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Shift radix system: A bridge between number theory and

symbolic dynamics

Shigeki Akiyama
Niigata

Shift radix system is a simple and deterministic dynamics on the lattice Zn, which is a
generalization of linear recurrence. It is intimately connected to construction of good number
systems as well as Markov partition of toral automorphism. I shall start with the definition,
connection to other areas and discuss recent developments.

On the decimal expansion of an algebraic number

Yann Bugeaud
Strasbourg

It is commonly expected that the decimal expansion of an irrational algebraic number be-
haves, in many respects, like the one of almost all real numbers. For instance, it should
include every finite block of digits from {0, . . . , 9}. We are very far away from establishing
such a strong assertion. However, there has been some recent progress. For instance, in a
joint work with Adamczewski, we proved that, for C arbitrary and n large, at least Cn such
blocks of length n do appear in the decimal expansion of every irrational algebraic number.
We discuss this and related results.

Beta-expansions: Old and New

Karma Dajani
Utrecht

We give an overview of some of the old and new results describing the ergodic and arithmetic
properties of algorithms generating expansions to non-integer base.
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Répartitions des valeurs des fonctions arithmétiques réelles

Jean-Marc Deshouillers
Bordeaux

La fonction ϕ(n)/n a une fonction de répartition G continue sur [0, 1] strictement croissante,
purement singulière (Schoenberg, Erdös... dans les années 1930). Pour tout entier n, la
fonction G n’est pas dérivable à droite au point ϕ(n)/n (Erdös, 1974). Il se trouve que cette
question a retrouvé un regain d’intérêt récent (travaux de Vincent Toulmonde [2005-2006],
question de Hendrik Lenstra [2007]). Motivé par la question de Lenstra, Mehdi Hassani et moi
avons repris ce type de question ; notre méthode d’attaque permet d’aborder des questions
plus générales [e.g. répartition des valeurs de ϕ(p − 1)/(p − 1), où p est premier et diverses
variantes sur ce thème].

Digital expansions, prime numbers and

uniform distribution modulo 1

Michael Drmota
Vienna

The purpose of this talk is to survey relations between prime numbers and digital expansions,
in particular we focus on (uniform) distribution results on the sum-of-digits function sq(n)
when n varies over primes p ≤ x or when the basis is a prime number. We discuss Newman’s
phenomenon of the Thue-Morse sequence, recent developments on Gelfond’s problems (due
to Mauduit and Rivat) and some extensions of these results.

On statistical testing of True Random Number Generators

Yuri Golubev
Marseille

The main goal in this talk in to provide a concise introduction to statistical tests for TRNG.
We discuss two large classes of statistical tests: the so-called universal tests and generator
oriented tests. The first one includes Maurer’s family of tests and universal source coding
tests. On the other hand, the second one is based to the information about the physical
structure of TRNG. The talk is focused on jitter noise TRNGs on and testing with the help
of dictionaries.
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Distribution properties of digital functions over the Gaussian

integers

Peter J. Grabner
Graz

We present three conceptually different methods to prove distribution results for block addi-
tive functions with respect to radix expansions of the Gaussian integers. Based on generating
function approaches we obtain a central limit theorem and asymptotic expansions for the
moments. Furthermore, these generating functions as well as ergodic skew products are used
to prove uniform distribution in residue classes and modulo 1.

