. Setting := k kfzp(c)k kLZZ(C) we get 1( n,nc) i)+ "
Since P;" " Py, we therefore have 1( non.) 2 [ 2( ); 2( )+ "1 Let . bea
function which minimises ; in P;""°; up to a rearrangement we can assume that, ., is
nonincreasing with respect to each variable;;  ;xy. Then ( ) 1( 1y ne) 10 nrond)s

thus, 1( nr;nc)2 [ 1( ); 1( )+ " ]1 and 1( nr;nc)! 1( ): _1asn!1
From this convergence result, and using the same arguments ia Appendix A, we know
that, up to the extraction of some subsequence,, .,,.! ; inL*C)asn,;;n;! +1 ,where

1 2 Phsatises 1( ;)= 1. Letusdene the set of \optimal functions” by:

P, =f 2 Py; suchthat ,( )= ;0 (4.20)

Since we can construct a converging subsequence from evelysequence of (;, ., )n, n.2n, the
computed con guration , .. is as close as we want to the sd, for n;;n. large enough, in
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the sense that
distiicy( n,nsPp) ! Oasng;ne! +1: (4.21)

Let C: .. be the habitat con guration associated to by (2.4). Then

NriNe NriNc

diStLl(C)( nr'nc;Eh): J * stet(Cnr nes *; )i

where S;. .. is dened by (2.9) and de(Cy1.; Sy +. ) is dened by (2.10-2.11). Since
6 set(Cn nSh +. )1 Oasng;ng! +1.

C. Deducing periodic optimal con gurations from bounded
optimal con gurations
Let C =[0;L4] [O;Ln]; "3 2 R,andh 2 [0;1]. SetC :=[0;2L4] [0; 2L ]

Let P, be de ned by (4.14), and letP;, be the set of functions de ned by (4.14) but withC
instead of C. For a function in Py, we denote byC*( ):= fx2 C; (X)= *g. Let 14( )

denote the Neumann principal eigenvalue of Dr 2 in C, and 1.,( ) denote the periodic
principal eigenvalue of Dr 2 in C.

From Appendix A, we know that there exists a function , in P, nonincreasing with respect
to each variablex;;  ;xn. Let us show that ,(x1; ;Xn):= (X2 Laj;  ;jXn Lnj)

minimises 1 in P.
Indeed, let us set 1 := rr;ip 1o( )and 1, :=min 1,( ); and
— h — 2Py

Eh = f 2 P’h, SUCh that 1;p( )= ﬂg

Let p be a symmetric nonincreasing function i, and p be the corresponding symmetric
nonincreasing eigenfunction (see [25]). Set

_o(X; X)) = p(Xat Ly Xyt L)

The function , is well de ned onC, and by symmetry and periodicity properties of_p, it is
of classC*(C) and it satis es Neumann boundary conditions. Moreover, , > 0,

Dr 2_b _p(X1+ Lla ;XN+LN)_b:ﬂ_bin C,

and ( + Ly; ; + Ln) 2 Py. By denition of 15, we get 4, 1:b-
Let , be the eigenfunction corresponding toy,, with the con guration . Let us de ne

Cp(xa; sxn) = _p(iXa Laj; o ixe Laj)in €

and let (x1; ;Xn) = (X1 Lij; ;X Lwnj)- Then, from the Neumann boundary
conditions satis ed by y, it follows that T is a weak solution of Dr 2_p p(x)_p = 1bop

in C with periodic boundary conditions. Since
- . 1 z 2N z N . .
iIC(pi=—~ b= T b=2"JC"( p)i = hiC];
CYf = *g CY ,= *g



it follows that , 2 Pp. Thus, we get i, 10, and nally 1, = 1. As a conclusion,
we obtain that , 2 P, and therefore thatC* ( ) is an optimal habitat con guration in the
periodic case, with period celC. Note that C* () simply corresponds to successive re ections
with respect to each axisfx; = L;g, fori = 1:::N starting from the optimal con guration
C*( ,) in the bounded case.

