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Benford’s law is originally an empirical probabilistic law of first significant digits from a set
of numerous real numbers, first reported in literature by Simon Newcomb [8]. This empirical
law was rediscovered by Frank Benford [1], and since then called Benford’s law after his name.

Frank Benford collects many kinds of data and considers the distribution of first significant
digits. Then his conjecture is as follows: ”The first significant digit from numerical tables does
not occur with equal frequency, but the earlier digits appears more often than the latter’s.”

This conjecture may also be stated as a theoretical model which predicts the proportion of
entries beginning with first digit k, for k = 1,2,--- ,9 is well approximated by log;,(1+ 1/k).
In this note, we restrict ourselves to infinite sequences of positive integers.

Let U = (up)22, be a sequence of positive integers and Ay (U; k) be the counting function
of U for k=1,2,...,9 defined by

AN(U; k) = #{i < N;the first digit of w; is equal to k},

where #5 denotes the number of elements of the set S .
U = (up)52; is said to obey Benford’s law to base 10 if, for every k =1,2,...,9
lim

N—oo

An(U; k k+1

It is known that the sequence (3")5°; obeys Benford’s law to base 10. But if we consider
this sequence (3™)2°; to base 3, then all first digits of (3™)>°; to base 3 are equal to one. For
example, 3 to base 10 is represented by (10)3 to base 3 and 27 by (1000)3 to base 3. Thus we
are led to consider Benford’s law to base g, where ¢ in an integer greater than 2, since the
distribution of first digits is in question.

Let A, be a block of length r defined by

A'r = (kb k?v B 7k7‘)7

for k1 =1,2,...,9 and k; = 0,1,...,9 for i = 2,3,...,r and Ax(U; 4A,) be the counting
function of U for which the first r consecutive digits of u; coincide with the block A, for
1<i<N.

Definition. U = (u,)2; is said to obey Benford’s law to base 10 of order r if, for every
block A, of length r

An(U; A,
A}im N(N) = logo(kika - - kr + 1) — logo(kiks - - - k),
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where kiko -k, = k1 - 1071 + ky- 1072 + ... + k, and further at least for one block Apyg
of length r + 1,

. AN(U;AT-f—l)
lim ZN\Y artl)
NP | N
where A1 = (k1, k2, ... kpy1), for kg =1,2,...,9and k; =0,1,...,9for i =2,3,...,r+ 1.

3& loglo(kle e kr+1 + 1) - loglo(kle e kr+1) s

Theorem 1. U = (u,)5; obeys Benford’s law to base 10 of order r if and only if log;, U =

(logigun )52 satisfies
An(log o U; I(A,
0B A 14, (1)

for every A, of length r and for at least one block A, of length r + 1,
An(logio Us 1(Ar41))

lim
N—o0

li 1(A,
i N # to(I1(4r11))
where 19 denotes the Lebesgue measure and I(A,) is the interval of the form
[ {logio(k1kz - -~ kp)}, {logio(kika - ke + 1)} ), (2)

further Ay (log,qU; 1(4,)) is defined by
An(logoUs 1(4;)) = #{ 41 <i < N, {logygui} € I(4Ar)},

and for a real number x , {z} denotes the fractional part of z , i.e. {z} =z — |x] and
0<{z}<1.

A sequence of positive integers U = (uy,)32; obeys strong Benford’s law to base 10 if U
obeys Benford’s law of order r for every r = 1,2,--- The following Theorem is due to P.
Diaconis [3] as his Theorem 1.

Theorem 2. U = (u,)2; obeys strong Benford’s law to base 10 if and only if the sequence
log g U = (logyg un )52 is uniformly distributed mod 1.

We can define analogously for U = (uy,)22; to obey Benford’ law of order r to base g.

Definition. U = (u,)%; is said to obey strong Benford’s law to base ¢ if U obeys
Benford’s law to base g of order r for every r > 3.
Definition. U = (u,)5%, is said to obey absolutely strong Benford’s law if U obeys

strong Benford’s law to every base g > 3 .

Theorem 3. There exist sequences U = (up)52; which obey strong Benford’s law to base s
and do not obey to base t if and only if there exist no positive integers m and n such that
s =1t".

Now we remark the existence of a sequence which obeys absolutely strong Benford’s law,
such as the sequence of Fibonacci numbers, which can be generalized easily by using Theorem
4.1 in [6] . For linear recurrence integer sequences of order an arbitrary d > 2 |, we can obtain
almost the same results as above in Nagasaka [6], [7] and Shigeru Kanemitsu et. al [5].

Theorem 2 due to Diaconis can be generalized as:

Theorem 4. U = (uy)22; obeys strong Benford’s law to base g in the sense of uniform
density if and only if the sequence log, U = (logg U)o is well distributed mod 1.
For other densities, such as Dirichlet density, Hoo-density, supernatural density, the se-

quence of all positive integers obeys absolutely strong Benford’s law in the sense of the above
densities. [4], [2].
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