Quelques questions anciennes et nouvelles sur la répartition

modulo 1. Old and new revisited

Jean-Pierre Kahane
Paris

Les “questions anciennes” se rattachent aux procédés de moyennisation, aux suites mal
réparties, aux distributions non uniformes et aux usages de l’analyse de Fourier, dans l’esprit
des articles des années 1963 à 1965 que j’ai faits en collaboration avec Salem ou Helson, ou
seul. La plus simple, non posée dans ces articles, sera présentée ici, avec quelques bribes de
solution : il s’agit de toutes les distributions possibles des suites multiples d’une suite donnée.
Les “questions nouvelles” se rattachent au travail récent que j’ai fait avec Yitzhak Katznel-
son sur le comportement dans le groupe de Bohr (dual du cercle discret) de suites d’entiers
aléatoires suivant que ce sont ou non des suites de Sidon. Les plus importantes sont très an-
ciennes : par exemple, un Sidon peut-il être dense dans le groupe de Bohr ? Un sous-produit de
notre étude concerne la distribution des suites f(n)/n ; je donnerai le résultat, qui est simple,
et peut s’exprimer en parlant de “discrépance logarithmique”. La question est de savoir ce
que veut dire cette notion et si elle a un intérêt. Suivant la marche du temps et l’intérêt des
auditeurs il sera possible de se borner à l’un de ces deux sujets. L’exposé sera en français ;
des transparents en anglais donneront l’essentiel.
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On a theorem of Daboussi

Imre Kátai
Budapest

Daboussi [1] proved that for irrational α,

(1) lim
x→∞

sup
f∈M1

1
x

∣∣∣∣∣∣
∑
n≤x

f(n)e(nα)

∣∣∣∣∣∣ = 0,

where e(y) = e2πiy, and M1 is the set of those multiplicative functions f taking on complex
values and satisfying |f(n)| ≤ 1 (n ∈ N).
This remarkable theorem has been extended in different directions, by Daboussi, Delange,
Indlekofer, Montgomery and Vaughan, N.L. Bassily, De Koninck, Kátai, Huixue Lao.
Let T be the set of those functions t : N → R for which xn := t(n) + h(n) is uniformly
distributed mod 1 for every h ∈ A, where A is the set of additive functions. Daboussi’s
theorem is equivalent to the assertion that t(n) = αn belongs to T , if α is irrational.
One can give a very simple proof of (1), by using the Turán - Kubilius inequality, and this
method gives a wide generalization of (1). For example, if P (n) := αkn

k + . . .+ α1n, and at
least one coefficient of α1, . . . , αk is irrational, then P (n) ∈ T .
A natural conjecture is that ασ(n), αϕ(n) belong to T if α is irrational. Presently we can
prove it for those α which cannot be approximated with rational numbers very well.

Reference

[1] H. Daboussi, H. Delange, Quelques proprietés des fonctions multiplicatives de module
au plus egal 1, C.R. Acad. Sci. Pari, Ser. A, 278 (1974), 657-660.

Good distribution of the values of sparse polynomials and joint

distribution of monomials modulo a prime

Sergei Konyagin
Moscow

Let x1, . . . , xN be a finite sequence of elements from the interval [0, 1) and E ⊂ [0, 1). Denote

A(E) = |{i ∈ {1, . . . , N} : xi ∈ E}|.

The number

DN = DN (x1, . . . , xN ) = sup
0≤α<β≤1

∣∣∣∣A([α, β))
N

− (β − α)
∣∣∣∣

is called the discrepancy of the given sequence (see [?]).
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Given a prime p, define the field of order p:

Zp = Z/pZ.

Also, let Z∗p = Zp \ {0}. For a function f : Zp → Zp, let the discrepancy of f be defined as

D(p, f) = Dp(f(0)/p, . . . , f(p− 1)/p),

where we identify the residue f(i) ∈ Zp with its representative from the set {0, . . . , p − 1}.
We will study the discrepancy of sparse polynomials, that is, polynomials with a bounded
number of terms. The estimates for discrepancy of monomials follow from results of [?] or
from sharper results of [?].

Assume that we have a sequence {pj} of primes and a sequence {fj} of polynomials where
fj maps the field Zpj into itself (this will be written as fj ∈ Zpj [x]). We say that a sequence
{fj} is well-distributed if there is an ε > 0 such that for all j

D(pj , fj) ≤ p−εj .

Our first purpose is to characterize well-distributed sequences of sparse polynomials. We
strongly use and refine the main result of [?].

Next, in a joint paper with J. Bourgain, also related to [?], we study a joint distribution of
a fixed number of monomials modulo a prime.