D. Proof of the comparison principle between the striped
con gurations

The proof is done in the periodic case. Lety be the value of ; in the case of the vertical
con guration depicted in Fig. 3 (a), and y be the value of ; for the horizontal con guration
depicted in Fig. 3 (b). Then, a simple change of variable leado [Li;L] = H[L2;L1] (in
v[X;Y]and 4{[X;Y ], X corresponds to the length of the period cell in th&; direction and
Y corresponds to the length of the period cell in th&, direction). SincelL;L, = jCj, we get

V[Ll,JCsz]_] = HUCszl;L]_]: (422)

Let us now prove that y[Lq;jCj=L;] decreases with_;. Assume that we are in the con g-
uration of the vertical stripe. Then (X3;X,) does not depend orx,. Set «x;) := (Xg;0).
The function ~is L;-periodic and, in the period cell [QL;], ~is equal to * on an interval
of length I; = jC*j=L,, and it is equal to on an interval of lengthL; ;. Let and

v = 1 be de ned by equation (2.5). Actually, since is uniquely ddeermined by (2.5) and
the periodicity conditions, it depends orx; only. Set (X;) := ( X1;0). Then and \ satisfy
the following one-dimensional equation:

D ®x1) ~(x1) (x1)= v (X1); x12R; > 0inR (4.23)
and isL;-periodic. Now, set {y) := ~(yL1). The function » is 1-periodic and, in the period
cell [01], ~is equal to * on an interval of lengthI? = I[;=L; = jC*j=(L.L,) = jC*j5Cj 2

(0;1), and it is equal to  on an interval of length 1 19. The function ~ does not depend on
L,. The 1-periodic function dened by (y)= (yL,) satises

(L) D Ry) ~y) = v ();y2R;, > 0inR: (4.24)
Then, since the operatot 7! (L) ?D' © ~ s self-adjoint, we have the following formula:
2 Z . Z, 3
b 9)2(y)dy oy “(y)dy
v = _min — Z Z Z; (4.25)
' 2H 1, nfOg L2 l. l.
" ' i ?(y)dy i 2(y)dy

WhereHF}er denotes here the set dfl L (R) functions which are 1-periodic. From (4.25), we get
that v = vJ[L1;jCj=L4] is decreasing with respect td ;. Notice that the strict monotonicity
follows from the fact that the minimum in (4.25) is reached atthe function , which is not
constant since ”"is not constant. As a conclusion, using (4.22), it follows #t [Lq;L;] >

nlLy Lo if Ly <L o
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E. Dependence of the optimal con guration on the am-
plitude of the variations of the environment

We consider here the periodic case. We X 2. In the sequel, for any Borel se€* C :=

(O;L1) (0;Ly) and for any real numbers < *, we call
Z Z
Djr " J? (x)" 2
+. +. = H C Z C
ic s 7 1= zgllirnnmg - (4.26)
C

the principal eigenvalue of the operator Dr 2 (x) in RN with L-periodicity conditions,

where (x)= *inC*, (x)= inC = CnC*, and is extended inRN by L-periodicity.
Integrating equation (2.5) over the cellC and using the periodicity of , we get
Z Z
(xX)( x)dx= 4[C*; *; 1 (x)dx: (4.27)
C C
Since , it follows that (JC™; *; ] . Next, multiply (2.5) by and integrate
by parts over C, we get
z z z
Djr  j2(x)dx (x) 2(x)dx= 4C*; *; 1  2(x)dx
C C C
and since ,we get 1CT; T; ] *. Finally,

* o (AR

Step 1: limit of 4[C*;0; n]whenC* is xedandn! +1 . Let C" be a xed Borel subset
of C whoseN -dimensional Lebesgue measure belongs to the intervaj j©j). For n 2 Nnf0g,
call , the L-periodic function such that

W(X)=0if x2C"; and (xX)= nifx2C =CnC":

Call 1p[C*] the quantity de ned by

1o[C*] = min Lz (4.28)
' ZH&per (C*)nfOg ' 2
c+
where Hj. .. (C*) denotes the set ofH ., functions which vanish almost everywhere irC .
When C* is a smooth open set, 1. is the principal eigenvalue of the operator Dr 2 in C*
with Dirichlet boundary condition on @C \ C and L-periodicity. Since , = 0in C*, it

follows from (4.28) and (4.26) with = | that

1[C+ ; 0, n] 1.D [C+] (429)
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for all n 2 NnfOg. Call , the principal eigenfunction of the operator Dr 2 n With
L -periodicity, with the normalisation k ,k 2(cy = 1. One has

Z Z
JC*;0; nl=  Djr L2+n X (4.30)

C C
From (4.29) and (4.30), it follows that the sequencek( nki2(c))n2nnfog IS bounded and that
K nkizcy ! Oasn! +1. Therefore, there exist a subsequence (o) and a function

' 2 Hjper(C*) such that 0! as n°! +1 strongly in L§ (RY) and weakly inHg (RV).
In particular, kK kizc+y = k ki zcy = 1. Furthermore, since ([C*;0; n9 Dkr r,okfz(c),
it follows that

no +1
As a consequence, limipf .1 ([C*;0; n9 1.0[C*]from (4.28), whence ([C*;0; n9!
1p[C*lasn®! +1, from (4.29). Eventually, since the limit is uniquely detemined, one
concludes that the whole sequence converges, that is

1[CT;0; n]!  p[C'lasn! +1:

Step 2: A pointwise inequality for the principal eigenfunin associated to an optimal con-
guration . Let < *andh 2 (0;1) be xed. From Appendix A, there exists a Borel set
C* C suchthatC* 2 S, .. (S, +. isdened by (2.9)). Notice that the setC* could
be chosen to be symmetric with respect to the hyperplanés; = Li=2gforall1 i N, but
this property is not needed here. Call the L-periodic function which is equalto * in C* and
to in C = CnC"*. Let be the (unique up to multiplication) principal eigenf unction of
the operator Dr 2 with L-periodicity. The function is positive, it belongs to all Sobolev
spacesW.2P(RV) for 1 p< +1 (in particular, it is of classCY (RV)forall0 < 1) and
it satis es

Dr 2 (x) = 4C*; *; ]:
The goal of this step is to prove that

inf = su : 4.31
(C*) (cp) ( )

It is enough to prove that
( Xo)  ( Yo) (4.32)

for all xo and y, which are interior points of C* and C respectively. There exists'y > 0 such
that B-(Xo) (resp. B-(Yp)) is included in the interior of C* (resp. in the interior of C ) for
all0<" <" o, whereB,(x) denotes the open Euclidean ball of centre and radiusr > 0. For
"2 (0;"0), call

Ci= C'nB:«(xg) [ B-(yo)and C. = CnC. :

By construction, the Borel setC is included inC and its Lebesgue measure is equal lpCj.
Let - be the L-periodic function which is equal to * in CF and to in C. , and let

be the principal eigenfunction of Dr 2 « with L-periodicity. Call = 4C*; *; ]and
= 4[CF; *; ](for0<"<" o). By denition of , there holds

(4.33)
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The functions and - are positive andL-periodic solutions of

Dr 2 (x) =

Dr2. .(x). = in R™ (4.34)

and up to normalisation, one can assume th& k; = k -k; =1. The families ( +)o<< , and
( “)ow< , are bounded inR and L* (RV) respectively. From standard elliptic estimates, the
family ( +)o<<r , is then bounded in allWzP(RN) spaces with 1 p < +1 . Furthermore, the
family ( +)o<<r , cOnverges to as" ! Oinall L} (RY) spaces with1 p< +1 . Standard
arguments (see for instance [25]) imply then that- ! and «! in CYRN) (at least) as
"1 0. Multiply now the rst equation of (4.34) by . and the second one by and subtract

and integrate overC the two quantities. It follows that

Z Z
() »=C ) .0
C C
from (4.33) and the positivity of and .. In C, the function « is equal to * in
B-(Xo), to T in B-(yo) and to O otherwise. Since * > | it follows that
z z
B (xo) B (yo)

By dividing the previous inequality by "N (where \ denotes the Lebesgue measure of the
unit Euclidean ball in RN) and passing to the limit as" ! 0, one concludes that (Xo)?
( Yo)?. Since is positive, the inequality (4.32) follows and the taim (4.31) is proved.