References

[1] J. Bourgain, Mordell’s exponential sum estimate revisited, J. Amer. Math. Soc. 18 (2005),
477–499.

[2] J. Bourgain, Multilinear exponential sums in finite fields under optimal entropy condition
on the sources, to appear in Israel J. Math.

[3] J. Bourgain, S.V. Konyagin. Estimates for the number of sums and products and for
exponential sums in fields of prime order, C. R. Math. Acad. Sci. Paris. 337 (2003),
75–80.

[4] L. Kuipers, H. Niederreiter. Uniform distribution of sequences, Wiley-Interscience, 1974.
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Distribution functions of ratio sequences

Ladislav Mǐśık1

Ostrava

Let X = {x1, x2, . . .} ⊂ N. The sequence

x1

x1
,
x1

x2
,
x2

x2
,
x1

x3
,
x2

x3
,
x3

x3
, . . . ,

x1

xn
,
x2

xn
, . . . ,

xn
xn
, . . . (1)

is called the ratio block sequence of the set X. It is formed by blocks X1, X2, . . . , Xn, . . . where
the n-th block is

Xn =
(
x1

xn
,
x2

xn
, . . . ,

xn
xn

)
.

By distribution function we mean any function f : [0, 1]→ [0, 1] such that f(0) = 0, f(1) = 1
and f is nondecreasing in [0, 1].
Denote by G(xm/xn) the set of all distribution functions g(x) of the sequence (??).
We can attach to each term Xn of the sequence of blocks (Xn) the following distribution
function

F (Xn, x) =
#{i : i ≤ n, xi

xn
≤ x}

n
.

Denote G(Xn) the set of all distribution functions of the sequence of single blocks (Xn). It
is the set of all functions g(x) for which there exists an increasing sequence of indices (nk)
such that

lim
k→∞

F (Xnk
, x) = g(x)

almost everywhere (abbrev. a.e.) in [0, 1]. Study of the set G(Xn) began few years ago in
paper [?].
In this talk we recall the most important known properties of G(Xn) and we discuss some
extensions of these properties. We present also some new results on sets G(Xn) and G(xm/xn)
and we mention some open problems in the theory.

References

[1] Strauch, O., Tóth, J. T.: Distribution functions of ratio sequences, Publ. Math.
Debrecen 58 (2001), 751-778.

1Joint work with Oto Strauch and János T. Tóth, Supported by grant GAČR no. 201/07/0191, and VEGA
no. 1/4006/07
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Polynomials and ergodic theorems

Radhakrishnan Nair
Liverpool

Let (X,β, µ, T ) be a dynamical system. By this we mean (X,β, µ) is a measure space and
if T−1A = {x : Tx ∈ A} then T−1A ∈ β and µ(T−1A) = µ(A) for all A ∈ β. To a sequence
of natural numbers a = (an)∞n=1 ⊆ N, a dynamical system (X,β, µ, T ) , and β measurable
function f : X → C associate the averages

ANf(x) =
1
N

N∑
k=1

f(T akx). (N = 1, 2, · · · )

We will say a sequence a is Lp good universal if for each dynamical system (X,β, µ, T ) and
each f ∈ Lp(X,β, µ) the limit limN→∞ANf(x) exists µ almost everywhere.

The pointwise ergodic theorem says if an = n (n = 1, 2, · · · ) then a is L1 good universal. A.
Bellow, H. Furstenberg and M. Herman asked if the sequence an = n2 (n = 1, 2, · · · ) is L2

good universal. The answer to this question was shown to be yes by J. Bourgain [Bo1],[Bo3].
In fact he showed that for any natural number r if an = nr (n = 1, 2, · · · ) that a is Lp good
universal for every p > 1. Later he showed that if an = pn (the nth rational prime) the
sequences a is Lp good universal with p > 1

2(1 +
√

3)[Bo2]. This hypothesis was weakened to
p > 1 by M. Wierdl [W].