Notice that the inequality (4.31) implies in particular that the function is constant on
@C*) \ @C ) . This property was observed in the numerical computations ich were
carried out in Section 3.

Callr = Ly;=2 andc = (L;=2;:::;Ln=2) the centre of the cellC. The ball B,(c) is included
in C and it is tangent to the two hyperplanesfx; = 0g and fx; = L,g, like the black region
in Fig. 6. Call yrN the Lebesgue measure of this ball, and assume that

NN
icj

Assume now that there is a Borel se€C* C such thatC* 2 S, , for all n 2 NnfOg.
In other words, we assume that

1[CT;0; n]= anlgh 1[K; 0; n] for all n 2 NnfOg: (4.35)

From this assumption, we claim that there exist a poinx 2 C and a zero-measure sdf such
that
C* B/(X)[ E:

If not, since the ball B, (c) has the same measure &* and is included inC, it follows from
the de nition of 1.5[C*]in Step 1 and from Schwarz rearrangement inequalities that

1p[C"1> 1p[B: (Ol (4.36)
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Indeed, let be a minimiser of (4.28), call _ its restriction in C and call Bg(c) the open
ball of centre c and radiusR >r which has the same measure &. The Schwarz decreasing
symmetric rearrangement  of _ with respect to the point c is in H3(Bgr(c)) and it is such
that =0 in Br(c)nB,(c) and
Z Z
Djr  J? Djr 2
Bz (0 < _C7 — l;D[C+]

()

B (c) c*

sinceC* is not included in any ball of radiusr, up to a zero-measure set. Notice in particular

that the restriction of ~ to B,(c) isin H3(B,(c)). Nowdene = inB,(c)and =0in
CnB,(c), and extend  in RN by L-periodicity. The function s then in Hg,, (B, (c))nfQg,
whence Z Z
Djr — j? Djr  J?
o[Bi(Q]  —ZY =z < 1p[C7]
()3 ()
B (c) B (c)

which vyields (4.36). Step 1 yields ;[C*;0; n] > 4[B;(c);0; n] for n large enough, which
is in contradiction with (4.35), sinceB, (c) is included in C and has the same measurgCj as
C*.

As a consequence, the s€&* is included in a ball of radiusr, up to a set of zero measure.
Up to a shift and a modi cation with a zero-measure set, one cathen assume without loss of
generality that

C* = B,(0):
Fix now any ng 2 NnfOg. Call the L-periodic function which is equal to 0 inB,(c) and
to ng in CnB,(c), and call the principal eigenfunction of the operator Dr ? with
L-periodicity. Call = 4[B;(c);0; ng] the principal eigenvalue. The function is (at least)

of classCY(RN) and it is positive in RN. From Step 2, the function is equal to a constant
> 0 on@B(c), and it is larger than or equal to in B,(c). In B;(c), the function solves

Dr 2 = and the function = satis es
8 .
< Dr? = > 0 inB(0);
0 in B, (c);
=0 on @B(c)

since 0< (< ny). It follows from the strong maximum principle and Hopf lemna that > 0
in B,(c) and @

@X(a) > 0
wherea = (0;L,=2;:::;Lny=2) 2 @B(r). Therefore, the partial derivative of with respect
to x; at the point a is positive. But since the function is symmetric with respect tox; in
RN (becauser = L,=2, see Fig. 6), the function is also symmetric with respect ¢ x;, by

uniqueness. Thereforet\,:,(?)1 (a) = 0, a contradiction has been reached.
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As a conclusion, the assumption (4.35) cannot hold, which raes that the optimal habitat
con gurations depend on the di erence between the growth tas in habitat and non-habitat
regions in general.