Later the author showed that if φ is a polynomial with rational coefficients mapping the
natural numbers to themselves then φ(pn) is Lp good universal also for p > 1[Na1][Na2].
What happens for p = 1 is an open question. In addition the author gave a general condition
on a involving the hypothesis that

lim
N→∞

1
N

N∑
k=1

e2πianθ = 0,

for non-integer θ, to ensure it is Lp good universal for p > 1[Na6]. This result has a number
of applications [AN][Na3] [Na4][Na5]. Bourgain also offered a putative proof that if T1, · · · , Tl
are commuting maps of the measure space (X,β, µ) and f ∈ Lp(X,β, µ) then

lim
N→∞

1
N

N∑
k=1

f(T k1 · · ·T k
l

l x) (1)

exits µ almost everywhere [Bo1]. Let ρ(k) = αlk
l+· · ·+α1k. The argument in [Bo1] suggested

as a proof of (1) relies fundamentally on estimates for the Weyl sum

KN (α) =
N∑
k=1

e2πiρ(k)

on a sumset of α = (αl, · · · , α1) ∈ [0, 1)l called the minor arcs of level N . Unfortunately this
estimate does not seem to be correctly proved in [Bo1]. A valid proof of this estimate appears
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in [Na9] completing the proof of (1). These ideas can also be used to show that if f ∈ Lp
p > 1 then setting

Sf(x) = (
∑
k≥1

|AN+1f(x)−ANf(x)|2)
1
2

there exist a constant C > 0 such that if ||f ||2 = (
∫
X |f |

2dµ)
1
2

||Sf ||2 ≤ C||f ||2.

In the 1950’s, motivated by H. Weyl’s result that if ρ is a polynomial with one coefficient other
than ρ(0) irrational then (ρ(k))∞k=1 is uniformly distributed modulo one, J.F. Koksma and R.
Salem [KS] showed, subject to growth conditions on the Fourier coefficients of f ∈ L2([0, 1)),
that

lim
N→∞

1
N

N−1∑
n=0

f(x+ ρ(n)) =
∫ 1

0
f(x)dx, (2)

almost everywhere. Some years ago R. C. Baker raised with the author, the question of
whether the Fourier coefficient condition in Salem’s theorem could be weakened. The same
question was raised with me by M. Weber again in 2000. The result (2), subject to no Fourier
series condition, follows now from (1).

Publications

[AN] N.H. Asmar and R. Nair :“Certain averages on the a-adic numbers”, Proc. Amer. Math.
Soc. Vol 114 No 1, 1992, 21-28.

[Bo 1] J. Bourgain :“ On the maximal ergodic theorem for certain subsets of the integers”,
Isr. J. Math., 61 (1988), 39–72.

[Bo2] J. Bourgain : “ An approach to pointwise ergodic theorem, ” GAFA (1986/87) Lecture
Notes in Maths 1317 204-223, Springer, Berlin 1988.

[Bo 3] J. Bourgain :“Pointwise ergodic theorems for arithmetic sets”, Publ. I.H.E.S., 69,
(1989), 5–45.

[KS] J.F. Koksma and R. Salem :“Uniform distribution and Lebesgue integration,” Acta. Sci.
Math. Szeged 12 (1950), Leopoldo Fejer et Frederico Riesz LXX annos natis dedicatus, Par
B, 87–96, Math Centrum Amsterdam Rapport ZW 1949-004, 9pp (1949).

[Na1] R. Nair :“On polynomials in primes and J. Bourgain’s circle method approach to ergodic
theorems”, Ergod. Th. & Dynam. Sys. 11, 1991, 485-499.

[Na2] R. Nair : “On polynomials in primes and J. Bourgain’s circle method approach to
ergodic theorems II”, Studia Math 105 (3), 1993, 207-233.

[Na3] R. Nair :“On the metrical theory of continued fractions”, Proc. Amer. Math. Soc. Vol.
120, No. 4, 1994, 1041-1046.

[Na4] R. Nair : “On an arithmetic property of Lp functions”, Quart. J. Math. Oxford (2)
1996, 101-105.