Notice that, under the notations in Step 3, the above argumes imply that the ball B, (c)
is never inS,. .. ,forall * > , when h = ;.“erN . In particular, this shows rigourously
that ball-shaped con gurations are not always optimal for pecies persistence.

Remark 4.1 In the bounded case, under the assumptions of Proposition23.if we assume
that ,[C"]= 4, it follows from Step 2 that ( x) > ( Xo) forall x 2 B . Then, as in Step 3,
applying Hopf's lemma at the pointxgy, we get that %n(xo) < 0. This is in contradiction with
the boundary conditions.

F. Stripe-shaped con gurations are not always optimal

We prove here that stripe-shaped con gurations are not alwe optimal for species persistence.
The proof is done in the periodic case, in dimensidd = 2, but it can be adapted immediately
in higher dimensions.

Fix two real numbers < *. Call p(Bg(x)) the principal eigenvalue of Dr 2 in the
ball Br(x) with Dirichlet boundary conditions on @R (x). Since p(Br(x)) = R ? p(B1(0)),
we can x R > 0 large enough such that

+

b(Br(X)) < . for all x 2 R?: (4.37)

Call A* = R ?, x two positive real numbers |, and |,, and a positive real number o such
that 311, > A*. We will compare the two stripe-con gurations which are dejeted in Fig. 3,
whereL; = | ; and L, = |5, with the one for which the habitat is a disc a radiusR in the
cellC=C =[0;L1] [O;L;], for large. The two stripe-con gurations and the disc-shaped
con gurations are constructed so that the habitat be of xedareaA* in C. We will prove
that the disc-shaped habitat is better when is large.

Pick any 0, and let x be a point such thatBg(x) [O;L;] [O;L,]. From [47], itis
known that ([Bgr(X); *; ]is less than the principal eigenvalue of the operatorDr ? in
the ball Br(x) with Dirichlet boundary condition on @R (x). Since = * in the habitat

Br(x), it follows that

1[Br(X); *; 1< p(Br(X)) T < (4.38)

from our choice ofR in (4.37).

Let us now estimate = [Li;Lo] = [l |2], for 0. From the arguments
used in Appendix E, there exists a positive function de ned in R, which isL-periodic and
satis es

D O (x) = almost everywhere inR

where the function isL;-periodic and, up to shift, one can assume without loss of gamality

that
(Xl) *if 0 X1 A* =L, = A* :( | 2),
(X1) ifAT=(12) <xy1<Li= I
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The function s in all spacesW/2’(R) for1 p< +1 and one can assume, up to normal-

isation, that k k; = 1. Furthermore, is analytic in the open intervals (QA*=( | ,)) and
(A*=(1,);L,). If reaches its maximum at a pointxo 2 (A*=(1,);L,), then  %xq) O,
whence (Xo) = , Which is impossible since * < < . Therefore,

the maximum of s reached in the interval [QA* =( | ,)].! Since the families ( ) , and
( ) ,areboundedinR andL?! (R) respectively, the functions ( ) , are bounded in all
Wlf,;cp(R) forl p<+1. There exist then a sequence, ! +1 and a function ; which
isinal W2P(R)ford p<+1,suchthat ,! 5 2[ *; ] and the functions

converge (at least) inCL.(R)to ; asn! +1 . Furthermore, since (x) ! almost
everywhere inR (the convergence holds for alkk 6 0), the function ; satises

D % 1 = 1 1 almost everywhere inR:

The function ; is then of classC?(R). Furthermore, ; (0) = 1 = maxg 1, whence
1 . As a consequence,; = and by uniqueness of the limit, the whole family
( = wv[laylz) , converges to as ! +1. Similarly, {[lq12]! as
I +1.
Together with (4.38), we conclude that

1Br(X); T 1<min( [l 12l wlla12])

when is large. This means that the two stripe-con gurations are at optimal for species
persistence when is large andA* is xed.
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