[Na5] R. Nair “On the metric theory of diophantine approximation and subsequence ergodic
theory”, New York J. Math., 3 A, 117-128, (1998).
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[Na6] R.Nair “On uniformly distributed sequences of integers and Poincaré recurrence II”,
Indag. Math., N. S. vol 9, No. 3, 405-415 (1998).

[Na7] R. Nair “On polynomial ergodic averages and square functions, ” Proc. Bristol Con-
ference on Polynomials (19 pages to appear)

[NW] R. Nair and M. Weber “On variation functions for subsequence ergodic averages”,
Monatsh. Math. 128, 131-150 (1999).

[W] M. Wierdl: “Pointwise ergodic theorem along the prime numbers”, Israel J. Math. 64
(1988), 315-336.

Inversive pseudorandom numbers:

New generation methods and new tests

Harald Niederreiter
Singapore

Inversive generators form a family of nonlinear methods for the generation of uniform pseudo-
random numbers. The name derives from the fact that inversive methods achieve nonlinearity
by the use of multiplicative inverses in finite fields and residue class rings of the integers.

Because of certain deficiencies of the standard recursive inversive and digital inversive genera-
tors with regard to strong pseudorandomness properties, we introduce new inversive methods
for generating pseudorandom numbers to overcome this difficulty. We also describe new and
more powerful lattice tests for the assessment of structural properties of pseudorandom num-
bers. The new inversive pseudorandom numbers pass these strong lattice tests for a wide
range of dimensions. In addition, binary sequences with strong pseudorandomness proper-
ties such as small correlation and well-distribution measures can be derived from the new
generators.

This talk is based on joint papers with J. Rivat, A. Sárközy, and A. Winterhof.

Distribution functions of sequences

Oto Strauch 2

Bratislava

Let xn, n = 1, 2, . . . be a sequence from the unit interval [0, 1) and define:
• A([0, x);N ;xn) is the number n ≤ N for which xn ∈ [0, x);

• FN (x) = A([0,x);N ;xn)
N is the step distribution function of x1, . . . , xN , while FN (1) = 1;

2This research was supported by the VEGA Grant No. 2/7138/27.
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• g(x) is a distribution function (abbreviating d.f.) of the sequence xn, n = 1, 2, . . . if an
increasing sequence of positive integers N1, N2, . . . exists such that limk→∞ FNk

(x) = g(x)
a.e. on [0, 1];
• G(xn) is the set of all d.f.s of the given sequence xn, n = 1, 2, . . . .

We shall identify the notion of the distribution of a sequence xn with the set G(xn), i.e. the
distribution of xn is known if we know the set G(xn). The following methods can be used for
computing G(xn):
- Directly by definition of G(xn) (see Th. ??).
- Using G(f(xn)), G(h(xn)), . . . for some mappings f, h, . . . defined on [0, 1] (see Th. ??).
- Using G((un, vn)), where f(un, vn) = xn for some map f (see Th. ??).
- Using the set G(F ) of all solutions g(x) of

∫ 1
0

∫ 1
0 F (x, y)dg(x)dg(y) = 0, where

lim
N

1
N2

N∑
m,n=1

F (xm, xn) = 0

(see Th. ??).

In this expository paper we present the following four theorems:

Theorem 1. Let a real-valued function f(x) be strictly increasing for x ≥ 1 and let f−1(x)
be its inverse function. Assume that limx→∞ f

′(x) = 0, limk→∞ f
−1(k + 1) − f−1(k) = ∞,

limk→∞
f−1(k+w(k))

f−1(k)
= ψ(w) for w(k)→ w, and ψ(1) > 1. Then every d.f. g(x) ∈ G({f(n)})

has the form

gw(x) =
min(ψ(x), ψ(w))− 1

ψ(w)
+

1
ψ(w)

ψ(x)− 1
ψ(1)− 1

, where w ∈ [0, 1].

Theorem 2. Let un and vn be two sequences in [0, 1) and G((un, vn)) denote the set of
all d.f.s of the two-dimensional sequence (un, vn). If xn = un + vn mod 1, then every d.f.
g(t) ∈ G(xn) has the form

g(t) =
∫

0≤x+y<t
1.dg(x, y) +

∫
1≤x+y<1+t

1.dg(x, y),where g(x, y) ∈ G((xn, yn))

assuming that all the used Riemann-Stieltjes integrals exist.

Let g
F

(x) = infg∈G(F ) g(x), gF (x) = supg∈G(F ) g(x) and Ω(F ) be the set of all points (x, y)
lying between Graphs of g

F
and gF .

Theorem 3. Assume that g
F
, gF ∈ G(F ) and that for every (x, y) ∈ Ω(F ) there exists

unique g ∈ G(F ) such that (x, y) ∈ Graph(g). Then for every sequence xn ∈ [0, 1) we have
G(xn) = G(F ) if and only if
(i) limN→∞

1
N2

∑N
m,n=1 F (xm, xn) = 0,

(ii) lim supN→∞
1
N

∑N
n=1 xn − lim infN→∞ 1

N

∑N
n=1 xn =

∫ 1
0 (gF (x)− g

F
(x))dx.

Let xn = {ξ(3/2)n} and denote f(x) = {2x} and h(x) = {3x}. Since f(xn) and h(xn) formed
the same sequence xn, then every g(x) ∈ G(xn) satisfies the functional equation gf (x) = gh(x)
for every x ∈ [0, 1], where gf (x) = g(f−1

1 (x)) + g(f−1
2 (x)) − g(1/2), gh(x) = g(h−1

1 (x)) +
g(h−1

2 (x)) + g(h−1
3 (x)) − g(1/3) − g(2/3), with inverse functions f−1

1 (x) = x/2, f−1
2 (x) =

(x+ 1)/2, h−1
1 (x) = x/3, h−1

2 (x) = (x+ 1)/3, h−1
3 (x) = (x+ 2)/3.
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Theorem 4. Let d.f. g1 be absolutely continuous solution of gf (x) = gh(x) for x ∈ [0, 1].
Then the absolutely continuous d.f. g(x) satisfies gf (x) = gh(x) = g1(x) if and only if g(x)
has the form

g(x) =

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

Ψ(x), for x ∈ [0, 1/6],

Ψ(1/6) + Φ(x− 1/6), for x ∈ [1/6, 2/6],

Ψ(1/6) + Φ(1/6) + g1(1/3)−Ψ(x− 2/6)

+Φ(x− 2/6)− g1(2x− 1/3) + g1(3x− 1), for x ∈ [2/6, 3/6],

2Φ(1/6) + g1(1/3)− g1(2/3) + g1(1/2)

−Ψ(x− 3/6) + g1(2x− 1), for x ∈ [3/6, 4/6],

−Ψ(1/6) + 2Φ(1/6) + g1(1/3)− g1(2/3) + g1(1/2)

−Φ(x− 4/6) + g1(2x− 1), for x ∈ [4/6, 5/6],

−Ψ(1/6) + Φ(1/6) + g1(1/3) + Ψ(x− 5/6)

−Φ(x− 5/6)− g1(2x− 5/3) + g1(3x− 2), for x ∈ [5/6, 1],

where Ψ(x) =
∫ x
0 ψ(t)dt, Φ(x) =

∫ x
0 φ(t)dt, for x ∈ [0, 1/6], and ψ(t), φ(t) are Lebesgue

integrable functions on [0, 1/6] satisfying 0 ≤ ψ(t) ≤ 2g′1(2t), 0 ≤ φ(t) ≤ 2g′1(2t + 1/3),
2g′1(2t)− 3g′2(3t+ 1/2) ≤ ψ(t)− φ(t) ≤ −2g′1(2t+ 1/3) + 3g′2(3t), for almost all t ∈ [0, 1/6].

Note that Theorem ?? generalizes Koksma theorem in [?, p. 58, Th. 7.7]; Theorems ?? and
?? are in [?]; Theorem ?? is from [?] and Theorem ?? is in [?].
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